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ABSTRACT

The main concern of this thesis is to advance and improve the existing
knowledge of a dynamic optimal control technique known as DISOPE, so as to make
it attractive on one hand for its implementation in the process industry and, on the
other hand, as a novel nonlinear optimal control algorithm. The main feature of the
technique is that it has been designed so as to achieve the correct optimum of the
process in spite of inaccuracies in the mathematical model employed in the
computations.

Several extensions of the basic continuous time DISOPE technique are
proposed in this work. For the development of the algorithms, emphasis is placed on
making the techniques implementable in digital computer based industrial process
control problems. These extensions include discrete-time, and set-point tracking
versions, extensions for handling control and state dependent inequality constraints,
and a hierarchical version.

Applications of DISOPE are proposed in the following areas: nonlinear
predictive control, predictive optimising control based on adaptive state-space linear
dynamic models, and batch process optimisation.

All the algorithms and techniques proposed in this thesis have been
implemented in software and tested with relevant simulations. These studies include
dynamic simulations of low order chemical reaction systems and studies on the
dynamic optimisation of an industrial-scale multicomponent distillation column using
a rigorous process simulator.

Comparisons with existing techniques are provided and suggestions are made
for future research in the area treated in this thesis.
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CHAPTER 1

INTRODUCTION

1.1 CONTROL SYSTEMS IN INDUSTRIAL PROCESSES

The purpose of control systems is to influence physical processes in such a

way that certain control objectives may be achieved. Such control objectives reflect

the goals of the industry which operates the process. Those goals are usually related

to product quality, safety, economics, environmental regulations and operational

constraints.

A physical process is a combination of operations carried out to change

something in the physical world. Processes are characterized by their input and

output elements in terms of matter, energy and information. An industrial process

outputs products from raw materials and energy input. The input information to a

process is a set of variables that influence or control the behaviour of the process.

The output information of a process is a set of measured variables that characterize

the operation of the process. Factors which cannot be manipulated but influence the

process are called disturbances and they reflect the effects of the surrounding

environment. The undesirable effects of external disturbances on the process must

be suppressed. Control systems are used to achieve this.

Many processes are essentially unstable and must be equipped with control

systems to ensure stable and, hence, safe and reliable operation.

Product quality and economic goals are of paramount importance. An

industrial process should produce the desired amounts of the final products with

certain minimum levels of quality. Also, the operation of the plant must correspond

with the market conditions. Further, the operation should be as economical as

possible in its use of energy, raw materials and labour.

Quality and economics can be defined by means of optimisation. The most

common form of optimisation is steady-state optimisation, in which the optimum

operating points are calculated and sent to the control systems as reference values

(set-points). Control systems are used to regulate the operation of the process about

22



such optimum set-points. Often, the economic objectives which are pursued by

optimisation yield optimum operational conditions which lie at the intersection of

process constraints. Such constraints arise due to physical limitations inherent to

process equipment and their operation, safety considerations and environmental

regulations. Thus control systems should be able to take into account constraints in

some way.

In the last few decades, there has been a rapid development in the field of

digital computers and microelectronics. The application of digital computers in

process control has evolved from the pioneering works in the 1950’s to becoming

a standard technique for implementation of new control systems in the 1980’s and

90’s. This involves from single loop controllers to large-scale distributed control

systems. Digital computers are also being used increasingly as means for the design

and analysis of control systems.

During the 1930’s proportional-integral-derivative (PID) controllers first

appeared. They were originally implemented using pneumatic technology and have

passed through several development stages. Today, most new PID controllers are

implemented digitally. They are the standard tool for solving process control

problems. They are relatively easy to tune and no explicit model of the process

model is required. In the presence of process nonlinearities a change in operating

conditions may produce loss of performance of the PID controller. The presence of

time-delays and multiple interacting control loops complicates the tuning process and

may also limit controller performance. Today PID controllers which possess

automatic tuning capabilities are becoming increasingly popular (Åström and

Hägglund, 1988).

In the model-based approach for control, a process model is developed which

can be used either as the basis for classical controller design methods or it can be

incorporated directly in the control law. The latter is the starting point for many

advanced control techniques, such as predictive control. The development of a model

for a complicated process may be an expensive and time consuming task. However,

the model based approach is becoming advantageous. Two reasons for this are:

firstly, the high integration of modern processing plants makes plant operation more

difficult; secondly, there are incentives for operating closer to limiting constraints to

maximize profitability while taking into account safety criteria and environmental

restrictions (Seborg et al, 1989).
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1.2 SYSTEM IDENTIFICATION AND ADAPTIVE CONTROL

System identification is the field of mathematical modelling of systems from

experimental data. It has acquired widespread applications in many areas. In control

engineering system identification methods are used to obtain appropriate models for

the design of control systems and simulation (Soderström and Stoica, 1989).

Ever since the beginning of systematic controller design there has been the

problem of finding the proper controller structure and parameters for a given process.

Another difficulty has been the fact that the controller must perform well for a range

of operating points. Automatic adjustment of the controller parameters was first

proposed in the 1940’s. The term adaptive control was first used at that time

(Isermann et al, 1992).

Given a process model structure, on-line system identification may be

integrated with controller design. Thus, the parameters of the identified model and

the performance requirements of the system are used in a controller design stage in

order to obtain the controller parameters. The controller parameters may be updated

on-line. This gives rise to a class of adaptive controller called self-tuning controller.

In this class of adaptive controller the uncertainty in the estimated parameters of the

process model is not accounted for in the controller design stage (Åström and

Wittenmark, 1989).

1.3 OPTIMISATION OF INDUSTRIAL PROCESSES

The process industry has experienced important changes during the last few

decades due to the increased costs of energy and raw materials, and increasingly

strict environmental regulations. It is believed that emphasis should be on improving

efficiency and increasing profitability of existing plants rather than on plant

expansion (Edgar and Himmelblau, 1988). To achieve such a goal, one of the most

important means is optimisation.

The desire to operate industrial processes optimally is not new. However, the

capability to automate process optimisation is relatively recent. The theoretical basis

for automating process optimisation has been available for about thirty years.
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Moreover, the computing power required for implementing such systems has been

made available at reasonable prices during the last decade (Balchen and Mumme,

1988).

Steady-state process optimisation, often named optimising control, can be

situated within the functional hierarchy of the overall plant management and control

system at a level called supervisory control.

The economic objective which is pursued by steady-state optimisation is

usually the maximisation of net profit, given the product demand, prices of final

products, raw materials, energy, equipment wearing, pollution taxes, operational

costs, etc.

The basis for optimising control is the economic objective which is quantified

by means of a performance index (or objective function), a (steady-state)

mathematical model of the plant and knowledge of the relevant process constraints.

The result from steady-state optimisation is a set of optimal controller set-points, at

which the process should be regulated until a change in economic parameters

determines a new optimum operating point.

Optimising control is particularly common in large integrated process systems

(oil refineries, petrochemicals, etc.).

Dynamic optimisation is more complicated. It takes into account the dynamic

behaviour of the process and intends to manipulate the input of the process during

transient conditions in such a way that some dynamic criterion is optimized. Hence,

a dynamic model of the plant is required. Dynamic optimisation is often termed

optimal control.

Dynamic optimisation may be applied in the process industry, for instance,

in the following cases which are directly related with economic objectives

(Rijnsdorp, 1991):

* Optimisation of total process run, in cases when process behaviour

deteriorates with time.

* When switching continuous processes from one mode of operation to another,

trying to minimize the amount of off-specification product.

* Optimisation of the operation of batch processes, seeking to maximize, for

example, product yield.
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* When disturbances with economic impact have a frequency such that the

process rarely reaches steady state.

However, dynamic optimisation with economic objectives is not widely

applied in the process industry (Arkun and Stephanopoulos, 1980). Some reasons for

this are (i) dynamic models are more difficult to develop than steady-state models;

(ii) The solution of a dynamic optimisation problem is far more complicated and

time consuming than steady state optimisation. The latter is becoming less important

due to the increasing computer power becoming available at decreasing prices.

One particular class of dynamic optimisation, with regulatory rather than

economic objectives, is a technique called LQG (linear-quadratic-gaussian). This is

an established method for the design of multivariable control systems which has the

advantages that the input-output pairing problem is avoided, for the structure of the

controller is given by the design; stability is guaranteed if the model is perfect, and

it may easily handle systems with time-delays and non-minimum phase behaviour

(Anderson and Moore, 1989). Nevertheless, this technique has not become popular

in the process industry because a good process model is required, and hence lacks

robustness. Additionally, it may not handle constraints explicitly. For a survey of

LQG applications in the process industries see the paper by Johnson (1993).

1.4 PREDICTIVE CONTROL

A particular technique which has been widely applied within the last two

decades in the process industry is Predictive Control based on linear input-output

models of the plant. Predictive control belongs to the class of model-based controller

design concepts, because a model of the plant is used to compute the control action.

Some well known predictive controllers are Dynamic Matrix Control, DMC (Cutler

and Ramaker, 1979), and Model Algorithmic Control, MAC (Richalet et al, 1978).

The reasons for their acceptance are many, but the main ones are: they are easy to

tune; they may handle systematically process constraints, multivariable processes and

time delays; knowledge of future set-point changes can be included; their

computational requirements are modest (Soeterboek, 1992; Garcia et al, 1989).
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Linear predictive controllers, such as DMC, have been extended to handle input and

output constraints (Garcia and Morshedi, 1986) and some of them, such as

Generalized Predictive Control (GPC) have adaptive features (Clarke et al, 1987).

Predictive controllers implement dynamic optimisation in a receding-horizon

framework. If the objective is to follow a set-point, the process model is linear, the

performance index is quadratic, and in the absence of process constraints, then

predictive controllers allow a relatively simple analytical solution. Otherwise,

iterative methods have to be used (Mayne and Michalska, 1990).

There have been growing interest in the last few years on extending

predictive control concepts to take into account process nonlinearities. Some of those

schemes have been presented in the literature (Sistu and Bequette, 1991; Gattu and

Zafiriou, 1992; Balchen et al, 1992). A common characteristic is their increased

computational load. Most of them are based on nonlinear state space models of the

process and some of them include state and parameter estimation to give robustness,

adaptability, and stability to the controller. If the dynamic optimisation scheme

allows for general performance index specifications, economic criteria can be

included (Balchen et al, 1992).

1.5 DYNAMIC OPTIMAL CONTROL

Optimal control theory is the mathematical tool used for addressing and

solving dynamic optimisation problems.

In the seventeenth century Bernoulli studied the brachistocrone problem and

then initiated the classical calculus of variations. After three centuries of

developments, optimal control theory has been formalized as a general extension of

the calculus of variations. It has developed into a very mature field and it has

attracted the attention of numerous researchers from very diverse disciplines. Many

successful applications of optimal control theory have been reported in the literature.

With the development of computers and the current emphasis of optimal

design and operation of large-scale systems, optimal control theory has become

increasingly important. The mathematical complexity of the optimal control approach

and the sophistication of real world problems do not allow straightforward analytical
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solutions to optimal control problems. Thus, algorithms implemented on digital

computers have to be used.

The classical tool for solving optimal control problems is the calculus of

variations. However, it cannot deal with control magnitude constraints. Two very

important developments were Pontryagin’s minimum principle (Pontryagin et al,

1962) and Bellman’s dynamic programming (Bellman and Dreyfus, 1962). The

minimum principle solves problems without control constraints in a similar way to

the calculus of variations. However, the method is more general because it can work

with control constraints. Dynamic programming can handle control and state

constraints. Its main disadvantage is the so called "curse of dimensionality" which

implies that the approach requires too much computer memory even with relatively

low order problems.

Numerous algorithms have been proposed in the last two decades for solving

optimal control problems. It is not the purpose to review here all of them.

Nonetheless, it is worth mentioning a rather general classification according to the

approach used for the solution:

* Function space algorithms: The necessary optimality conditions obtained

from the application of the maximum principle are enforced iteratively in

some way. Some examples here are quasilinearization methods, function

space gradient algorithms, variation of extremals methods (Bryson and Ho,

1975; Sage & White, 1977; Kirk, 1970).

* Parametrization methods: Here control (and sometimes state) variables are

parametrized in an approximated way (usually in terms of basis functions)

and then the objective function is minimized (or maximized) by using finite

dimensional mathematical programming (Sisirena and Tan, 1974; Sargent and

Sullivan, 1978; Teo et al, 1991; Biegler, 1984).

Key algorithmic issues are convergence rates, memory requirements,

computational load, handling of constraints, suboptimality, handling of large-scale

systems and numerical precision.

Provided the dynamic model is linear, the performance index is quadratic (in

terms of state and control variables) and constraints are absent, then the optimal

control problem has a relatively straightforward non iterative solution usually based
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on the solution of matrix differential (or difference) equations. This is a very

important particular case of optimal control problems and is usually termed as LQ

(linear-quadratic) optimal control (Anderson and Moore, 1989; Lewis, 1986a).

1.6 ISOPE ALGORITHMS

As has been mentioned in Section 1.2 the optimal set-points calculated by

steady-state optimisation are based on a mathematical model of the controlled plant.

Because, in general, the model will not be a faithful representation of the real

physical process, the set-points so obtained will only be optimal for the model and

not for the real plant. Moreover, the process operates in an environment which keeps

changing. Hence it is important to provide the mathematical model of the process

with some adaption.

In order to take into account differences between the mathematical model and

the real process a technique called the two-step method has been proposed. Here the

steady-state model contains parameters which are estimated by comparing model-

based and measured outputs. Then the system optimisation and parameter estimation

problems are treated separately and solved repeatedly until convergence is achieved.

However, there is interaction between the optimisation and parameter estimation

problems and the solution so obtained will be, in general, suboptimal. The reason for

this lies in the fact that inadequate output derivative information (with respect to the

manipulated variables) from the plant is used in the model-based optimisation.

In order to allow for the interaction between parameter estimation and system

optimisation, the interacting variables are separated and, as a consequence, a modifier

is introduced in the model-based optimisation. This modifier takes into account

differences between the real process and model-based output derivatives with respect

to the manipulated inputs. This enables the iterative technique to achieve the correct

optimal operating point of the real process in spite of model-reality differences. This

technique was originally introduced by Roberts (1979) and is called integrated

system optimisation and parameter estimation (ISOPE).

ISOPE has been established for about fourteen years and a considerable

number of ISOPE algorithms, centralized and hierarchical, have been developed

(Roberts, Wan and Lin, 1992). Conditions for the convergence of the algorithms
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have been rigorously investigated (Brdyś and Roberts, 1987). Several simulations

and laboratory pilot-plant implementations have been carried out and the utility of

the technique has been demonstrated. Furthermore, on-line implementation on large-

scale process plants seems very likely in the near future (Lin and Griffiths, 1992;

Griffiths et al, 1993).

Since the origin of the ISOPE technique its extension to dynamic optimisation

has been suggested (Roberts, 1979). More recent works have also recommended such

an extension (Amini-Largani, 1990). In recent research by Roberts (1992) a dynamic

extension of ISOPE has been introduced. It has been termed DISOPE (Dynamic-

ISOPE) and, as an extension, the philosophy behind the techniques remains very

similar. However, DISOPE is in itself a new technique with a different range of

applications. It can be considered as a distinctive field of research. Furthermore, as

it has been mentioned in Section 1.2, dynamic optimisation is more complicated.

The development of novel optimal control algorithms, mainly new extensions

of the DISOPE approach, and the study of their potential applications in process

control have been the central areas of research of the doctoral work described in this

thesis.

1.7 SCOPE AND AIMS OF THE THESIS

As it was mentioned in Section 1.5 ISOPE is a well established technique for

optimising control of industrial processes. Dynamic ISOPE, on the other hand, is

relatively recent.

As it was originally developed and published (Roberts, 1992), DISOPE

addressed continuous-time, unconstrained, centralized and time invariant optimal

control problems.

The central aim of this thesis is to advance and improve the existing

knowledge on the technique so as to make it attractive on one hand for its

implementation in the process industry and, on the other hand, as a novel nonlinear

optimal control algorithm. Additionally, as a result of research work carried out

during the project, a new technique for steady-state process optimisation based on

dynamic information (DSSO) has been developed.
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The means through which the central objective is to be achieved are:

* To develop discrete-time versions of DISOPE so as to make it suitable for

digital computer on-line implementations.

* To extend the DISOPE technique to handle control and state dependent

constraints.

* To develop hierarchical extensions of DISOPE so as to make it applicable in

large-scale systems.

* To extend the DISOPE algorithm for taking into account reference

trajectories which should be tracked.

* To investigate the ways the techniques developed can be applied in the

process industry, particularly in the fields of nonlinear predictive control,

batch process optimisation and predictive optimising control.

* To implement in software the algorithms developed and to test their

performance through simulation studies.

* To investigate the ways the inherent flexibility of the DISOPE approach can

be exploited.

* To compare the structure and performance of DISOPE with other existing

techniques.

The scope and original contributions of this thesis are briefly summarized

below.

Contribution to algorithm development

Several DISOPE control algorithms have been developed. This contribution

includes theoretical derivation, development of implementable versions and actual

software implementation of: discrete time, set-point tracking, hierarchical, control

constrained, state constrained and receding horizon DISOPE algorithms. Emphasis

has been given to make the technique suitable for industrial implementation.

Furthermore, a steady-state optimiser based on dynamic information (DSSO) has

been developed, implemented in software and tested with simulation examples.

Contribution to DISOPE approach flexibility exploitation

Some novel techniques which directly exploit the inherent flexibility of the

DISOPE approach in terms of model-reality differences in both model dynamics and
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performance indexes have been developed and investigated. This includes: (i) the use

of saturation functions for handling control magnitude constraints by using

(straightforward) unconstrained linear-quadratic model-based calculations (ii) The

exact discretization scheme by which continuous time systems are dynamically

optimized in an exact way while using model-based calculations in the (convenient)

discrete domain. (iii) The use of penalty functions to take into account state or

output magnitude constraints. (iv) The use of quadratic incremental control weighting

in the dynamic performance index to provide zero off-set tracking for constant set-

points.

Contribution to the prospective industrial application of the techniques developed

Several topics directly related with the application of DISOPE in the process

industry have been addressed in this doctoral work. The most relevant are: (i) the

study of the application of the technique in nonlinear predictive control, in which the

suitability of DISOPE to be used as a dynamic optimiser in a receding horizon

scheme is investigated. (ii) The application of DISOPE in batch process optimisation,

where the real dynamic optimum of the batch process is achieved by integrating the

algorithm with the batchwise operation of the plant. (iii) The application of DISOPE

in receding horizon as a predictive optimising controller, based on adaptive linear

models of the controlled plant. (iv) The application of DSSO for adaptive process

optimisation. All the topics are supported by relevant simulations and in cases (iii)

and (iv) realistic simulations of an industrial distillation column using a rigorous,

high fidelity process simulator are presented.

Contribution to software implementation and algorithm testing

All the algorithms proposed have been implemented in software. The main

tools used have been the C and C++ programming languages. The use of object

oriented programming has allowed a natural way of handling matrices and their

operations which, in this framework, has facilitated the programming and debugging

stages while keeping a high speed of execution. Code reusability principles has been

used. Some of the algorithms developed in this work have been implemented and

tested on an industrial process simulator environment (OTISSTM), bearing in mind

prospective on-line implementations. Several simulations with different levels of

complexity have been carried out using the software developed. These simulations
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have allowed us to gain a greater understanding of the DISOPE technique, to test

experimentally the algorithms developed and ideas proposed, and to compare the

results obtained with those reported in published works by using other methods.

1.8 OUTLINE OF THE THESIS

An outline of the thesis is given below. A more detailed introduction is given

at the beginning of each individual chapter.

Chapter 2: reviews the development and algorithmic details of DISOPE as

originally published (Roberts, 1992), in its continuous time, unconstrained and

centralized versions. Simulation studies are presented which illustrate the basic

algorithm capabilities for solving highly nonlinear systems with model-reality

differences. The effect of the tuning parameters (relaxation gains, convexification

factors, etc.) is investigated.

Chapter 3: seeks to extend the basic DISOPE algorithm for handling control

dependent constraints. An extension is developed using the minimum principle and

the resulting algorithm remains basically unchanged, the main difference being the

explicit handling of constraints in the model-based optimisation step. An alternative

and more convenient way of handling control magnitude constraints by using a

variable transformation based on a saturation function is introduced. Both approaches

are implemented in software and tested with simulations.

Chapter 4: describes the development of a hierarchical two-level DISOPE algorithm.

The approach used is based on the interaction-prediction approach (Jamshidi, 1983)

and on the basic DISOPE technique. A new modifier is introduced to take into

account the interactions between subsystems. The model-based problem for each

subsystem is independent from the other subsystems, which shows that the algorithm

is suitable for parallel or distributed processing. The algorithm is implemented in

software and simulations are carried out.
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Chapter 5: reports the development of a discrete-time DISOPE algorithm. An

implementable version, using an LQ model-based problem, is also developed. The

exact discretization scheme is introduced. This allows the application of discrete-time

DISOPE to continuous time systems by integrating the nonlinear model dynamics

between sampling times, so avoiding the use of approximate discretization

techniques, such as Euler’s method. A software implementation is developed and the

algorithm’s performance is studied by means of simulations.

Chapter 6: describes the use of discrete-time DISOPE for developing a new

technique for solving the optimal set-point tracking problem for nonlinear systems.

This is achieved by solving a sequence of LQ tracking problems with converge to

the correct optimal solution. The algorithm is implemented in software and numerical

simulations are carried out. The use of quadratic incremental control weighting,

which provides zero off-set tracking for constant inputs, is introduced exploiting the

algorithm’s flexibility, while the model-based calculations use quadratic absolute

control weighting. Its suitability to be used in a nonlinear predictive control scheme

is emphasized.

Chapter 7: Extends the DISOPE technique for handling optimal control problems

with state dependent inequality constraints. The approach used is the penalty

relaxation technique. A state constrained simulation example is presented.

Chapter 8: reports the application of DISOPE in batch process optimisation. This

is achieved by integrating the algorithm’s iterations with the batchwise operation of

the plant, in such a way that the correct dynamic optimum of the plant is achieved

in a sequential manner in spite of model-plant mismatch. The problem of measuring

the time-varying jacobian matrices is addressed by using the shadow model concept

(Griffiths, 1993). Comprehensive simulation studies are provided.

Chapter 9: describes the application of set-point tracking DISOPE in nonlinear

predictive control. The receding horizon dynamic optimisation is carried out at every

sampling interval by using DISOPE. State and uncertain parameters are estimated

from the possibly noisy output measurements by using an Extended Kalman Filter
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(Lewis, 1986b). The controller is implemented in software and comprehensive

simulation studies are provided.

Chapter 10: describes the development of two optimising controllers which are able

to drive a process from a suboptimal operational condition to its steady-state

optimum. The controllers use derivative and state information from the plant via a

shadow model and an adaptive state-space linear model identifier. The new

algorithms are developed from the basis that a nonlinear model of the process is not

available for prediction purposes. One approach, known as DSSO, does not requires

predictions. The second algorithm, known as LP-DISOPE, uses predictions based on

an adaptive linear model of the process. The steady-state optimality of the procedures

is analyzed. Both techniques are tested with simulation examples, including realistic

industrial-scale simulations of the optimisation of a multicomponent distillation

column.

Chapter 11: compares the DISOPE technique with a well established nonlinear

optimal control technique such as quasilinearization. Furthermore, comparisons with

previous work by Hassan and Singh (1976) and Mahmoud et al (1980) are discussed.

Chapter 12: draws conclusions from the results obtained in this thesis and presents

a series of suggestions for further work in this area.

1.9 SUMMARY

The development and applications of novel optimal control algorithms is the

central subject of the research work described in this thesis. The main objective is

to advance and improve the existing knowledge of a dynamic optimisation technique

called DISOPE, so as to make it attractive on one hand for its implementation in the

process industry and, on the other hand, as a novel nonlinear optimal control

algorithm.

In this introductory chapter, in order to address some motivational issues, to

review the background to the research area, and to establish the framework of the

thesis, some important topics have been discussed. A short discussion on the role of
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control systems in industrial processes has been related to an overview on the use

of optimisation in the process industry. Further, some historical background on

system identification and adaptive control, model-based predictive control and on

dynamic optimal control have also been presented. Moreover, a brief review on the

ISOPE technique, which is the steady-state predecessor of DISOPE, has been given.

This has been followed by a discussion on the aims, scope and original contribution

of this doctoral work. Finally, the contents and structure of the thesis have been

described.
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CHAPTER 2

CONTINUOUS TIME DISOPE ALGORITHM

In this chapter, we shall deal with the original DISOPE algorithm as was

introduced by Roberts (1992, 1993a). Initially, a brief introduction on the theory of

optimal control is given. The formulation addresses the continuous time,

unconstrained and centralized optimal control problem, with fixed terminal time and

terminal state value constraints. The basic mathematical tool is the calculus of

variations. Simulation examples are given illustrating the basic properties of the

algorithm.

2.1 THE OPTIMAL CONTROL PROBLEM

Before introducing the DISOPE theory, it is convenient to present some

background on the basic optimal control problem. To solve an optimal control

problem we must first define a goal or performance index for the process we intend

to optimize. The performance index is selected to make the plant exhibit a desired

kind of behaviour. This requires an appropriate definition of the problem from the

physical point of view and a translation into convenient mathematical terms. To be

able to apply optimal control to a process in an effective way we must estimate the

current state of the process from the (very often incomplete and noisy) output

measurements. This is called state estimation. Further, we must obtain a

mathematical model with the appropriate structure and parameters so that it describes

properly the dynamics of the process. This is called system identification. The

optimal control problem consists in finding the best control inputs (manipulated

variables) so as to minimize (or maximize) the performance index, given knowledge

of the system state, and the mathematical model of the process (Sage and White,

1977; Lewis, 1986a).
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2.1.1 Problem formulation

Suppose that the plant is described by the nonlinear time-varying differential

equation

(2,1)ẋ f ( x(t), u(t), t )

where represents a set of state equations which describe thef : ℜn×ℜm×ℜ→ℜn

process with state and control input . Further assume that thex(t)∈ℜn u(t)∈ℜm

following performance index has been chosen:

(2,2)J ϕ(x(tf) ) ⌡
⌠
tf

t0

L (x(t) ,u(t) , t ) dt

where is the fixed time interval of interest, is a scalar valued[ t0, tf ] ϕ : ℜn→ℜ

terminal weighting function and is a continuous performanceL : ℜn×ℜm×ℜ→ℜ

function.

If the state of the system at the initial time is assumed known (beingt0

measured or estimated), with value , and if no constraints on the values ofx( t0 ) x0

control and state variables are taken into consideration, apart from the dynamic

constraint (2,1), the optimal control problem can be formulated as follows:

min
u(t) J ϕ(x(tf) ) ⌡

⌠
tf

t0

L (x(t) ,u(t) , t ) dt

subject to

ẋ f (x(t), u(t), t )

x(t0) x0
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2.1.2 Necessary optimality conditions

The problem so formulated is by no means general but will suffice our

introductory purposes. The problem as stated can be treated by using the classical

calculus of variations. For convenience, a scalar function (the Hamiltonian) isH

defined as follows:

where is a multiplier function usually termed as the costate. By using calculus

(2,3)H (x(t) ,u(t) ,p(t) , t ) L (x(t) ,u(t) , t ) p(t) f (x(t) ,u(t) , t )

p(t)

of variations and relatively straightforward algebraic manipulations (see, for example,

(Lewis, 1986a: 150-153) for the derivation), the following well known necessary

optimality conditions are obtained.

Stationarity:

Costate equation:

(2,4)∇uH 0

State equation:

(2,5)∇xH ṗ(t) 0

(2,6)∇pH ẋ(t) 0

Boundary conditions:

(2,7)
x( t0 ) x0

p(tf) ∇xϕ(x( t ) ) t tf
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Thus, in order to obtain a control function to minimize the value of theu(t)

performance index one must solve the differential equations (2,5) and (2,6), withJ u(t)

given by the algebraic equation (2,4). The boundary conditions for the coupled

differential equations to be solved are split, because is given and can bex( t0 ) p( tf )

computed from (2,7). This is known as a two-point boundary value problem

(TPBVP). In general, it is difficult to solve these problems.

2.1.3 Linear-Quadratic Optimal Control

An important family of unconstrained optimal control problems is that of the

linear-quadratic type. The name of the linear-quadratic (often termed as LQ)

problems arises because the system dynamics are represented by linear differential

equations while the performance index is quadratic in terms of state and control

variables. The linear quadratic optimal control theory will be very important for the

developments presented in this thesis and therefore a brief introduction to the topic

is relevant. There are two types of LQ problems: regulator and tracking problems.

The linear-quadratic regulator problems are usually formulated as follows:

subject to

min
u(t) Jl

1

2
x( tf ) Φx( tf ) ⌡

⌠
tf

t0

1

2
[ x(t) Qx(t) u(t) Ru(t) ] dt

ẋ Ax(t) Bu(t)

x( t0 ) x0

where and are symmetric weighting matrices of the appropriateΦ≥0, Q≥0 R>0

dimensions, is the system dynamic matrix and is the control distributionA B

matrix. The corresponding Hamiltonian function is:

(2,8)Hl
1

2
( x(t) Qx(t) u(t) Ru(t) ) p(t) ( Ax(t) Bu(t) )

In this case, the two point boundary value problem is relatively easy to solve.

A popular method of solution, given its computational efficiency, is known as the
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backward sweep method (Bryson and Ho, 1975; Lewis, 1986a). Here a linear

relationship between the costate and state variables of the form ,p(t) K(t)x(t)

where is a time-varying nxn matrix, is assumed. Application of the necessaryK(t)

optimality conditions and boundary conditions outlined in Section 2.1.2 gives rise

to the following noniterative solution procedure:

Procedure 2.1.3: Simple LQ regulator solution

Step a: Solve backwards from to the following Ricatti differentialtf t0

equation, with terminal condition :K(tf) Φ

K̇(t) K(t)BR 1 B K(t) A K(t) K(t) A Q

Step b: Compute the state by integrating from the initialx(t), t∈[ t0,tf ]

condition the following equation:x( t0 ) x0

ẋ (A BG(t) )x(t)

Step c: Compute the optimal control from the state feedbacku( t ), t∈[ t0, tf ]

control law:

u(t) G(t)x(t)

where the Kalman gain is given by .G( t ) R 1 B K(t)

Some advantages of using LQ optimal control are (Anderson and Moore,

1989):
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* Nearly all LQ optimal control problems have solutions achievable with

relatively little computing effort, as opposed to some nonlinear optimal

control problems.

* LQ optimal control results can be applied to nonlinear systems operating in

a small signal basis.

* Under certain conditions, LQ optimal controllers possess a number of

attractive properties regarding the stability of the system and the robustness

of the controller.

* The relatively simple computational procedures used in LQ optimal control

can sometimes be carried over to nonlinear optimal control problems.

2.2 DYNAMIC ISOPE

A key issue of the ISOPE techniques is that the computations based on an

approximated model of the process converge to the real optimum of the plant, in

spite of deficiencies in the mathematical model. In the DISOPE approach this

particular aspect continues to be very important as will be shown in this thesis. The

distinction between reality and model plays a crucial role in the DISOPE framework.

The definition of reality will have basically two interpretations in this thesis. On the

one hand reality may be taken as the actual plant dynamics which are normally

unknown and uncertain. On the other hand, reality may be interpreted as a known

but difficult to tackle dynamic description of the plant. The differentiation between

model and reality extends also to the performance index. There will be a distinction

between the performance index associated to the real dynamics and the performance

index which corresponds to the dynamic model. Thus we can refer to real and

model-based performance indexes. In any case, the model represents an (sometimes

convenient and intentional) approximation of reality, whatever reality means. In the

particular applications presented in this thesis this duality should not cause any

confusions. The particular interpretation of the term reality will be implicit or clearly

stated.
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2.2.1 Problem formulation and solution

Recall now the problem formulated in Section 2.1.1, assume that the

superscript * denotes reality and let us call it Real Optimal Control Problem (ROP2).

Consider now the following, possibly simplified Model-Based Optimal Control

Problem (MOP2):

MOP2

min
u(t) Jm ϕ(x(tf) ) ⌡

⌠
tf

t0

L (x(t), u(t), γ(t) ) dt

subject to

where state and control vectors have the same dimensions as in ROP2, is a

ẋ f (x(t), u(t), α(t) )

x(t0) x0

Jm

model-based performance index, is a continuous weightingL : ℜn×ℜm×ℜ→ℜ

function and perhaps a simplification of a known , is anL f : ℜn×ℜm×ℜr→ℜn

approximated dynamic model of , and are continuousf γ(t)∈ℜ α(t)∈ℜr

parameters. The role of and will be to take into account model reality-γ(t) α(t)

differences in value. Notice that as in the original formulation of the DISOPE

technique, the terminal weighting function in MOP2 is identical to that in ROP2.ϕ

Using a two-step method, the solution of MOP2 (optimisation step) provides

the control as a function of the current parameter estimates and .u(t) α(u(t)) γ(u(t))

In turn such estimates may be obtained by matching model and real state equations

and continuous weighting functions (parameter estimation step) at the current

computed control . It is easy to notice that optimisation andu(t) u(α(t),γ(t))

parameter estimation interact and, in general, because the model is only an

approximation to reality, several iterations may be required before convergence is

achieved. However, such iterations do not lead, in general, to the correct optimal
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solution of ROP2 (Durbeck, 1965; Foord, 1974), and it is necessary to integrate

optimisation with parameter estimation taking into account their mutual interaction.

The key to integrating system optimisation and parameter estimation is to

define an Expanded Optimal Control Problem (EOP2) which, in spite of being

model-based, is made equivalent to ROP2 by adding appropriate equality constraints

on state equations and continuous weighting function values. Furthermore, state and

control variables are separated between parameter estimation and optimisation steps

by introducing the new state and control variables and , respectively.z(t) v(t)

EOP2

min
u(t) Je ϕ(x(tf) ) ⌡

⌠
tf

t0

L (x(t), u(t), γ(t) ) dt

subject to

ẋ f (x(t), u(t), α(t) )

x(t0) x0

f (z(t),v(t),α(t) ) f (z(t) ,v(t) , t )

L (z(t),v(t),γ(t) ) L (z(t) ,v(t) , t )

u(t) v(t)

x(t) z(t)

Adjoining all the equality constraints to the performance index by using

Lagrange multipliers, we obtain the following augmented performance index :Je

where the time index has been dropped for convenience and , ,

(2,9)Je ϕ(x(tf) ) ⌡
⌠
tf

t0

[ L (x,u,γ ) p ( f (x ,u ,α ) ẋ ) λ (v u )

β (z x ) µ (f (z ,v , t ) f(z,v ,α )) ξ(L (z ,v , t ) L(z ,v ,γ )) ] dt

p(t)∈ℜn λ(t)∈ℜm

, and are multiplier functions.β(t)∈ℜn µ(t)∈ℜm ξ(t)∈ℜ
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If we define the augmented Hamiltonian function as:

then we can rewrite (2,9) as:

(2,10)H L (x ,u ,γ ) p f (x ,u ,α ) λ u β x

(2,11)
Je [ϕ(x ) ]t tf ⌡

⌠
tf

t0

[ H p ẋ λ v β z

µ (f (z ,v , t ) f(z,v ,α )) ξ(L (z ,v , t ) L(z ,v ,γ )) ] dt

By applying calculus of variations to (2,11) (see for example (Kirk, 1970) for

an introduction to the subject), and taking into account that and are fixed,t0, tf x0

we obtain the following expression for the first variation of :Je

(2,12)

δJe ∇xϕ δx t tf ⌡
⌠
tf

t0

{ ∇uH δu ∇xH δx p δẋ [∇pH ẋ ] δp

[λ ( fv fv ) µ ξ(∇vL ∇vL ) ] δv [β ( fz fz ) µ ξ(∇zL ∇zL ) ] δz

[∇αH fα µ] δα [∇γH ξ∇γL ] δγ } dt

Integrating by parts to eliminate the variation in we obtain:ẋ

(2,13)

δJe [∇xϕ p ] δx t tf

p δx t t0 ⌡
⌠
tf

t0

{ ∇uH δu [∇xH ṗ ] δx [∇pH ẋ ] δp

[λ ( fv fv ) µ ξ(∇vL ∇vL ) ] δv [β ( fz fz ) µ ξ(∇zL ∇zL ) ] δz

[∇αH fα µ] δα [∇γH ξ∇γL ] δγ } dt

According to the Lagrange multiplier theory the constrained minimum of Je

is achieved at the unconstrained minimum of , which is achieved when .Je δJe 0

Setting to zero the coefficients of the independent increments in (2,12), and

concluding by inspection that and the following necessary optimalityξ 1 µ p

conditions are obtained:
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Stationarity:

Costate equation:

(2,14)∇uH 0

State equation:

(2,15)∇xH ṗ(t) 0

Boundary conditions:

(2,16)∇pH ẋ(t) 0

(2,17)
x(t0) x0

p(tf) ∇xϕ(x( t ) ) t tf

Multiplier equations:

plus the following equality constraints stated in the formulation of EOP2:

(2,18)
λ(t) [ ∂f

∂v
∂f
∂v

] p̂(t) [∇vL ∇vL ]

β(t) [ ∂f
∂z

∂f
∂z

] p̂(t) [∇zL ∇zL ]

where has been introduced as a costate separation variable. We assume that the

(2,19)f (z(t),v(t),α(t) ) f (z(t) ,v(t) , t )

L (z(t),v(t),γ(t) ) L (z(t) ,v(t) , t )

(2,20)

v(t) u(t)

z(t) x(t)

p̂(t) p(t)

p̂(t)

structure of and is such that given and the values off L v(t) z(t) t∈[ t0, tf ] α(t)

and can be uniquely determined from (2,19). Notice that optimalityγ(t) t∈[t0,tf]

conditions (2,14), (2,15) and (2,16) are model-based, and that andλ(t) β(t) t∈[ t0 , tf ]
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carry information on model-reality differences, in curvature, as opposed to α(t)

and which carry information on model-reality differences in value.γ(t) t∈[ t0, tf ]

Recall our goal which is to solve ROP2. We have defined EOP2 which is

equivalent to ROP2 and we have derived its necessary optimality conditions by using

variational calculus. Thus if we satisfy the optimality conditions of EOP2, given the

equivalence, we are also satisfying the optimality conditions of ROP2. We intend to

solve ROP2 by using model-based calculations. Given values of , , andα(t) γ(t) λ(t)

, it is easy to see that the solution of the following problem satisfies theβ(t)

definition of the augmented Hamiltonian (2,10) and also the model-based optimality

conditions (2,14), (2,15) and (2,16), and border conditions (2,17). It is called

Modified Model Based Problem (MMOP2) and is defined as follows:

MMOP2

min
u(t) JM ϕ(x(tf) ) ⌡

⌠
tf

t0

[ L (x(t), u(t), γ(t) ) λ(t) u(t) β(t) x(t) ] dt

subject to

ẋ f (x(t), u(t), α(t) )

x(t0) x0

Now, if based on given values of , and we compute thev(t) z(t) p̂(t)

functions , , , and from (2,18) and (2,19), and if the solution ,α(t) γ(t) λ(t) β(t) u(t) x(t)

and of MMOP2 obtained from those functions additionally satisfy (2,20), thenp(t)

that solution is also the solution of ROP2.

This reasoning gives rise to the following DISOPE algorithm which,

assuming convergence, achieves the solution of ROP2 via repeated solutions of

MMOP2 (Roberts, 1992).
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Algorithm 2.2.1: Continuous time DISOPE algorithm

Data , , , , , , and means for calculating and .f L ϕ x0 t0 tf f L

Step 0 Compute or choose a nominal solution , and . Setu 0(t) x 0(t) p 0(t)

, , , , .i 0 v 0(t) u 0(t) z 0(t) x 0(t) p̂ 0(t) p 0(t) t ∈[ t0 , tf ]

Step 1 Compute the parameters , to satisfy (2,19). This is called theαi(t) γi(t)

parameter estimation step.

Step 2 Compute the multipliers and from (2,18).λi(t) βi(t)

Step 3 With specified , , and solve the modified model-α(t) γ(t) λ(t) β(t)

based optimal control problem MMOP2 to obtain , andu i 1(t) x i 1(t)

. This is called the system optimisation step.p i 1(t)

Step 4 This step tests convergence and updates the estimate for the optimal

solution of ROP2. In order to provide a mechanism for regulating

convergence, a simple relaxation method is employed to satisfy

(2,20). This is:

where , and are scalar gains. If within

(2,21)

v i 1(t) v i(t) kv (u i 1(t) v i(t) )

z i 1(t) z i(t) kz (x i 1(t) z i(t) )

p̂ i 1(t) p̂ i(t) kp (p i 1(t) p̂ i(t) )

kv kz kp ∈(0 ,1] v i 1(t) v i(t)

a given tolerance stop, else set and continue from step 1.i i 1

2.2.2 Performance index augmentation

Variable augmentation has been used in steady-state ISOPE algorithms in

order to make the technique insensitive to the choice of relaxation gains, with the

additional effect that it also improves the convergence behaviour of the algorithms.
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This is because variable augmentation convexifies the optimisation problem

(Rockafellar, 1970, 1974; Brdys et al, 1987).

Augmentation was introduced by Roberts (1993a) in the DISOPE technique,

resulting in improved algorithm stability and convergence behaviour in difficult

cases. Similar techniques have been applied in optimal control algorithms by Hassan

and Singh (1976) and Sakawa and Shindo (1980).

Variable augmentation is applied in DISOPE by adding convexification terms

to the performance index of EOP2. This is, becomes:Je

where and are given scalar convexification factors.

(2,22)
Je ϕ(x(tf) ) ⌡

⌠
tf

t0

[ L (x(t), u(t), γ(t) )

1

2
r1 u(t) v(t) 2 1

2
r2 x(t) z(t) 2 ] dt

r1 r2

The definition of the augmented Hamiltonian is changed to take into account

the new terms:

By using variational calculus it is possible to find that the model-based

(2,23)
H L (x ,u ,γ ) p f (x ,u ,α ) λ u β x

1

2
r1 u v 2 1

2
r2 x z 2

optimality conditions obtained in Section 2.2.1 continue to be valid. Furthermore, the

main change in Algorithm 2.2.1 is that the solution of MMOP2 requires information

on and , for the performance index in MMOP2 becomes:v(t) z(t)

Notice that, at the end of the iterations, and so that at this

(2,24)
JM ϕ(x(tf) ) ⌡

⌠
tf

t0

[ L (x(t), u(t), γ(t) ) λ(t) u(t) β(t) x(t)

1

2
r1 u(t) v(t) 2 1

2
r2 x(t) z(t) 2 ] dt

u(t) v(t) x(t) z(t)

stage the augmentation terms and their derivatives are zero, so having no effect in

the real optimality of the solution.
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2.2.3 Terminal state constraints

In some problems we are interested in restricting functions of the terminal

state to have prescribed values, that is:

for a given function . Equation (2,25) is an additional equality

(2,25)ψ(x(tf) , tf ) 0

ψ : ℜn×ℜ→ℜq

constraint to ROP2, MOP2, EOP2 and MMOP2. It can be treated by using the

Lagrange multiplier theory (see, for example, Bryson and Ho, 1975). As a

consequence, a new boundary condition for the costate is obtained as follows:

where is a Lagrange multiplier vector to be found so that the additional

(2,26)p(tf) ∇xϕ
∂ψ
∂x
ν x x(tf)

ν∈ℜq

necessary condition (2,25) is satisfied. Notice that in terminal state constrained

problems some reachability conditions must be satisfied for a solution to exist (see,

for example, Lewis (1986a) for a discussion on the LQ case).

2.3 DISOPE WITH LINEAR-QUADRATIC MODEL-BASED PROBLEM

2.3.1 Formulation

If the model-based problem (MOP2) is chosen as a linear-quadratic

approximation of ROP2, then noniterative methods similar to Procedure 2.1.3 can be

used for the model-based computations.

Thus for computational advantage, a linear model-based dynamic function

and quadratic weighting functions and may be chosen. Considering thatf L ϕ

and enter as shift parameters we have:α(t) γ(t)

where and are symmetric weighting matrices of the appropriate

(2,27)

L(x ,u ,γ ) 1

2
x(t) Qx(t) 1

2
u(t) Ru(t) γ(t)

ϕ(x( tf ))
1

2
x( tf ) Φx( tf )

f(x ,u ,α ) Ax(t) Bu(t) α(t)

Φ≥0, Q≥0 R>0

dimensions, and are matrices which represent a linear model of .A B f
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Notice that more general terminal weighting specifications may be introduced

by exploiting the fact that a performance index of the form

can be represented by making the following substitution (Sakawa and Shindo, 1980):

Je ϕ(x(tf) ) ⌡
⌠
tf

t0

L (x(t) ,u(t) , t )

By using (2,27), and including the variable augmentation discussed in Section

L (x ,u , t ) ← L (x ,u , t ) ∇xϕ f (x ,u , t )

2.2.2 the linear-quadratic MMOP2 can be written as:

subject to

min
u(t) JM

1

2
x( tf ) Φx( tf ) ⌡

⌠
tf

t0

[ 1

2
x(t) Qx(t) 1

2
u(t) Ru(t) γ(t)

λ (t)u(t) β (t)x(t) 1

2
r1 u(t) v(t) 2 1

2
r2 x(t) z(t) 2 ] dt

ẋ Ax(t) Bu(t) α(t)

x( t0 ) x0

The corresponding Hamiltonian function is:

(2,28)H 1

2
(x(t) Qx(t) u(t) Ru(t) ) γ(t) p(t) (Ax(t) Bu(t) α(t) )

λ(t) u(t) β(t) x(t) 1

2
r1 u(t) v(t) 2 1

2
r2 x(t) z(t) 2

Applying the model-based optimality conditions (2,14), (2,15), (2,16) and

(2,17) with given by (2,28), the following TPBVP is obtained:H

with border conditions:

(2,29)ẋ Ax(t) BR
1
(B p(t) λ(t)) α(t)

ṗ Qx(t) A p(t) β(t)
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where and are augmented weighting matrices and

(2,30)
x( t0 ) x0

p( tf ) Φx( tf )

R R r1Im Q Q r2In

, and are augmented multipliers.λ(t) λ(t) r1v(t) β(t) β(t) r2z(t)

This linear TPBVP can be solved by using the backward sweep method

(Bryson and Ho, 1975; Lewis, 1986a). The key is to assume the relationship between

costate and state as , where is a nxn matrix and .p(t) K(t)x(t) k(t) K(t) k(t)∈ℜn

This gives rise to the following noniterative solution procedure (See Appendix A for

the derivation):

Procedure 2.3.1: Solution of linear-quadratic MMOP

Step a: Solve backwards from to the following differential equations,tf t0

with terminal conditions and :K(tf) Φ k(tf) 0

K̇ K(t)BR
1
B K(t) A K(t) K(t)A Q

k̇ K(t)BR
1
B k(t) A k(t) K(t)BR

1λ(t) K(t)α(t) β(t)

Step b: Compute the time-varying Kalman gain and drivingG(t) , t∈[ t0,tf ]

input from:g(t)∈ℜm, t∈[ t0,tf ]

G(t) R
1
B K(t)

g(t) R
1
(B k(t) λ(t) )

Step c: Compute the state by integrating from the initialx(t), t∈[ t0,tf ]

condition the following differential equation:x( t0 ) x0

ẋ (A BG(t) )x(t) Bg(t) α(t)

Step d: Compute the costate from:p(t) , t∈[ t0,tf ]

p(t) K(t)x(t) k(t)
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Step e: Compute the control input from the control law:u( t ), t∈[ t0, tf ]

u(t) G(t)x(t) g(t)

The linear-quadratic formulation enables the augmented multipliers andλ( t )

to be expressed as (see equation (2,18)):β( t ), t∈[ t0 , tf ]

while the calculation of parameter becomes (see equation (2,19)),

(2,31)
λ(t) [ ∂f

∂v
∂f
∂v

] p̂(t) [Rv ∇vL ]

β(t) [ ∂f
∂z

∂f
∂z

] p̂(t) [Qz ∇zL ]

α( t ), t∈[ t0 , tf ]

noting that it is not necessary to calculate :γ( t )

(2,32)α(t) f (z(t) ,v(t) , t ) Az(t) Bv(t)

2.3.2 Terminal state constraints

Terminal state constraints of the type will be taken intoxi( tf ) 0, i∈[1 ,q ]

consideration. This kind of constraint can be written as:

where is a qxn matrix. Notice that a terminal constraint of the type

(2,33)ψ(x( tf ) ) Cx(tf) 0

C [ Iq 0]

can be achieved by a straightforward shift change of statexi( tf ) xif , i∈[1 ,q ]

variable. The resulting TPBVP is identical to (2,29), but with boundary conditions

(see equation (2,26)):
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where is a Lagrange multiplier to be determined such that (2,33) is satisfied.

(2,34)
x(t0) x0

p(tf) Φx( tf ) C ν

ν∈ℜq

The solution of MMOP2 taking into account the terminal state constraint is again

based on the backward sweep method (Bryson and Ho, 1975). The key is to assume

the relationship between costate and state as , and expressp(t) K(t)x(t) k(t) F(t)ν

the (fixed) terminal state function as , whereψ F(t) x(t) W(t)ν η(t) Cx( tf )

is a nxn matrix, is a nxq matrix, is a qxq matrix, , andK(t) F(t) W(t) k(t)∈ℜn

. The resulting noniterative solution procedure is as follows (See Appendixη(t)∈ℜq

B for the derivation):

Procedure 2.3.2: Solution of linear-quadratic MMOP2 with terminal

constraints

Step a: Solve backwards from to the following set of differentialtf t0

equations, with terminal conditions , , ,K(tf) Φ k(tf) 0 F(tf) C

, :W(tf) 0 η(tf) 0

K̇ K(t)BR
1
B K(t) A K(t) K(t)A Q

k̇ K(t)BR
1
B k(t) A k(t) K(t)BR

1λ(t) K(t)α(t) β(t)

Ḟ K(t)BR
1
B F(t) A F(t)

Ẇ F(t) BR
1
B F(t)

η̇ F BR
1
(B k(t) λ(t) ) F(t) α(t)

Step b: Compute the time-varying Kalman gain , multiplierG(t) , t∈[ t0,tf ] ν

and driving input from:g(t)∈ℜm, t∈[ t0,tf ]

G(t) R
1
B K(t)

ν W(t0)
1(F(t0) x0 η(t0) )

g(t) R
1
(B (k(t) F( t )ν) λ(t) )
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Step c: Compute the state by integrating from the initialx(t), t∈[ t0,tf ]

condition the following differential equation:x( t0 ) x0

ẋ (A BG(t) )x(t) Bg(t) α(t)

Step d: Compute the costate from:p(t) , t∈[ t0,tf ]

p(t) K(t)x(t) k(t) F(t)ν

Step e: Compute the control input from the control law:u( t ), t∈[ t0, tf ]

u(t) G(t)x(t) g(t)

2.3.3 DISOPE algorithm with LQ model-based problem

DISOPE requires a nominal solution to start the iterations. A recommended

starting point is to use the solution of MMOP2 under , ,α(t) 0 λ(t) 0

, (relaxed MMOP2).β(t) 0, t∈[ t0, tf ] r1 r2 0

It is recommended that the relaxation gains and should initially bekv, kz kp

set to 1 and the convexification factors should be chosen as , and adjustedr1 r2 0

only if convergence problems arise.

The linear dynamic model should approximate the real dynamics(A, B )

represented by in the dynamic range of interest. One way to ensure this is tof

choose the pair as a linearization of about an appropriate point.(A, B ) f (x ,u , t )

The value of the weighting matrices should be such that the resulting(Q, R ) L

approximates in the range of values of states and controls of interest.L

From the above analysis, the following DISOPE algorithm with linear-

quadratic model based problem has been proposed (Roberts, 1993a).
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Algorithm 2.3.3: Continuous time DISOPE algorithm with LQ model-based

problem

Data , , , , , , , , , , , , , and means forA B Q R Φ r1 r2 kv kz kp x0 t0 tf q

calculating and .f L

Step 0 Compute or choose a nominal solution , and . Setu 0(t) x 0(t) p 0(t)

, , , , .i 0 v 0(t) u 0(t) z 0(t) x 0(t) p̂ 0(t) p 0(t) t ∈[ t0 , tf ]

Step 1 Compute the parameter to satisfy (3,1). This is called theαi(t)

parameter estimation step.

Step 2 Compute the augmented multipliers and from (2,31).λi
(t) βi

(t)

Step 3 With specified , and solve the modified model basedα(t) λ(t) β(t)

optimal control problem MMOP2 (by using Procedure 2.3.1 ifq 0

or Procedure 2.3.2 if ) to obtain , and . Thisq>0 u i 1(t) x i 1(t) p i 1(t)

is called the system optimisation step.

Step 4 This step tests convergence and updates the estimate for the optimal

solution of ROP2. The simple relaxation method (2,21) is employed

to satisfy (2,20). If within a given tolerance stop, elsev i 1(t) v i(t)

set and continue from step 1.i i 1

In practice, the achievement of the equality may bev i 1(t) v i(t), t∈[ t0 , tf ]

evaluated by using the following 2-norm (control variation norm between iterates):
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where is the numerical integration step, and comparing its value with a given

(2,35)
v i 1 v i

2

1
∆t ⌡
⌠
tf

t0

v i 1(t) v i(t) 2 dt

∆t

small tolerance .εv

Notice that Algorithm 2.3.3 solves a sequence of LQ optimal control

problems which converge to the solution of ROP2 (which may be nonlinear and non-

quadratic). From this point of view, the algorithm may be compared to the

Sequential Quadratic Programming technique (Fletcher, 1981), where a sequence of

quadratic programming problems (consisting of a quadratic objective function with

linear constraints) are solved to find the solution of a nonlinearly constrained

mathematical programming problem. It is also noticeable that Algorithm 2.3.3 is an

infeasible path approach, in the sense that intermediate solutions u(t), x(t), t∈[ t0 , tf ]

are not exact solutions of the differential constraint .ẋ f (x ,u , t )

2.4 SIMULATION EXAMPLES

Algorithm 2.3.3 was implemented in the C++ programming language

(Becerra, 1993a) using object oriented programming techniques which allow us to

handle naturally matrices and their operations (Gorlen et al, 1990). A fixed step size

fourth order Runge-Kutta integrator (Press et al, 1992) was used for solving all the

ODE’s involved in the algorithm. The trapezoidal rule was used for numerical

quadrature. All the derivatives (jacobian matrices, gradients) were computed by using

the Central Difference Formula (Press et al, 1992), so avoiding tedious analytical

derivative calculations, which are also prone to human errors.

Note that , , , and need only be computed once and do notK(t) G(t) F(t) W(t)

change between iterations, provided and are kept constant during the process.r1 r2

The CPU times presented below are for an IBM compatible 486DX-based

machine with 33 MHz clock speed.

For further details about the C++ implementation of the continuous time

DISOPE algorithm see (Becerra, 1993a).
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Example 2.4.1: continuous stirred tank reactor (CSTR).

This example has been taken from two classical books on optimal control

(Lapidus and Luus, 1967; Kirk, 1970) and consists of the dynamic optimisation of

a first order irreversible chemical reaction carried out under non-isothermal

conditions in a continuous stirred tank reactor (CSTR). Control of the reactor is

achieved by manipulation of the flow of cooling fluid through a cooling coil inserted

in the reactor. Here represents the deviation from the dimensionlessx1(t)

temperature, represents the deviation from dimensionless concentration. Thex2(t)

control variable depends on the opening of the valve. It is required to find theu(t)

optimal input so as to minimize a quadratic performance index subject to theu(t)

nonlinear dynamic constraints. The model-based dynamics have been chosen as a

linearization about the origin. Here we will test the sensitivity of the algorithm with

respect to the tuning parameters and . The numerical integration step used wasr1 kv

and the tolerance specified for convergence was . The relaxation∆t 0.01 εv 0.01

gains , and were both set to 1 and the convexification factor was set to zero.kz kp r2

The reason for this selection is that current research by Roberts (1993b) indicates

that DISOPE is more sensitive to the choice of and , than to the values of ther1 kv

other tuning parameters.

ROP:

min
u(t) ⌡

⌠
0.78

0

(x 2
1 x 2

2 0.1u 2 )dt
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subject to

MOP:

ẋ1 (x1 0.25) (x2 0.5)exp
⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

25x1

x1 2
(1 u )(x1 0.25)

ẋ2 0.5 x2 (x2 0.5)exp
⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

25x1

x1 2

x(0) [0.05 0]

subject to

min
u(t) ⌡

⌠
0.78

0

(x 2
1 x 2

2 0.1u 2 )dt

ẋ
⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

4.25 1

6.25 2
x(t)

⎡
⎢
⎣

⎤
⎥
⎦

0.25
0 u(t) α(t)

x(0) [0.05 0]

Table 2.4.1 shows the algorithm’s performance in terms of number of

iterations, CPU time and final ( ) performance indexes, for different values ofJf r1

and . The value of the real performance index for the nominal controlkv u 0(t)

(which was obtained from the relaxed MMOP) was . Figure 2.4.1.1J0 0.031

shows the final state responses. Figure 2.4.1.2 shows the nominal and final control

signals, where the difference between the initial and final solutions can be

appreciated. Figures 2.4.1.3 and 2.4.1.4 show the convergence of the real

performance index and of the control variation norm, for the default values r1 0

and , and the best tested tuning parameter set and .kv 1 r1 0.1 kv 0.8
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r1 kv
Number of

iterations

CPU (s) Jf

0 1 10 63 0.026617

0.1 1 8 53 0.026618

0.5 1 9 59 0.026647

0 0.8 9 56 0.026617

0 0.3 13 80 0.026616

0.1 0.8 5 34 0.026620

Table 2.4.1: Algorithm’s performance for example 2.4.1

Figure 2.4.1.1: Example 2.4.1, final state vector
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Figure 2.4.1.2: Example 2.4.1, final and nominal control signals

Figure 2.4.1.3: Example 2.4.1, convergence of the real performance
index
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It can be seen that the speed of convergence depends on the values of the

Figure 2.4.1.4: Example 2.4.1, convergence of the control variation
norm

tuning parameters and . Furthermore, there must be an optimum pairr1 kv (r1 ,kv )

which provides a minimum number of iterations for convergence. The minimum

number of iterations achieved with the combinations tested was 5, while the

iterations with the default values and was 10. This agrees with ther1 0 kv 1

results obtained by Roberts (1993b).

We can observe in Figure 2.4.1.3 that the performance index does not

decrease monotonically with and , while it does with andr1 0 kv 1 r1 0.1

. The control variations are obviously smaller between iterates andkv 0.8

convergence is faster with the latter set of parameters, as can be seen in Figure

2.4.1.4.

It is also important to test the sensitivity of the algorithm with respect to the

nominal solution. An additional simulation was carried out using the same model-

based problem, but the nominal solut ion was taken as:

u(t) 0 , x(t) x0 , p(t) 0 , t∈[0 ,1]
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using and . Then convergence was achieved after 12 iterations, with anr1 0 kv 1

initial performance index . This result indicates that although theJ0 0.223810

nominal solution obtained from the relaxed MMOP is closer to the optimum, the

algorithm was able to find the optimum starting from a gross approximation without

a significant increase in the number of iterations required. Furthermore, DISOPE

does not require the nominal solution to be very close to the optimum.

Example 2.4.2: Third order nonlinear system

This example consist of the optimisation of a non quadratic performance

index subject to nonlinear dynamic equations and a terminal state constraint. The

model-based problem consists of a quadratic approximation to the original

performance index and a linear approximation to the real dynamics. Here we will

illustrate the sensitivity of the algorithm with respect to the linear dynamic

approximation used in the model-based problem. The numerical integration step used

was and the tolerance specified for convergence was . Relaxation∆t 0.04 εv 0.01

gains and convexification factors were set to the default values one and zero,

respectively. It is noted that the nonlinearities in ROP are substantial and the model-

reality differences are considerable.

ROP:

min
u(t) ⌡

⌠
2

0

(x 4
1 x 2

2 x 2
3 u 2

1 u 6
2 )dt

subject to

ẋ1 x1 x1 x2 u1

ẋ2 x1 2x2 x 3
1

ẋ3 3x1 x2 sin(u2)

x(0) [1.2 0.0 1.0] ; x1(2) 0
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MOP:

subject to

min
u(t) ⌡

⌠
2

0

(x 2
1 x 2

2 x 2
3 u 2

1 u 2
2 )dt

ẋ Ax(t) Bu(t) α(t)

x(0) [1.2 0.0 1.0] ; x1(2) 0

Table 2.4.2 shows the model based matrices used and the results obtained in

terms of number of iterations for convergence, CPU time, nominal ( ) andx 0
1 (2)

final ( ) values of the terminal constrained state, and the final value of the realx1(2)

performance index . Notice that in case (a) the dynamic matrices were computedJ

as a linearization of the real dynamics about the origin , whilex [0 0 0] , u [0 0]

in case (b) these matrices have been (arbitrarily) multiplied by a factor of 2.

Case A B No.

Iter.

CPU

(s)
x 0

1 (2) x1 (2) J

a ⎡
⎢
⎢
⎢
⎢
⎣

⎤
⎥
⎥
⎥
⎥
⎦

1 0 0

1 2 0

0 1 3

⎡
⎢
⎢
⎢
⎢
⎣

⎤
⎥
⎥
⎥
⎥
⎦

1 0

0 0

0 1

23 177 0.0958 -0.0060 0.4865

b ⎡
⎢
⎢
⎢
⎢
⎣

⎤
⎥
⎥
⎥
⎥
⎦

2 0 0

2 4 0

0 2 6

⎡
⎢
⎢
⎢
⎢
⎣

⎤
⎥
⎥
⎥
⎥
⎦

2 0

0 0

0 2

29 221 0.2769 -0.0067 0.4873

Table 2.4.2: Algorithm’s performance for example 2.4.2
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Figure 2.4.2.1: Example 2.4.2, final state response

Figure 2.4.2.2: Example 2.4.2, final control signals

65



Figure 2.4.2.3: Example 2.4.2, convergence of the control variation
norm, cases (a) and (b)

From the results presented it can be seen that in both cases the algorithm

achieved the same solution to ROP within the tolerance specified. However, it is

observed that case (a) yielded faster convergence. The reason for this is that the

linear dynamics in case (a), being a linearization about the origin, are a better

approximation to the real dynamics. This is illustrated in Figure 2.4.2.3 where it can

be seen that the control variation norm converges monotonically, while in case (b)

some oscillations are present. This indicates that different model-based

approximations to reality have distinctive convergence behaviour.

Notice that although intermediate iterates satisfy thex i(t), u i(t), t∈[t0,tf]

terminal constraint , the solution of given willx1(tf) 0 ẋ f (x ,u , t ) u i(t), t∈[t0,tf]

only satisfy the terminal condition at the end of the iterations.
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2.5 SUMMARY

In this chapter, after a brief introduction to the theory of optimal control, the

theoretical development of the DISOPE approach has been presented and the

continuous time DISOPE algorithm has been described as originally introduced by

Roberts (1992, 1993a). The main mathematical tool used for the derivation is the

calculus of variations. Topics such as variable augmentation and handling of terminal

state constraints have been treated. Furthermore, a version of continuous time

DISOPE with a linear-quadratic model-based problem has been implemented in

software. Such an implementation has been used to test the algorithm through

simulation examples. The effects of some tuning parameters, such as relaxation gains

and convexification factors have been investigated. Moreover, the sensitivity of the

algorithm with respect to various factors, such as the initial solution guess and the

model-based dynamic approximation of reality, has been illustrated. The capability

of the algorithm for solving nonlinear optimal control problems with model-reality

differences has been emphasized.
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CHAPTER 3

DISOPE WITH CONSTRAINED CONTROLS

In this chapter, an extension of the DISOPE algorithm is developed for

handling optimal control problems with input-dependent inequality constraints. The

new algorithm is implemented in software, and it is tested with one example with

magnitude constraints on the control signal. Alternative ways of handling magnitude

constraints are also treated. The research work presented in this chapter is also

described in (Becerra and Roberts, 1993).

3.1 OPTIMAL CONTROL WITH INPUT DEPENDENT CONSTRAINTS

The importance of nonlinear control problems with control input dependent

constraints is widely recognized (Quintana and Davison, 1974). These constraints

arise naturally from the physical limitations of controllers, control valves, actuators

and/or processes and are normally called hard constraints, because no violations are

allowed at any time. Such constraints must be handled explicitly in any optimisation

procedure (Soeterboek, 1992).

3.1.1 Problem formulation

The following formulation extends the real optimal control problem (ROP2)

formulated in Section 2.1.1 to accommodate a set of input-dependent constraints.

Consider the following fixed terminal time real optimal control problem (ROP3) with

input-dependent inequality constraints:

ROP3

min
u(t) J ϕ(x(tf) ) ⌡

⌠
tf

t0

L (x(t) ,u(t) , t ) dt
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subject to ẋ f (x(t), u(t), t )

x(t0) x0

C(u(t) , t ) ≤ 0

where are defined in Section 2.1.1 andt0 , tf , f , x(t) , u(t) , L , ϕ C : ℜn×ℜn→ℜnc

is a set of input-dependent inequality constraints.

3.1.2 Necessary optimality conditions (The minimum principle)

The necessary optimality conditions of ROP3 are given in terms of the

Hamiltonian (2,3) and it was shown by Pontryagin et al (1962) that the costate

equation (2,5), state equation (2,6) and boundary conditions (2,7) still hold as

necessary conditions of optimality, but at all points on (i.e. the constraint isC 0

active) the optimal has the property that (Bryson and Ho, 1975)u

(3,1)
δH ∇uH δu ≥ 0

δC ∂C
∂u
δu ≤ 0

Furthermore if C<0

The above conditions can be stated as " must be minimized over the set

(3,2)∇uH 0

H

of all possible ". This is known as Pontryagin’s Minimum Principle (Pontryaginu

et al, 1962). An equivalent approach to the above formulation is to define (Bryson

and Ho, 1975):

where is a Kuhn-Tucker multiplier which has the requirement that:

(3,3)H L(x ,u , t ) p f (x ,u , t ) Θ C(u , t )

Θ(t)∈ℜnc
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then the stationarity condition on is:

(3,4)Θ(t)
⎧
⎨
⎩

>0, C(u,t) 0
0, C(u,t)<0

H

(3,5)∇uH ∇uL
∂f
∂u

p(t) ∂C
∂u
Θ(t) 0

Notice that as and then equations (2,5) and (2,6)∇xH ∇xH ∇pH ∇pH

also apply as necessary optimality conditions in this alternative formulation.

3.2 DYNAMIC ISOPE APPROACH

In Chapter 2, we derived the DISOPE algorithm by using variational calculus.

In that case we assumed that there were no constraints on the values the control

signal may achieve. In this Section we shall take into account such constraints in the

formulation by using the minimum principle stated above.

3.2.1 Problem formulation and solution

Instead of solving the real problem ROP3 the following possibly simplified

model based problem (MOP3) is considered:

MOP3

subject to

min
u(t) Jm ϕ(x(tf) ) ⌡

⌠
tf

t0

L (x(t), u(t), γ(t) ) dt

ẋ f (x(t), u(t), α(t) )

x(t0) x0

C(u(t) , t ) ≤ 0
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where is a model-based performance index, is a continuous weighting functionJm L

and perhaps a simplification of a known , is an approximated dynamic modelL f

of , and are continuous parameters.f γ(t)∈ℜ α(t)∈ℜr

Now, an expanded optimal control problem (EOP3), which is equivalent to

the real optimal control problem ROP3, is defined as follows:

EOP3

min
u(t) Je ϕ(x(tf) ) ⌡

⌠
tf

t0

L (x(t), u(t), γ(t) ) dt

subject to

ẋ f (x(t), u(t), α(t) )

x(t0) x0

C(u(t) , t )≤0

f (z(t),v(t),α(t) ) f (z(t) ,v(t) , t )

L (z(t),v(t),γ(t) ) L (z(t) ,v(t) , t )

u(t) v(t)

x(t) z(t)

where the role of , and that of the additional equality constraints has alreadyz(t) v(t)

been discussed in Section 2.1.1.

Adjoining constraints, we obtain the following augmented performance index

:Je

(3,6)

Je ϕ(x(tf) ) ⌡
⌠
tf

t0

[ L (x,u,γ ) p ( f (x ,u ,α ) ẋ ) λ (v u )

β (z x ) µ (f (z ,v , t ) f(z,v ,α ))

ξ(L (z ,v , t ) L(z ,v ,γ )) Θ C(u , t ) ] dt
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where the time index has been dropped for convenience, , ,p(t)∈ℜn λ(t)∈ℜm

, and are Lagrange multipliers and is a Kuhn-β(t)∈ℜn µ(t)∈ℜm ξ(t)∈ℜ Θ(t)∈ℜnc

Tucker multiplier such that (3,4) is satisfied.

Notice that by adjoining the inequality constraint with the Kuhn-C(u , t )≤0

Tucker multiplier we are firstly eliminating the inequality constraint such thatΘ(t)

the control variations become free, and secondly we are implicitly applying the

minimum principle.

Define a function (the augmented Hamiltonian):

Thus, by applying the calculus of variations to (3,6) and taking into account

(3,7)H L (x ,u ,γ ) p f (x ,u ,α ) λ u β x Θ C(u , t )

the new definition of the augmented Hamiltonian it is easy to see that theH

necessary optimality conditions of EOP3 are identical to those obtained for EOP2,

namely (2,14) to (2,20). As a consequence, it follows that given values of , ,α(t) γ(t) λ(t)

and , the solution of the following problem satisfies the definition of theβ(t)

augmented Hamiltonian (3,7) and also the model-based optimality conditions (2,14),

(2,15) and (2,16) plus the border conditions (2,17).

MMOP3

min
u(t) JM ϕ(x(tf) ) ⌡

⌠
tf

t0

[ L (x(t), u(t), γ(t) ) λ(t) u(t) β(t) z(t) ] dt

subject to

The above analysis gives rise to the following DISOPE algorithm with

ẋ f (x(t), u(t), α(t) )

x(t0) x0

C(u(t) , t )≤0

inequality constraints on the control variables.

Define:

(3,8)Ω { uj(t) : C(u,t)≤0, j∈[1,m], t∈[t0,tf]}
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as the set of admissible control trajectories.

Algorithm 3.2.1: DISOPE algorithm with input dependent inequality

constraints

Data , , , , , , , and means for calculating and .f L ϕ x0 t0 tf C f L

Step 0 Compute or choose a nominal solution , and .u 0(t)∈Ω x 0(t) p 0(t)

Set , , , , .i 0 v 0(t) u 0(t) z 0(t) x 0(t) p̂ 0(t) p 0(t) t ∈[ t0 , tf ]

Step 1 Compute the parameters , to satisfy (2,19). This is called theαi(t) γi(t)

parameter estimation step.

Step 2 Compute the multipliers and from (2,20).λi(t) βi(t)

Step 3 With specified , , and solve the modified model-α(t) γ(t) λ(t) β(t)

based optimal control problem MMOP3 to obtain , andu i 1(t) x i 1(t)

. This is called the system optimisation step. This step shouldp i 1(t)

be performed by an optimal control algorithm capable of handling

input dependent inequality constraints.

Step 4 This step tests convergence and updates the estimate for the optimal

solution of ROP3. In order to provide a mechanism for regulating

convergence, the simple relaxation method (2,21) may be employed

to satisfy (2,20). If within a given tolerance stop, elsev i 1(t) v i(t)

set and continue from step 1.i i 1

3.3 CASE OF SIMPLE BOUNDS ON THE CONTROLS

It is of particular practical importance the case when the control input

magnitude is bounded at upper and lower levels (i.e. ). Inuminj

≤ uj ≤ umaxj

, j∈[1,m]

this case, we have the following set of control input inequality constraints:
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One way of handling magnitude constraints on the control inputs is the use

(3,9)
⎧
⎪
⎨
⎪
⎩

uj umaxj

≤0

uj uminj

≤0 j∈[1,m]

of a variable transformation technique. Several authors have proposed the use of

variable transformations to convert the constrained problem into an unconstrained

one in a new control variable (Sisirena and Tan, 1974). A particular transformation

suitable to be used within the DISOPE framework is the following vector saturation

function:

(3,10)u(t) SAT(u(t) )

⎡
⎢
⎢
⎢
⎣

⎤
⎥
⎥
⎥
⎦

sat(u1 )
...

sat(um )

where is the transformed (unconstrained) control variable, is theu(t) u(t)

constrained control variable, and the scalar saturation function is given by:sat(.)

(3,11)
sat(uj )

⎧
⎪
⎪
⎨
⎪
⎪
⎩

umaxj

uj>umaxj

uj uminj

≤uj≤umaxj

uminj

uj<uminj

By using such a transformation, unconstrained DISOPE (i.e. Algorithm 2.3.3)

and hence iterative LQ solution methods may be applied to the transformed problem.

3.4 SIMULATION EXAMPLES

Recall Algorithm 3.2.1 and notice that it requires that step 3 must be solved

by using an optimal control algorithm capable of handling control dependent

inequality constraints. As mentioned in Section 3.3, bound or magnitude constraints

on the controls are a particular case of the general inequality constraints C(u , t )≤0

which has practical relevance. In this work, Algorithm 3.2.1 has been implemented
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for such a particular case. A multiple-input extension of the single-input conjugate-

gradient algorithm presented by Quintana and Davison (1974) is used as an auxiliary

algorithm for solving MMOP3 at every iteration of DISOPE. The algorithm

(described in Appendix C) is easy to implement and its convergence has been proven

for any arbitrary and feasible initial estimate of the optimal control. The key

concepts of this algorithm are the numerical integration of the state and costate

equations, and a gradient in function space to update the controls which are clipped-

off at the bounds so as to minimize the Hamiltonian. The algorithm has shown good

performance and has been compared favourably with other constrained optimal

control algorithms (Jones and Finch, 1984).

The following simulations were run on an IBM compatible 486DX-based

microcomputer with 33 MHz clock speed. The example was solved by two methods:

(a) Algorithm 3.2.1 (DISOPE with constrained controls), using a conjugate-

gradient algorithm to find the solution of MMOP3 at every iteration.

(b) Algorithm 2.3.3 (DISOPE with LQ model-based problem), using a variable

transformation to handle the control bounds.

More details on the conjugate-gradient algorithm used, together with the

definition of its tuning parameters may be found in Appendix C. The tolerances

specified for the conjugate-gradient algorithm were and ,ε1 0.05 ε2 0.05

resetting the algorithm to steepest descent every 3 iterations.

Example 3.4.1: continuous stirred tank reactor (CSTR) with bounded control

This example consists of the same dynamic equations and performance index

as in Example 2.4.1, but here the control signal is bounded between upper and lower

levels . The model-based dynamics have been chosen as a linearization1≤u(t)≤1

about the origin. The numerical integration step used was and the∆t 0.01

tolerance specified for convergence of DISOPE was . The relaxation gainsεv 0.01

, and were both set to 1 and the convexification factor was set to zero. Thekz kp r2

values of and were set to 1 and 0, in method (a), and 0.9 and 0.5 in methodkv r1

(b).
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ROP:

subject to

min
u(t) ⌡

⌠
0.78

0

(x 2
1 x 2

2 0.1u 2 )dt

ẋ1 (x1 0.25) (x2 0.5)exp
⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

25x1

x1 2
(1 u )(x1 0.25)

ẋ2 0.5 x2 (x2 0.5)exp
⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

25x1

x1 2

x(0) [0.05 0]

1 ≤ u(t) ≤ 1

MOP:

subject to

min
u(t) ⌡

⌠
0.78

0

(x 2
1 x 2

2 0.1u 2 γ )dt

The performances of the methods being tested (Algorithms 3.2.1 and 2.3.3)

ẋ
⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

4.25 1

6.25 2
x(t)

⎡
⎢
⎣

⎤
⎥
⎦

0.25
0 u(t) α(t)

x(0) [0.05 0]

1 ≤ u(t) ≤ 1

are presented in Table 3.4.1. The final control signals are compared in Figure 3.4.1.1.

The convergence behaviour is illustrated in Figures 3.4.1.2 and 3.4.1.3.
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Algorithm Number of

DISOPE

iterations

Number of

performance

index

evaluations

CPU

(s)
J0

J

(a) 3.2.1 6 98 281 0.053664 0.028952

(b) 2.3.3 11 11 71 0.053644 0.028953

Table 3.4.1: Performances for example 3.4.1

It can be seen in Table 3.4.1 that even though Algorithm 3.2.1 required a

lower number of iterations for convergence, the CPU time it used was significantly

higher than that used by Algorithm 2.3.3. The CPU time per iteration in Algorithm

3.2.1 was about 5 times higher than that in Algorithm 2.3.3, which is explained by

the iterative nature of the conjugate-gradient algorithm used for solving MMOP3, as

opposed by the non-iterative LQ solution procedure used in Algorithm 2.3.3

(Procedure 2.3.1). Notice that the performance index evaluations in Algorithm 2.3.3

are carried out for later analysis, and these are not needed for the algorithm’s

calculations. Notice also that the changes in the performance index are very small

after a few iterations with Algorithm 2.3.3. However, the convergence of the control

variations is slower than that of the performance index. This occurs because changes

in the (unconstrained) model-based control are sensed by DISOPE, but the saturation

function filters such changes when the performance index is computed.

It can be checked that the solutions obtained satisfy the necessary optimality

conditions (within the tolerances specified) and, therefore, the constrained DISOPE

algorithm achieved the correct optimal solution in spite of the model-reality

differences. This verifies, by means of simulations, the validity of Algorithm 3.2.1

as well as the usefulness of the variable transformation technique.
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Figure 3.4.1.1: Example 3.4.1, final control signal

Figure 3.4.1.2: Example 3.4.1, Convergence of the performance index
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Figure 3.4.1.3: Example 3.4.1, control variation norm versus iterations

3.5 SUMMARY

An extension of the DISOPE algorithm for handling optimal control problems

with general control dependent inequality constraints has been developed. The

original DISOPE algorithm remains basically unchanged when including the control

dependent constraints, the important differences being the specification of a feasible

nominal solution and the explicit handling of the constraints when solving MMOP3.

The algorithm developed has been implemented in software, for the particular

case of control magnitude bounds, using a conjugate-gradient algorithm for solving

the constrained modified model-based problem. Additionally, a variable

transformation technique which converts problems with simple bound constraints into

unconstrained problems has been tested. The transformed unconstrained problems

were solved by using the DISOPE algorithm with unconstrained LQ model based

problem (Algorithm 2.3.3).

The implemented constrained DISOPE algorithm and the variable

transformation technique have been tested with one example with bounded control

input. The results indicate that the variable transformation technique together with

the unconstrained version of DISOPE is a more efficient alternative for handling
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bound constraints from the computational time point of view, than using the

constrained version of DISOPE together with the conjugate-gradient algorithm, even

though the constrained DISOPE algorithm required less iterations for convergence.
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CHAPTER 4

HIERARCHICAL DISOPE ALGORITHM

In this chapter, a hierarchical DISOPE algorithm for solving large-scale

nonlinear optimal control problems with model-reality differences is developed. The

approach used is based on the interaction-prediction approach and on the centralized

DISOPE technique. A new multiplier is introduced to take into account the

constraints related with the interactions between subsystems. A version of the

algorithm with a linear-quadratic model-based problem is developed and

implemented in software. The technique is suitable for parallel or distributed

processing. The algorithm implemented is tested with one simulation example. The

research work presented in this chapter is also described in (Becerra, 1993c).

4.1 LARGE-SCALE SYSTEMS AND HIERARCHICAL CONTROL

Systems complexity in many real-life plants and processes has led to a new

class of systems theory called large-scale systems. A system is considered as being

of large-scale when it can be decomposed into a finite number of subsystems or

when it is distributed in such a way that the concept of centrality does not hold.

Most large-scale industrial processes consist of interconnected subsystems or sub-

processes according to workshops, units, functions and geographical positions.

Examples may be found in several industries such as chemical, petrochemical,

electrical power, etc. One class of control of large-scale industrial processes is the

hierarchical one, where decision units, which are positioned at upper levels in the

hierarchy, control or coordinate the process units or subsystems located at the lower

levels. The control or coordination functions are normally performed by a set of

computers (decision units) connected in a hierarchical or multilevel structure.

Hierarchical optimisation of dynamic systems may yield substantial computational

savings (when compared to centralized dynamic optimisation), in both storage and

computer time and these benefits increase when parallel processing is used (Jamshidi,

1983; Singh, 1980).
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4.2 PROBLEM FORMULATION AND SOLUTION APPROACH

Consider the large-scale interconnected system described by the following

time-varying ordinary differential equation:

(4,1)
ẋ f (x(t) ,u(t) , t )

x(t0) x0

where , represent the overall control and state vectors respectively,u(t)∈ℜm x(t)∈ℜn

represents a given initial state, and represents thex0∈ℜn f : ℜn×ℜm×ℜ→ℜn

overall dynamic system.

This large-scale system is decomposed into N sub-systems (Jamshidi, 1983),

giving the following dynamic equation for the ith subsystem:

where , represent the ith control and state vectors respectively,

(4,2)
ẋi fi (xi(t) ,ui(t) , t ) ζi(x(t) , t )

xi(0) xi0

ui(t)∈ℜmi xi(t)∈ℜni

represents the subsystem initial state, represents thexi0∈ℜni fi : ℜni×ℜmi×ℜ→ℜni

subsystem’s dynamics, represent the interactions orζi : ℜn×ℜ→ℜni

interconnections between subsystems and is given by

(4,3)ζi(x(t) , t )
N

j 1

ζij(xj(t) , t )

The objective is to find the control vectors so that the followingu1(t)...uN(t)

overall performance index is minimized:
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where is a given terminal measure and is the

(4,4)J ϕ(x( tf )) ⌡
⌠
tf

t0

L (x(t) ,u(t) , t ) dt

ϕ : ℜn→ℜ L : ℜn×ℜm×ℜ→ℜ

overall performance measure function.

It is supposed that the overall performance index is additively separable:

where is the ith terminal measure and is the ith

(4,5)J
N

i 1

Ji

N

i 1

{ ϕi(xi( tf ) ) ⌡
⌠
tf

t0

Li (xi(t) ,ui(t) , t ) dt }

ϕi : ℜni→ℜ Li : ℜn×ℜm×ℜ→ℜ

performance measure function.

Then, the large-scale system optimal control problem can be written as:

subject to

min
ui(t)

i∈[1,N]
J

N

i 1

Ji

N

i 1

{ ϕi(xi( tf ) ) ⌡
⌠
tf

t0

Li (xi(t) ,ui(t) , t ) dt }

ẋi(t) fi (xi(t) ,ui(t) , t ) θi(wi(t) , t )

xi(t0) xio

θi(wi(t) , t )
N

j 1

ζij(xj(t) , t )

where and represent the interactions between subsystems.θi∈ℜni wi∈ℜsi

Now, it is assumed that the interactions are linear. This is:

where .

(4,6)

θi(wi(t) , t ) Ciwi(t)

wi(t)
N

j 1

Mijxj(t)

Ci∈ℜni×si,Mij∈ℜsi×nj

83



The following formulation is based on the interaction-prediction method

(Singh, 1980; Jamshidi, 1983; Mahmoud et al, 1985) and on the centralized

continuous time version of the DISOPE algorithm (Roberts, 1992, 1993a; see

Chapter 2). After the above analysis and assumptions, consider the following large-

scale system real optimal control problem (ROP4):

ROP4

subject to

min
ui(t)

i∈[1,N]
J

N

i 1

Ji

N

i 1

{ ϕi(xi( tf ) ) ⌡
⌠
tf

t0

Li (xi(t) ,ui(t) , t ) dt }

ẋi fi (xi(t) ,ui(t) , t ) Ciwi

xi(t0) xio

wi(t)
N

j 1

Mijxj(t)

Instead of solving ROP4, the following possibly simplified large-scale system

model-based optimal control problem (MOP4) is considered:

MOP4

subject to

min
ui(t)

i∈[1,N]
Jm

N

i 1

Jmi

N

i 1

{ ϕi(xi( tf ) ) ⌡
⌠
tf

t0

Li(xi(t) ,ui(t) ,γi(t) ) dt }

where is a model-based performance measure function,

ẋi fi(xi(t) ,ui(t) ,αi(t) )

xi(t0) xio

Li : ℜni×ℜmi×ℜ→ℜ

represents a model of , and arefi : ℜni×ℜmi×ℜri→ℜni fi αi(t)∈ℜri γi(t)∈ℜ

continuous parameters. Notice that the dynamic equation in MOP4 does not have an

interaction term. It will be clarified later that the set of parameters αi(t), i∈[1,N]
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will not only take into account the model-reality differences in value between andfi

but also the interactions or interconnections between subsystems.fi

Now, a large-scale system expanded optimal control problem (EOP4), which

is equivalent to ROP4, is considered:

EOP4

min
ui(t)

i∈[1,N]
Je

N

i 1

Jei

N

i 1

{ ϕi(xi( tf ) ) ⌡
⌠
tf

t0

Li(xi(t) ,ui(t) ,γi(t) ) dt }

subject to

ẋi(t) fi(xi(t) ,ui(t) ,αi(t) )

xi(t0) xio

fi(zi(t) ,vi(t) ,αi(t) ) fi (zi(t) ,vi(t) , t ) Ciwi(t)

Li(zi(t) ,vi(t) ,γi(t) ) Li (zi(t) ,vi(t) , t )

vi(t) ui(t)

zi(t) xi(t)

wi(t)
N

j 1

Mijxj(t)

where and are introduced as separation variables. Adjoiningv(t)∈ℜmi z(t)∈ℜni

constraints in EOP4,

(4,7)

Je

N

i 1

{ ϕi(xi(tf)) ⌡
⌠
tf

t0

[ Li(xi ,ui ,γi ) pi ( fi(xi ,ui ,αi ) ẋi )

λi (vi ui ) βi (zi xi ) µi ( fi (zi ,vi , t ) Ci wi fi(zi ,vi ,αi ) )

ξ (Li (zi ,vi , t ) Li(zi,vi,γi)) Ωi (wi

N

j 1

Mijxj ) ]dt }

where and are Lagrangepi(t)∈ℜni, λi(t)∈ℜmi, βi(t)∈ℜni, µi(t)∈ℜni, ξi(t)∈ℜ Ωi(t)∈ℜsi

multiplier functions. Define:
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(4,8)Hi Li(xi ,ui ,γi ) pi f(xi ,ui ,αi ) λi ui βi xi

N

j 1

Ωj Mji xi

Following a similar procedure to that outlined in Section 2.2.1, we then use

(4,8) and apply calculus of variations to (4,7). After concluding that andµi(t) pi(t)

, the necessary optimality conditions presented below are obtained:ξi(t) 1

Stationarity

Costate equation

(4,9)∇Hui

0

State equation

(4,10)∇Hxi

ṗi 0

Boundary conditions

(4,11)ẋi fi(xi(t) ,ui(t) ,αi(t) )

Multiplier equations

(4,12)
xi(t0) xio

pi(tf) ∇xi

ϕi(xi(tf))

plus the following equality constraints stated in the formulation of EOP4

(4,13)

λi(t) [
∂fi

∂vi

∂fi

∂vi

] p̂i(t) [∇vi

Li ∇vi

Li ]

βi(t) [
∂fi

∂zi

∂fi

∂zi

] p̂i(t) [∇zi

Li ∇zi

Li ]

(4,14)Ωi(t) Ci p̂i(t)
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where and has been introduced as a costate separation variable.

(4,15)
fi (zi(t),vi(t),αi(t) ) fi (zi(t) ,vi(t) , t ) Ciwi(t)

Li (zi(t),vi(t),γi(t) ) Li (zi(t) ,vi(t) , t )

(4,16)

vi(t) ui(t)

zi(t) xi(t)

p̂i(t) pi(t)

(4,17)wi(t)
N

j 1

Mijxj(t)

i∈[1,N] p̂i(t)

Definition (4,8) and optimality conditions (4,9), (4,10), (4,11) and (4,12) are

satisfied by solving the following modified model-based optimal control problem

(MMOP4):

MMOP4

subject to

min
ui(t)

i∈[1,N]
JM

N

i 1

JMi

N

i 1

{ ϕi(xi( tf ) ) ⌡
⌠
tf

t0

[ Li(xi ,ui ,γi )

λi ui βi xi

N

j 1

Ωj Mji xi ] dt }

ẋi fi(xi(t) ,ui(t) ,αi(t) )

xi(t0) xio

under specified and .λi(t), βi(t), Ωi(t), αi(t) γi(t)

The above analysis gives rise to the following hierarchical (two-level)

algorithm, which, assuming convergence, achieves the correct optimal solution of the

large-scale ROP4, via repeated solutions of MMOP4.

Algorithm 4.2.1: Hierarchical DISOPE algorithm

Data: and means for calculating , .fi , Li , ϕi , t0 , tf fi , Li i∈[1,N]
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Step 0: At level 2, compute a nominal solution .u 0
i (t), x 0

i (t), p 0
i (t)

Set , , .ι 0 v 0
i (t) u 0

i (t), z 0
i (t) x 0

i (t), p̂ 0
i (t) p 0

i (t) i∈[1,N]

Step 1: At level 2, compute from (4,6).w ι
i (t), i∈[1,N]

Step 2: At level 2, compute from (4,15) and send toαi(t), γi(t), i∈[1,N]

level 1.

Step 3: At level 2, compute from (4,14) and ,Ωj(t), j∈[1,N] λi(t), βi(t)

from (4,13), and send to level 1.i∈[1,N]

Step 4: At level 1, under specified and solveλi(t), βi(t), Ωi(t) αi(t) γi(t)

MMOP4 to obtain , and send to levelu ι 1
i (t), x ι 1

i (t), p ι 1
i (t) i∈[1,N]

2.

Step 5: At level 2, update the estimate for the optimal solution of ROP4. In

order to provide a mechanism for regulating convergence, a relaxation

method similar to (2,21) may be employed to satisfy (4,16). If

and within a defined tolerance, stop, elsev ι 1(t) v ι(t) w ι(t) Mx ι 1(t)

set and continue from step 1.ι ι 1

4.3 CASE WITH LINEAR-QUADRATIC MODEL-BASED PROBLEM

4.3.1 Formulation

For computational advantage, a linear model-based dynamic function andfi

quadratic weighting functions and may be chosen. Considering that andLi ϕi αi(t) γi(t)

enter as shift parameters we have:

(4,18)

Li(xi ,ui ,γi )
1

2
xi(t) Qixi(t)

1

2
ui(t) Riui(t) γi(t)

ϕi(xi( tf ))
1

2
xi( tf ) Φi xi( tf )

fi(xi ,ui ,αi ) Aixi(t) Biui(t) αi(t)
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where and are symmetric weighting matrices of the appropriateΦi≥0, Qi≥0 Ri>0

dimensions, and are matrices which represent a linear model of .Ai Bi fi

Using (4,18) and adding augmentation terms, as was done in Section 2.3.1,

equation (4,8) becomes:

Applying the optimality conditions (4,9), (4,10), (4,11) and (4,12) the

(4,19)
Hi

1

2
xi Qixi

1

2
ui Rui γi pi (Axi Bui αi ) λi u βi x

1

2
ri,1 ui vi

2 1

2
ri,2 xi zi

2
N

j 1

Ωj Mji xi

following TPBVP is obtained:

with border conditions:

(4,20)
ẋi Aixi(t) BiR

1

i (Bi pi(t) λi(t)) αi(t)

ṗi Qixi(t) Ai pi(t) βi(t)

where

(4,21)
xi( t0 ) xio

pi( tf ) Φi xi( tf )

(4,22)
Ri Ri ri,1Imi

Qi Qi ri,2Ini

(4,23)
λi(t) λi(t) ri,1vi(t)

βi(t) βi(t) ri,2zi(t)
N

j 1

Mji Ωj(t)

It is easy to notice that the structure of the resultant TPBVP (4,21) is

identical to that obtained in the centralized case (See equation (2,29)). Therefore,

Procedure 2.3.1 may be applied to solve MMOP4 for each subsystem.
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The linear-quadratic formulation enables the augmented multipliers andλi(t)

to be written as:βi(t)

(4,24)

λi(t) [
∂fi

∂vi

∂fi

∂vi

] p̂i(t) [Rivi ∇vi

Li ]

βi(t) [
∂fi

∂zi

∂f
∂zi

] p̂i(t) [Qizi ∇zi

Li ]
N

j 1

Mji Ωj(t)

The calculation of parameter becomes, noting that it is not necessaryαi(t)

to calculate :γi(t)

(4,25)αi(t) fi (zi(t),vi(t),t) Ciwi Aizi(t) Bivi(t)

4.3.2 Hierarchical DISOPE algorithm with LQ model-based problem

The following algorithm requires a nominal solution to start the iterations. A

recommended starting point is to use the solution of MMOP4 under ,αi(t) 0

, , and (relaxedλi(t) 0 βi(t) 0 ri,1 ri,2 0 Ωj(t) 0, i∈[1,N], j∈[1,N], t∈[t0,tf]

MMOP4).

Algorithm 4.3.2: Hierarchical DISOPE algorithm with LQ model-based

problem

Data: and means for calculating ,Ai, Bi, Qi, ,Ri, Φi, t0, tf, N, ri,1, ri,2 fi , Li

.i∈[1,N]

Step 0: At level 2, Compute or choose a nominal solution , ,u 0
i (t) x 0

i (t)

. Set , , , , .p 0
i (t) ι 0 v 0

i (t) u 0
i (t) z 0

i (t) x 0
i (t) p̂ 0

i (t) p 0
i (t) i∈[1,N]

Step 1: At level 2, compute from (4,6).wi(t), i∈[1,N]
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Step 2: At level 2, compute from (4,25) and send to level 1.αi(t), i∈[1,N]

This is called the parameter estimation step.

Step 3: At level 2, compute from (4,14) and ,Ωj(t), j∈[1,N] λi(t), βi(t)

, from (4,23) and send to level 1.i∈[1,N]

Step 4: At level 1, under specified , solveλi(t), βi(t), Ωi(t) αi(t), vi(t), zi(t)

MMOP4 to obtain , and send to levelu ι 1
i (t), x ι 1

i (t), p ι 1
i (t) i∈[1,N]

2. Procedure 2.3.1 may be used to obtain the solution . This is called

the system optimisation step.

Step 5: At level 2, test convergence and update the estimate for the optimal

solution of ROP4. A relaxation method similar to (2,21) may be

employed to satisfy (4,16). If and withinv ι 1(t) v ι(t) w ι(t) Mx ι 1(t)

a defined tolerance, stop, else set and continue from step 1.ι ι 1

The convergence of the algorithm in step 5 can be evaluated by using the

following set of 2-norms and comparing each of them with given tolerances andεv

, respectively:εw

Control variation norm:

(4,26)
v ι 1 v ι

2
1

∆t ⌡
⌠
tf

t0

N

j 1

v ι 1
j (t) v ι

j (t)
2dt

91



Interaction norm:

where is the numerical integration step.

(4,27)
w ι Mx ι 1

2
1

∆t ⌡
⌠
tf

t0

N

i 1

w ι
i (t)

N

j 1

Mijx
ι 1
j

2dt

∆t

Notice that and take into account not only theαi(t), λi(t) βi(t), i∈[1,N]

model-reality differences, but also the influence of the interactions, so that step 3

for the ith subsystem is independent from the other subsystems. Furthermore, the

algorithm lends itself to parallel processing as the optimisation step for each

subsystem can be solved independently.

Figure 4.3.2 shows the information exchange between the two levels.

Figure 4.3.2: Information exchange in Algorithm 4.3.2

4.4 SIMULATION EXAMPLE

Algorithm 4.3.2 was implemented in the C++ programming language based

on previous work on centralized DISOPE (see Chapter 2). The program implemented

solves each subsystem in a sequential way (no parallel processing is used). Only the

following overall variables require memory storage at level 2 during the iterations:
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, , , , , and . The following simulations were run onu(t) x(t) p(t) v(t) z(t) p̂(t) w(t)

a 486DX-based IBM compatible microcomputer with 33 MHz clock speed.

Example 4.4.1: Seventh order nonlinear system

This example consists of the optimal control of a seventh order nonlinear

system. The numerical integration step used was and the tolerances∆t 0.02

specified for convergence were . Relaxation gains and convexificationεv εw 0.05

factors were set to the default values one and zero, respectively.

The overall real optimal control problem is the following seventh order

nonlinear problem:

subject to

min
U(t)

1

2 ⌡
⌠
1

0

[X Q X U R U ]dt

Ẋ1 5X1 0.2X2 0.5X3 0.1X5 0.5X6 X1X2 0.1U1

Ẋ2 2X2 0.5X4 0.5X5 0.2X6 0.1X7 X 3
1 0.1U1

Ẋ3 0.1X2 1.5X3 0.5X5 0.1X6 X 2
3 X 2

4 0.2U2

Ẋ4 0.2X2 0.5X3 X4 0.2X5 0.2U2

Ẋ5 0.2X1 0.17X3 X5 X7 X5X6

Ẋ6 0.1X1 0.2X2 X4 0.5X6

Ẋ7 0.4X1 0.1X2 X3 0.5X5 X7 0.1U3

X(0) [1.0,0.8,0.5,0.6,1.5,1,1,2]

where

The overall system was decomposed into three subsystems, giving the

Q diag(1 ,1 ,1 ,1 ,1 ,1 ,1)

R diag(0.1 ,0.1 ,0.1)

following decomposed ROP:
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ROP:

subject to

min
ui(t)

i∈[1,3]

1

2

3

i 1
⌡
⌠
1

0

[xi Qi xi ui Ri ui ]dt

subsystem 1:

subsystem 2:

ẋ1,1 5x1,1 0.2x1,2 x1,1x1,2 0.1u1,1 w1,1

ẋ1,2 2x1,2 x 3
1,1 0.1u1,1 w1,2

x1(0) [1.0 ,0.8]

subsystem 3:

ẋ2,1 1.5x2,1 x 2
2,1 x 2

2,2 0.2u2,1 w2,1

ẋ2,2 0.5x2,1 x2,2 0.2u2,1 w2,2

x2(0) [0.5 ,0.6]

ẋ3,1 x3,1 x3,3 x3,1x3,2 w3,1

ẋ3,2 0.5x3,2 w3,2

ẋ3,3 0.5x3,1 x3,3 0.1u3,1 w3,3

x3(0) [1.5 ,1.0 ,1.2]

where

Q1 diag(1 ,1); R1 0.1

Q2 diag(1 ,1); R2 0.1

Q3 diag(1 ,1 ,1); R3 0.1

[x1,1 ,x1,2 ,x2,1 ,x2,2 ,x3,1 ,x3,2 ,x3,3 ] [X1 ,X2 ,X3 ,X4 ,X5 ,X6 ,X7 ]
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and the interaction vectors are given by:

(4,28)

w1

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

0.5 0

0 0.5
x2

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

0.1 0.5 0

0.5 0.2 0.1
x3

w2

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

0 0.1

0 0.2
x1

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

0.5 0.1 0

0.2 0 0
x3

w3

⎡
⎢
⎢
⎢
⎢
⎣

⎤
⎥
⎥
⎥
⎥
⎦

0.2 0

0.1 0.2

0.4 0.1

x1

⎡
⎢
⎢
⎢
⎢
⎣

⎤
⎥
⎥
⎥
⎥
⎦

0.17 0

0 1

1 0

x2

The model-based problem is an LQ approximation of ROP.

MOP:

subject to

min
ui(t)

i∈[1,3]

1

2

3

i 1
⌡
⌠
1

0

[xi Qixi ui Riui 2γi(t) ]dt

subsystem 1:

subsystem 2:

ẋ1

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

5 0.2

0 2
x1

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

0.1

0.1
u1 α1

x1(0) [1.0 ,0.8]

ẋ2

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

1.5 0

0.5 1
x2

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

0.2

0.2
u2 α2

x2(0) [0.5 ,0.6]
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subsystem 3:

where

ẋ3

⎡
⎢
⎢
⎢
⎢
⎣

⎤
⎥
⎥
⎥
⎥
⎦

1 0 1

0 0.5 0

0.5 0 1

x3

⎡
⎢
⎢
⎢
⎢
⎣

⎤
⎥
⎥
⎥
⎥
⎦

0

0

0.1

u3 α3

x3(0) [1.5 ,1.0 ,1.2]

For the sake of comparison, ROP was also solved in a centralized way

Q1 diag(1 ,1); R1 0.1

Q2 diag(1 ,1); R2 0.1

Q3 diag(1 ,1 ,1); R3 0.1

(without decomposition). Table 4.4.1 shows the performance of the algorithm for

each case (centralized and hierarchical) and the final performance index .J

Case Number of

DISOPE

iterations

CPU

time

(s)

J

Centralized 6 134 2.210431

Hierarchical 6 112 2.210553

Table 4.4.1: Performances for example 4.4.1

Figures 4.4.1.1 to 4.4.1.3 show the final state responses for each subsystem.

Figures 4.4.1.4 to 4.4.1.6 show the computed optimal control signals for each

subsystem. Figures 4.4.1.7 and 4.4.1.8 show the convergence behaviour of the

hierarchical algorithm.
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Figure 4.4.1.1: Example 4.4.1, subsystem 1 state vector

Figure 4.4.1.2: Example 4.4.1, subsystem 2 state vector
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Figure 4.4.1.3: Example 4.4.1, subsystem 3 state vector

Figure 4.4.1.4: Example 4.4.1, subsystem 1 final control signal
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Figure 4.4.1.5: Example 4.4.1, subsystem 2 final control signal

Figure 4.4.1.6: Example 4.4.1, subsystem 3 final control signal
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Figure 4.4.1.7: Example 4.4.1, control variation norm vs. iteration
(hierarchical case)

Figure 4.4.1.8: Example 4.4.1, interaction norm vs. iteration (hierarchical
case)
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It can be seen that the hierarchical algorithm developed and implemented

(Algorithm 4.3.2) achieved the same solution than that obtained in the centralized

case. Moreover, it can be checked that the solutions obtained satisfy (within the

tolerances specified for convergence) the optimality conditions of the overall real

optimal control problem. Therefore, the hierarchical algorithm achieved the correct

optimal solutions in spite of model reality-differences. Furthermore, the CPU times

obtained were lower in the hierarchical case than in the centralized case, which

indicates that parallel processing would reduce substantially the computational times.

4.5 SUMMARY

An algorithm for hierarchical optimal control of large-scale systems with

model-reality differences has been developed. A version of the hierarchical DISOPE

algorithm with linear-quadratic model-based problem was developed and

implemented in software. The technique handles large-scale continuous time

nonlinear systems with non-quadratic performance indexes. The implemented

algorithm was tested with one simulation example. The algorithm achieved the

correct optimal solutions in spite of model-reality differences. It is suitable for

parallel or distributed processing, as the calculations for each subsystem can be done

independently. The algorithm as implemented may yield substantial computational

savings in terms of memory storage.
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CHAPTER 5

DISCRETE-TIME DISOPE ALGORITHM

In this chapter, an algorithm for solving nonlinear discrete-time optimal

control problems with model-reality differences is developed. A version of the

algorithm with a linear-quadratic model-based problem is developed and

implemented in software. A discretization scheme, which avoids the use of crude

approximations when discretizing continuous time dynamic systems, is introduced.

The algorithm implemented is tested with three simulation examples. The research

work presented in this chapter is also described in (Becerra, 1993b; Becerra and

Roberts, 1994a).

5.1 DIGITAL COMPUTER CONTROL

With the increasing sophistication and decreasing cost of microprocessors,

more control schemes are being implemented digitally. In these schemes, the control

input is switched between different values at discrete-time steps. The control signal

is normally held constant between such switchings by a zero-order hold. Such

controls are usually designed using a discretized version of the continuous plant.

There are also processes which are discrete in nature and can only be controlled by

using discrete-time controllers (Åström and Wittenmark, 1990; Leigh, 1992; Franklin

et al, 1990).

5.2 DISCRETE-TIME DISOPE ALGORITHM

5.2.1 Problem formulation and solution approach

Suppose that the real plant dynamics are described by the following nonlinear

time-varying difference equation:
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where represents a set of discrete-time state equations which

(5,1)x(k 1) f (x(k) ,u(k) ,k )

f : ℜn×ℜm×ℜ→ℜn

describe the process with state and control input . Further assumex(k)∈ℜn u(k)∈ℜm

that the following performance index has been chosen:

(5,2)J ϕ(x(Nf) )
Nf 1

N0

L (x(k) ,u(k) ,k )

where is the fixed time interval of interest, is a scalar valued[N0,Nf ] ϕ : ℜn→ℜ

terminal weighting function and is a discrete performance (orL : ℜn×ℜm×ℜ→ℜ

weighting) function.

If the state of the system at the initial time is assumed known (beingN0

measured or estimated), with value , and if no constraints on the values ofx(N0 ) x0

control and state variables are taken into consideration, apart from the dynamic

constraint (5,1), the discrete-time real optimal control problem (ROP5) can be

formulated as follows:

ROP5

subject to

min
u(k)

k∈[N0 ,Nf 1]
J ϕ(x(Nf) )

Nf 1

k N0

L (x(k) ,u(k) ,k )

Define the following function (the Hamiltonian):

x(k 1) f (x(k) ,u(k) ,k )

x(N0) x0

where is a Lagrange multiplier function usually termed as the costate.

(5,3)H (x(k) ,u(k) ,p(k) ,k ) L (x(k) ,u(k) ,k ) p(k 1) f (x(k) ,u(k) ,k )

p(k)∈ℜn
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The necessary optimality conditions of the ROP5 are as follows (see (Lewis,

1986a: 27-30), for the derivation):

Stationarity:

Costate equation:

(5,4)∇u(k) H 0

(5,5)∇x(k) H p(k) 0

State equation:

(5,6)∇p(k 1) H x(k 1) 0

Boundary conditions:

(5,7)
x(N0 ) x0

p(Nf ) ∇x(k)ϕ(x(k ) ) k Nf

Instead of solving ROP5, the following, possibly simplified, discrete-time model-

based optimal control problem (MOP5) is considered:

MOP5

min
u(k)

k∈[N0,Nf 1]
Jm ϕ(x(Nf) )

Nf 1

k N0

L (x(k), u(k), γ(k) )

subject to

where state and control vectors have the same dimensions as in ROP5, is a

x(k 1) f (x(k), u(k), α(k) )

x(N0) x0

Jm

model-based performance index, is a discrete weighting functionL : ℜn×ℜm×ℜ→ℜ

and perhaps a simplification of a known , is an approximateL f : ℜn×ℜm×ℜr→ℜ
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dynamic model of , and are discrete parameters. The role off γ(k)∈ℜ α(k)∈ℜr

and will be to take into account model reality-differences in value.γ(k) α(k)

Following a similar reasoning to that used in Section 2.2.1, we now integrate

system optimisation and parameter estimation by defining an expanded optimal

control problem (EOP5) which, in spite of being model-based, is made equivalent

to ROP5 by adding appropriate equality constraints on state equations and discrete

weighting function values. Furthermore, state and control variables are separated

between parameter estimation and optimisation steps by introducing the new state

and control variables and , respectively.z(k) v(k)

EOP5

min
u(k)

k∈[N0 ,Nf 1]
Je ϕ(x(Nf) )

Nf 1

k N0

L (x(k), u(k), γ(k) )

subject to

x(k 1) f (x(k), u(k), α(k) )

x(N0) x0

f (z(k),v(k),α(k) ) f (z(k) ,v(k) ,k )

L (z(k),v(k),γ(k) ) L (z(k) ,v(k) ,k )

u(k) v(k)

x(k) z(k)

Adjoining all the equality constraints to the performance index by using

Lagrange multipliers, we obtain the following augmented performance index :Je

(5,8)

Je ϕ(x(Nf) )
Nf 1

k N0

[ L (x(k),u(k),γ(k) ) p(k 1) ( f (x(k) ,u(k) ,α(k) ) x(k 1))

λ(k) (v(k) u(k) ) β(k) (z(k) x(k) ) µ(k) ( f (z(k) ,v(k) ,k ) f(z(k),v(k) ,α(k) ) )

ξ(k)(L (z(k) ,v(k) ,k ) L(z(k) ,v(k) ,γ(k) ) ) ]
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where , , , and are Lagrangep(k)∈ℜn λ(k)∈ℜm β(k)∈ℜn µ(k)∈ℜm ξ(k)∈ℜ

multipliers.

Define the augmented Hamiltonian function as:

then we can re-write (5,8) as

(5,9)
H L (x(k) ,u(k) ,γ(k) ) p (k 1) f (x(k) ,u(k) ,α(k) )

λ(k) u(k) β(k) x(k)

Now, it is desired to examine the increment in due to increments in all the

(5,10)
Je [ϕ(x(Nf) ) ]

Nf 1

k N0

[ H p(k 1) x(k 1)

λ(k) v(k) β(k) z(k) µ(k) ( f (z(k) ,v(k) ,k ) f (z(k),v(k) ,α(k) ))

ξ(k)(L (z(k) ,v(k) ,k ) L(z(k) ,v(k) ,γ(k) )) ]

Je

variables. It is assumed that the final time is fixed. This increment is given by:Nf

(5,11)

dJe ∇x(Nf)
ϕ(x(Nf)) dx(Nf)

Nf 1

k N0

{∇u(k)H du(k) [∇x(k)H p(k) ] dx(k)

[ λ(k) µ(k) (f v(k) fv(k)) ξ(k)(∇v(k)L ∇v(k)L ) ] dv(k)

[β(k) µ(k) (f z(k) fz(k)) ξ(k)(∇z(k)L ∇z(k)L ) ] dz(k)

[∇α(k)H µ(k) fα(k)]dα(k) [∇γ(k)H ξ(k)∇γ(k)L] dγ(k)

[∇p(k 1)H x(k 1)] dp(k 1) [∇λ(k)H v(k)] dλ(k)

[∇β(k) H z(k)] dβ(k) [ f f ] dµ(k) [L L ]dξ(k) }

According to the Lagrange multiplier theory, at a constrained minimum this

increment should be zero. Setting to zero the coefficients of the independentdJe

increments in (5,11), and concluding by inspection that andξ(k) 1

, the following necessary optimality conditions areµ(k) p(k 1) k∈[N0 ,Nf 1]

obtained:
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Stationarity:

Costate equation:

(5,12)∇u(k) H 0

State equation:

(5,13)∇x(k) H p(k) 0

Boundary conditions:

(5,14)∇p(k 1) H x(k 1) 0

Multiplier equations:

(5,15)
x(N0) x0

p(Nf) ∇x(k)ϕ(x(k ) ) k Nf

plus the following equality constraints

(5,16)
λ(k) [ ∂f

∂v(k)
∂f
∂v(k)

] p̂(k 1) [∇v(k)L ∇v(k)L ]

β(k) [ ∂f
∂z(k)

∂f
∂z(k)

] p̂(k 1) [∇z(k)L ∇z(k)L ]

(5,17)f (z(k),v(k),α(k) ) f (z(k) ,v(k) ,k )

L (z(k),v(k),γ(k) ) L (z(k) ,v(k) ,k )

(5,18)

v(k) u(k)

z(k) x(k)

p̂(k) p(k)

where , and has been introduced as a costate separation variable.k∈[N0 ,Nf 1] p̂(k)

We assume that the structure of and is such that given andf L v(k)

the values of and can be uniquelyz(k), k∈[N0,Nf 1] α(k) γ(k), k∈[N0 ,Nf 1]

determined from (5,17). Notice that optimality conditions (5,12), (5,13) and (5,14)
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are model-based, and that and carry information on model-λ(k) β(k) k∈[N0 ,Nf 1]

reality differences, in curvature, as opposed to and whichα(k) γ(k) k∈[N0,Nf 1]

carry information on model-reality differences in value. Following a similar

reasoning to that used in Section 2.2.2, we conclude that given values of , ,α(k) γ(k) λ(k)

and , the solution of the following problem satisfies the definitionβ(k), k∈[N0 ,Nf 1]

of the augmented Hamiltonian (5,9) and optimality conditions (5,12), (5,13), (5,14)

and (5,15). We call it discrete-time modified model-based problem (MMOP5)

defined as follows:

MMOP5

min
u(k)

k∈[N0,Nf 1]
JM ϕ(x(Nf) )

Nf 1

k N0

[ L (x(k),u(k),γ(k) ) λ(k) u(k) β(k) x(k) ]

subject to

x(k 1) f (x(k), u(k), α(k) )

x(N0 ) x0

The above analysis gives rise to the following discrete-time DISOPE

algorithm which, assuming convergence, achieves the solution of ROP5 via repeated

solutions of MMOP5 (Becerra, 1993b).

Algorithm 5.2.1: Discrete-time DISOPE algorithm

Data , , , , , , and means for calculating and .f L ϕ x0 N0 Nf f L

Step 0 Compute or choose a nominal solution , and . Setu 0(k) x 0(k) p 0(k)

, , , .i 0 v 0(k) u 0(k) z 0(k) x 0(k) p̂ 0(k) p 0(k)

Step 1 Compute the parameters , to satisfy (5,17). This is calledαi(k) γi(k)

the parameter estimation step.

Step 2 Compute the multipliers and from (5,16).λi(k) βi(k)
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Step 3 With specified , , and solve the discrete-timeα(k) γ(k) λ(k) β(k)

modified model-based optimal control problem MMOP5 to obtain

, and . This is called the system optimisationu i 1(k) x i 1(k) p i 1(k)

step.

Step 4 This step tests convergence and updates the estimate for the optimal

solution of ROP5. In order to provide a mechanism for regulating

convergence, a simple relaxation method is employed to satisfy

(5,18). This is:

where , and are scalar gains. If ,

(5,19)

v i 1(k) v i(k) kv (u i 1(k) v i(k) )

z i 1(k) z i(k) kz (x i 1(k) z i(k) )

p̂ i 1(k) p̂ i(k) kp (p i 1(k) p̂ i(k) )

kv kz kp ∈(0 ,1] v i 1(k) v i(k)

within a given tolerance stop, else set andk∈[N0 ,Nf 1] i i 1

continue from step 1.

5.2.2 Performance index augmentation

Variable augmentation has been used in continuous time DISOPE (see

Section 2.2.2) and has resulted in improved algorithm stability and convergence in

difficult cases (Roberts, 1993a). Augmentation may also be applied in discrete-time

DISOPE by adding convexification terms to the performance index of EOP5. This

is, becomes:Je

where and are given scalar convexification factors.

(5,20)
Je ϕ(x(Nf) )

Nf 1

k N0

[ L (x(k), u(k), γ(k) )

1

2
r1 u(k) v(k) 2 1

2
r2 x(k) z(k) 2 ]

r1 r2

The definition of the augmented Hamiltonian is changed to take into account

the new terms:
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(5,21)
H L (x(k) ,u(k) ,γ(k) ) p(k 1) f (x(k) ,u(k) ,α(k) ) λ(k) u(k)

β(k) x(k) 1

2
r1 u(k) v(k) 2 1

2
r2 x(k) z(k) 2

By using a similar analysis to that used in Section 5.2.1 it is possible to find

that the model-based optimality conditions obtained in Section 5.2.1 continue to be

valid. Furthermore, the main change in Algorithm 5.2.1 is that the solution of

MMOP5 requires information on and , since the performance index inv(k) z(k)

MMOP5 becomes:

(5,22)
JM ϕ(x(Nf) )

Nf 1

N0

[ L (x(k), u(k), γ(k) ) λ(k) u(k)

β(k) x(k) 1

2
r1 u(k) v(k) 2 1

2
r2 x(k) z(k) 2 ]

5.2.3 Terminal state constraints

In some problems we are interested in restricting functions of the terminal

state to have prescribed values, that is:

for a given function . Equation (5,23) is an additional equality

(5,23)ψ(x(Nf) ,Nf ) 0

ψ : ℜn×ℜ→ℜq

constraint to ROP5, MOP5, EOP5 and MMOP5. It can be treated by using the

Lagrange multiplier theory (see, for example, Bryson and Ho, 1975). As a

consequence, a new boundary condition for the costate is obtained as follows:

where is a Lagrange multiplier vector to be found so that the additional

(5,24)p(Nf)
⎡
⎢
⎣

⎤
⎥
⎦

∇x(k)ϕ
∂ψ
∂x(k)

ν
k Nf

ν∈ℜq

necessary condition (5,23) is satisfied. Notice that in terminal state constrained

problems some reachability conditions must be satisfied for a solution to exist (see,

for example, Lewis (1986a) for a discussion on the LQ case).

110



5.3 CASE WITH LINEAR QUADRATIC MODEL-BASED PROBLEM

5.3.1 Formulation

If the model-based problem (MOP5) is chosen as a linear-quadratic

approximation of ROP5, then noniterative methods (Lewis, 1986a) can be used for

the model-based computations. As was done in Chapter 2, for computational

advantage, a linear model-based dynamic function and quadratic weightingf

functions and may be chosen. Considering that and enter as shiftL ϕ α(k) γ(k)

parameters we have:

where and are symmetric weighting matrices of the appropriate

(5,25)

L(x(k) ,u(k) ,γ(k) ) 1

2
x(k) Qx(k) 1

2
u(k) Ru(k) γ(k)

ϕ(x(Nf ))
1

2
x(Nf ) Φx(Nf )

f(x(k) ,u(k) ,α(k) ) Ax(k) Bu(k) α(k)

Φ≥0, Q≥0 R>0

dimensions, and are matrices which represent a linear model of .A B f

By using (5,25), and including the variable augmentation discussed in Section

5.2.2 the linear-quadratic MMOP5 can be written as:

min
u(k)

k∈[N0,Nf 1]
JM

1

2
x(Nf) Φx(Nf)

Nf 1

k N0

[ 1

2
x(k) Qx(k) 1

2
u(k) Ru(k) γ(k)

λ(k) u(k) β(k) x(k) 1

2
r1 u(k) v(k) 2 1

2
r2 x(k) z(k) 2 ]

subject to

x(k 1) Ax(k) Bu(k) α(k)

x(N0 ) x0

The corresponding augmented Hamiltonian function is:

(5,26)

H 1

2
(x(k) Qx(k) u(k) Ru(k) ) γ(k)

p(k 1) (Ax(k) Bu(k) α(k) ) λ(k) u(k) β(k) x(k)
1

2
r1 u(k) v(k) 2 1

2
r2 x(k) z(k) 2
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Applying the model-based optimality conditions (5,12), (5,13), (5,14) and

(5,15) with given by (5,26), we obtain the control law:H

and, in addition, the following TPBVP:

(5,27)u(k) R
1
(B p(k 1) λ(k))

with border conditions:

(5,28)x(k 1) Ax(k) BR
1
(B p(k 1) λ(k) ) α(k)

p(k) Qx(k) A p(k 1) β(k)

where and are augmented weighting matrices and

(5,29)
x(N0 ) x0

p(Nf ) Φx(Nf )

R R r1Im Q Q r2In

, and are augmented multipliers.λ(k) λ(k) r1v(k) β(k) β(k) r2z(k)

The linear TPBVP (5,28) can be solved by using the backward sweep method

(Bryson and Ho, 1975; Lewis, 1986a). The key is to assume the relationship between

costate and state as , where is a nxn matrix and .p(k) S(k)x(k) h(k) S(k) h(k)∈ℜn

This gives rise to the following noniterative solution procedure (see Appendix D for

the derivation):

Procedure 5.3.1: Solution of discrete-time linear-quadratic MMOP5

Step a: Solve backwards from to the following differencek Nf 1 N0

equations, with terminal conditions and :S(Nf) Φ h(Nf) 0

S(k) Q A S(k 1)(A BG(k) )

G(k) [R B S(k 1)B ] 1 B S(k 1)A

h(k) (A BG(k) ) h(k 1) (A BG(k) ) S(k 1)α(k)

β(k) G(k) λ(k)

Step b: Compute the driving input from:g(k), k∈[N0 ,Nf 1]

g(k) [R B S(k 1)B ] 1 [ B S(k 1)α(k) B h(k 1) λ(k)]
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Step c: Compute the state by solving from the initialx(k), k∈[N0 ,Nf ]

condition the following difference equation:x(N0 ) x0

x(k 1) (A BG(k) )x(k) Bg(k) α(k)

Step d: Compute the costate from:p(k) , k∈[N0,Nf ]

p(k) S(k)x(k) h(k)

Step e: Compute the control input from the control law:u(k ), k∈[N0 ,Nf 1]

u(k) G(k)x(k) g(k)

The linear-quadratic formulation enables the augmented multipliers andλ(k )

to be expressed as (see equation (5,16)):β(k ), k∈[N0 ,Nf 1]

(5,30)
λ(k) [ ∂f

∂v(k)
∂f
∂v(k)

] p̂(k 1) [Rv(k) ∇v(k)L ]

β(k) [ ∂f
∂z(k)

∂f
∂z(k)

] p̂(k 1) [Qz(k) ∇z(k)L ]

while the calculation of parameter becomes (see equationα(k ), k∈[N0 ,Nf 1]

(5,17)), noting that it is not necessary to calculate :γ(k )

(5,31)α(k) f (z(k) ,v(k) ,k ) Az(k) Bv(k)

5.3.2 Terminal state constraints

Terminal state constraints of the type will be taken intoxi(Nf ) 0, i∈[1 ,q ]

consideration. This kind of constraint can be written as:

where is a qxn matrix. Notice that a terminal constraint of the type

(5,32)ψ(x(Nf ),Nf ) ) Cx(Nf) 0

C [ Iq 0]

can be achieved by a straightforward shift change of statexi(Nf ) xif , i∈[1 ,q ]
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variable. The resulting TPBVP is identical to (5,28), but with boundary conditions

(see equation (5,24)):

where is a Lagrange multiplier to be determined such that (5,32) is satisfied.

(5,33)
x(N0) x0

p(Nf) Φx(Nf ) C ν

ν∈ℜq

The solution of MMOP5 taking into account the terminal state constraint is again

based on the backward sweep method (Bryson and Ho, 1975). The key is to assume

the relationship between costate and state as , andp(k) S(k)x(k) h(k) F(k)ν

express the terminal state function as ,ψ F(k) x(k) W(k)ν η(k) Cx(Nf )

where is a nxn matrix, is a nxq matrix, is a qxq matrix, ,S(k) F(k) W(k) h(k)∈ℜn

and . The resulting noniterative solution procedure is as follows (seeη(k)∈ℜq

Appendix E for the derivation):

Procedure 5.3.2: Solution of LQ terminal constrained discrete-time MMOP5

Step a: Solve backwards from to the following differencek Nf 1 N0

equations, with terminal conditions and :S(Nf) Φ h(Nf) 0

S(k) Q A S(k 1)(A BG(k) )

G(k) [R B S(k 1)B ] 1 B S(k 1)A

h(k) (A BG(k) ) h(k 1) (A BG(k) ) S(k 1)α(k)

β(k) G(k) λ(k)

Step b: Solve backwards from to the following differencek Nf 1 N0

equations, with terminal conditions , , andF(Nf) [0 Iq] W(Nf) 0

:η(Nf) 0
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F(k) (A BG(k) ) F(k 1)

W(k) W(k 1) F(k 1) [ In BR
1
B S(k 1)] 1 BR

1
B F(k 1)

η(k) η(k 1) F(k 1) [ In BR
1
B S(k 1)] 1 [BR

1λ(k)

BR
1
B h(k 1) α(k) ]

Step c: Compute the multiplier and driving inputν g(k)∈ℜm, k∈[N0 ,Nf 1]

from:

ν W(N0)
1(F(N0) x0 η(N0) )

g(k) [R B S(k 1)B ] 1 [ B S(k 1)α(k)

B F(k 1)ν B h(k 1) λ(k)]

Step d: Compute the state by solving from the initialx(k), k∈[N0 ,Nf ]

condition the following difference equation:x(N0 ) x0

x(k 1) (A BG(k) )x(k) Bg(k) α(k)

Step e: Compute the costate from:p(k) , k∈[N0,Nf ]

p(k) S(k)x(k) F(k)ν h(k)

Step f: Compute the control input from the control law:u(k ), k∈[N0 ,Nf 1]

u(k) G(k)x(k) g(k)

5.3.3 Discrete-time DISOPE algorithm with LQ model-based problem

DISOPE requires a nominal solution to start the iterations. A recommended

starting point is to use the solution of MMOP5 under , ,α(k) 0 λ(k) 0

, (relaxed MMOP5).β(k) 0, k∈[N0 ,Nf 1] r1 r2 0

From the above analysis, the following discrete-time DISOPE algorithm with

linear-quadratic model-based problem has been proposed (Becerra, 1993b).
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Algorithm 5.3.3: Discrete-time DISOPE algorithm with LQ model-based

problem

Data , , , , , , , , , , , , , and means forA B Q R Φ r1 r2 kv kz kp x0 N0 Nf q

calculating and .f L

Step 0 Compute or choose a nominal solution , and . Setu 0(k) x 0(k) p 0(k)

, , , ,i 0 v 0(k) u 0(k), k∈[N0 ,Nf 1] z 0(k) x 0(k) p̂ 0(k) p 0(k)

.k∈[N0 ,Nf ]

Step 1 Compute the parameter to satisfy (5,31). This is called theαi(k)

parameter estimation step.

Step 2 Compute the augmented multipliers and from (5,30).λi
(k) βi

(k)

Step 3 With specified , and solve the modified model-basedα(k) λ(k) β(k)

optimal control problem MMOP5 (by using Procedure 5.3.1 ifq 0

or Procedure 5.3.2 if ) to obtain , and .q>0 u i 1(k) x i 1(k) p i 1(k)

This is called the system optimisation step.

Step 4 This step tests convergence and updates the estimate for the optimal

solution of ROP5. The simple relaxation method (5,19) is employed

to satisfy (5,18). If within a givenv i 1(k) v i(k), k∈[N0 ,Nf 1]

tolerance stop, else set and continue from step 1.i i 1

In practice, the achievement of the equalityv i 1(k) v i(k), k∈[N0 ,Nf 1]

may be evaluated by using the following 2-norm (control variation norm between

iterates):

and comparing its value with a given small tolerance .

(5,34)v i 1 v i
2

Nf 1

N0

v i 1(t) v i(t) 2

εv
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5.4 EXACT DISCRETIZATION OF CONTINUOUS TIME SYSTEMS

It is a common practice (Jamshidi, 1983; Teo et al, 1991; Singh, 1980) when

formulating a nonlinear discrete-time optimal control problem of a continuous system

described by the differential equation to discretize with samplingẋ fc(x(t) ,u(t) , t )

time T the continuous time differential equation by its first order ( or Euler )

approximation . However, for this discretizationx(k 1) x(k) Tfc(x(tk) ,u(tk) , tk )

scheme to be a good approximation of the continuous time system, it is required that

the sampling time be very small in comparison with the dynamics of the system and

even so, it can diverge from the actual solution (Press et al, 1992).

To overcome the low accuracy of the first order approximation, an exact

discretization of the differential equation can be implemented as follows:

(5,35)x(k 1) x(k) ⌡
⌠
tk 1

tk

fc(x(τ) ,u(τ) ,τ)dτ

noticing that because of the zero order hold, the control signal is held constant

between sampling times . Equation (5,35) denotes theu(τ) u(k), τ∈[ tk , tk 1 ]

integration of the continuous state equation from , given , over onex(tk) x(k) u(k)

sampling interval to obtain .x(k 1)

The term exact here denotes the high accuracy that may be achieved by using

a good and well tuned ordinary differential equation (ODE) solver. A similar

approach has been proposed by Sage and White (1977), who suggest the exact

discretization of both the continuous dynamics and a continuous performance index.

Notice, however, that in the scheme proposed here the performance index is

formulated in discrete-time and that MMOP5 continues to be discrete.

5.5 SIMULATION EXAMPLES

Algorithm 5.3.3 was implemented in the C++ programming language using

object oriented and modular programming techniques. All the derivatives (jacobian

matrices, gradients) were computed by using the Central Difference Formula (Press
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et al, 1992). The exact discretization scheme was implemented as a C++ module

where the integration in (5,35) can be carried out by a 4th order fixed step size

Runge-Kutta integrator, a 5th order adaptive step size Runge-Kutta integrator, or a

stiff integrator (Press et al, 1992) depending on the accuracy requirements, the

numerical conditioning of the differential equation and the computational time

restrictions.

The following examples were run on an IBM compatible 486-DX based

machine with 33 MHz clock speed.

Example 5.5.1: nonlinear discrete-time system

Consider the following example proposed by (Mahmoud et al, 1978) and used

later as a benchmark to compare solutions of nonlinear optimal control problems

(Papageorgiou and Smith, 1980). The problem consists in the minimization of a

quadratic performance index subject to nonlinear second order discrete-time dynamic

constraints. The dynamic equation in MOP consists in a linearization of the real

dynamics about the origin. Relaxation gains and convexification factors were set to

the default values one and zero, respectively. The tolerance specified for convergence

was .εv 0.05

ROP:

min
u(k)

50

k 0

{ 0.1x1(k)2 0.1x2(k)2 0.2u1(k)2 0.1u2(k)2 }

subject to

x1(k 1) 0.9x1(k) 0.1x2(k) 0.1u1(k)

x2(k 1) 0.2x1(k) 0.1x2(k) 0.1x2(k)2 0.1u2(k)

x(0) [10 4.5]
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MOP:

subject to

min
u(k)

50

k 0

{ 0.1x1(k)2 0.1x2(k)2 0.2u1(k)2 0.1u2(k)2 γ(k)}

x(k 1)
⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

0.9 0.1

0.2 0.1
x(k)

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

0.1 0

0 0.1
u(k) α(k)

x(0) [10 4.5]

Table 5.5.1 shows the algorithm’s performance, where is the initialJ0

performance index and is the final performance index. Figures 5.5.1.1 and 5.5.1.2J

show the final state responses and control signals, respectively. Figures 5.5.1.3 and

5.5.1.4 illustrate the convergence behaviour of the algorithm.

No.

iterations

CPU

(s)
J0

J

5 12 31.0091 30.9781

Table 5.5.1: Algorithm’s performance, example 5.5.1

The results presented here may be compared with those published by

Papageourgiou and Smith (1980).
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