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ABSTRACT

The main concern of this thesis is to advance and improve the existing
knowledge of a dynamic optimal control technique known as DISOPE, so as to make
it attractive on one hand for its implementation in the process industry and, on the
other hand, as a novel nonlinear optimal control algorithm. The main feature of the
technique is that it has been designed so as to achieve the correct optimum of the
process in spite of inaccuracies in the mathematicall model employed in the
computations.

Several extensions of the basic continuous time DISOPE technique are
proposed in this work. For the development of the algorithms, emphasisis placed on
making the techniques implementable in digital computer based industrial process
control problems. These extensions include discrete-time, and set-point tracking
versions, extensions for handling control and state dependent inequality constraints,
and a hierarchical version.

Applications of DISOPE are proposed in the following areas. nonlinear
predictive control, predictive optimising control based on adaptive state-space linear
dynamic models, and batch process optimisation.

All the algorithms and techniques proposed in this thesis have been
implemented in software and tested with relevant simulations. These studies include
dynamic simulations of low order chemical reaction systems and studies on the
dynamic optimisation of an industrial-scale multicomponent distillation column using
a rigorous process simulator.

Comparisons with existing techniques are provided and suggestions are made
for future research in the area treated in this thesis.
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CHAPTER 1

INTRODUCTION

1.1 CONTROL SYSTEMS IN INDUSTRIAL PROCESSES

The purpose of control systems is to influence physical processes in such a
way that certain control objectives may be achieved. Such control objectives reflect
the goals of the industry which operates the process. Those goals are usually related
to product quality, safety, economics, environmental regulations and operational
constraints.

A physical process is a combination of operations carried out to change
something in the physical world. Processes are characterized by their input and
output elements in terms of matter, energy and information. An industrial process
outputs products from raw materials and energy input. The input information to a
process is a set of variables that influence or control the behaviour of the process.
The output information of a process is a set of measured variables that characterize
the operation of the process. Factors which cannot be manipulated but influence the
process are called disturbances and they reflect the effects of the surrounding
environment. The undesirable effects of external disturbances on the process must
be suppressed. Control systems are used to achieve this.

Many processes are essentially unstable and must be equipped with control
systems to ensure stable and, hence, safe and reliable operation.

Product quality and economic goals are of paramount importance. An
industrial process should produce the desired amounts of the final products with
certain minimum levels of quality. Also, the operation of the plant must correspond
with the market conditions. Further, the operation should be as economical as
possible in its use of energy, raw materials and labour.

Quality and economics can be defined by means of optimisation. The most
common form of optimisation is steady-state optimisation, in which the optimum
operating points are calculated and sent to the control systems as reference values

(set-points). Control systems are used to regulate the operation of the process about
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such optimum set-points. Often, the economic objectives which are pursued by
optimisation yield optimum operational conditions which lie at the intersection of
process constraints. Such constraints arise due to physical limitations inherent to
process equipment and their operation, safety considerations and environmental
regulations. Thus control systems should be able to take into account constraints in
some way.

In the last few decades, there has been a rapid development in the field of
digital computers and microelectronics. The application of digital computers in
process control has evolved from the pioneering works in the 1950’s to becoming
a standard technique for implementation of new control systems in the 1980’'s and
90’'s. This involves from single loop controllers to large-scale distributed control
systems. Digital computers are also being used increasingly as means for the design
and analysis of control systems.

During the 1930’s proportional-integral-derivative (PID) controllers first
appeared. They were originally implemented using pneumatic technology and have
passed through several development stages. Today, most new PID controllers are
implemented digitally. They are the standard tool for solving process control
problems. They are relatively easy to tune and no explicit model of the process
model is required. In the presence of process nonlinearities a change in operating
conditions may produce loss of performance of the PID controller. The presence of
time-delays and multiple interacting control loops complicates the tuning process and
may also limit controller performance. Today PID controllers which possess
automatic tuning capabilities are becoming increasingly popular (Astrom and
Héagglund, 1988).

In the model-based approach for control, a process model is developed which
can be used either as the basis for classical controller design methods or it can be
incorporated directly in the control law. The latter is the starting point for many
advanced control techniques, such as predictive control. The development of a model
for a complicated process may be an expensive and time consuming task. However,
the model based approach is becoming advantageous. Two reasons for this are:
firstly, the high integration of modern processing plants makes plant operation more
difficult; secondly, there are incentives for operating closer to limiting constraints to
maximize profitability while taking into account safety criteria and environmental
restrictions (Seborg et al, 1989).

23



1.2 SYSTEM IDENTIFICATION AND ADAPTIVE CONTROL

System identification is the field of mathematical modelling of systems from
experimental data. It has acquired widespread applications in many areas. In control
engineering system identification methods are used to obtain appropriate models for
the design of control systems and simulation (Soderstrom and Stoica, 1989).

Ever since the beginning of systematic controller design there has been the
problem of finding the proper controller structure and parameters for a given process.
Another difficulty has been the fact that the controller must perform well for arange
of operating points. Automatic adjustment of the controller parameters was first
proposed in the 1940's. The term adaptive control was first used at that time
(Isermann et al, 1992).

Given a process model structure, on-line system identification may be
integrated with controller design. Thus, the parameters of the identified model and
the performance requirements of the system are used in a controller design stage in
order to obtain the controller parameters. The controller parameters may be updated
on-line. This gives rise to a class of adaptive controller called self-tuning controller.
In this class of adaptive controller the uncertainty in the estimated parameters of the
process model is not accounted for in the controller design stage (Astrém and
Wittenmark, 1989).

1.3 OPTIMISATION OF INDUSTRIAL PROCESSES

The process industry has experienced important changes during the last few
decades due to the increased costs of energy and raw materials, and increasingly
strict environmental regulations. It is believed that emphasis should be on improving
efficiency and increasing profitability of existing plants rather than on plant
expansion (Edgar and Himmelblau, 1988). To achieve such a goal, one of the most
important means is optimisation.

The desire to operate industrial processes optimally is not new. However, the
capability to automate process optimisation is relatively recent. The theoretical basis

for automating process optimisation has been available for about thirty years.
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Moreover, the computing power required for implementing such systems has been
made available at reasonable prices during the last decade (Balchen and Mumme,
1988).

Steady-state process optimisation, often named optimising control, can be
situated within the functional hierarchy of the overal plant management and control
system at a level called supervisory control.

The economic objective which is pursued by steady-state optimisation is
usually the maximisation of net profit, given the product demand, prices of final
products, raw materials, energy, equipment wearing, pollution taxes, operational
costs, etc.

The basisfor optimising control isthe economic objective which is quantified
by means of a performance index (or objective function), a (steady-state)
mathematical model of the plant and knowledge of the relevant process constraints.
The result from steady-state optimisation is a set of optimal controller set-points, at
which the process should be regulated until a change in economic parameters
determines a new optimum operating point.

Optimising control is particularly common in large integrated process systems
(oil refineries, petrochemicals, etc.).

Dynamic optimisation is more complicated. It takes into account the dynamic
behaviour of the process and intends to manipulate the input of the process during
transient conditions in such a way that some dynamic criterion is optimized. Hence,
a dynamic model of the plant is required. Dynamic optimisation is often termed
optimal control.

Dynamic optimisation may be applied in the process industry, for instance,
in the following cases which are directly related with economic objectives
(Rijnsdorp, 1991):

* Optimisation of total process run, in cases when process behaviour
deteriorates with time.

* When switching continuous processes from one mode of operation to another,
trying to minimize the amount of off-specification product.

* Optimisation of the operation of batch processes, seeking to maximize, for

example, product yield.
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* When disturbances with economic impact have a frequency such that the

process rarely reaches steady state.

However, dynamic optimisation with economic objectives is not widely
applied in the process industry (Arkun and Stephanopoul os, 1980). Some reasons for
this are (i) dynamic models are more difficult to develop than steady-state models,
(if) The solution of a dynamic optimisation problem is far more complicated and
time consuming than steady state optimisation. The latter is becoming less important
due to the increasing computer power becoming available at decreasing prices.

One particular class of dynamic optimisation, with regulatory rather than
economic objectives, is a technique called LQG (linear-quadratic-gaussian). Thisis
an established method for the design of multivariable control systems which has the
advantages that the input-output pairing problem is avoided, for the structure of the
controller is given by the design; stability is guaranteed if the model is perfect, and
it may easily handle systems with time-delays and non-minimum phase behaviour
(Anderson and Moore, 1989). Nevertheless, this technique has not become popular
in the process industry because a good process model is required, and hence lacks
robustness. Additionally, it may not handle constraints explicitly. For a survey of

LQG applications in the process industries see the paper by Johnson (1993).

14 PREDICTIVE CONTROL

A particular technique which has been widely applied within the last two
decades in the process industry is Predictive Control based on linear input-output
models of the plant. Predictive control belongs to the class of model-based controller
design concepts, because a model of the plant is used to compute the control action.
Some well known predictive controllers are Dynamic Matrix Control, DMC (Cutler
and Ramaker, 1979), and Model Algorithmic Control, MAC (Richalet et al, 1978).
The reasons for their acceptance are many, but the main ones are: they are easy to
tune; they may handle systematically process constraints, multivariable processes and
time delays, knowledge of future set-point changes can be included; their
computational requirements are modest (Soeterboek, 1992; Garcia et al, 1989).
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Linear predictive controllers, such as DMC, have been extended to handle input and
output constraints (Garcia and Morshedi, 1986) and some of them, such as
Generalized Predictive Control (GPC) have adaptive features (Clarke et al, 1987).

Predictive controllers implement dynamic optimisation in a receding-horizon
framework. If the objective is to follow a set-point, the process model is linear, the
performance index is quadratic, and in the absence of process constraints, then
predictive controllers alow a relatively simple analytical solution. Otherwise,
iterative methods have to be used (Mayne and Michalska, 1990).

There have been growing interest in the last few years on extending
predictive control concepts to take into account process nonlinearities. Some of those
schemes have been presented in the literature (Sistu and Bequette, 1991; Gattu and
Zafiriou, 1992; Balchen et al, 1992). A common characteristic is their increased
computational load. Most of them are based on nonlinear state space models of the
process and some of them include state and parameter estimation to give robustness,
adaptability, and stability to the controller. If the dynamic optimisation scheme
allows for general performance index specifications, economic criteria can be
included (Balchen et al, 1992).

1.5 DYNAMIC OPTIMAL CONTROL

Optimal control theory is the mathematical tool used for addressing and
solving dynamic optimisation problems.

In the seventeenth century Bernoulli studied the brachistocrone problem and
then initiated the classical calculus of variations. After three centuries of
developments, optimal control theory has been formalized as a general extension of
the calculus of variations. It has developed into a very mature field and it has
attracted the attention of numerous researchers from very diverse disciplines. Many
successful applications of optimal control theory have been reported in the literature.

With the development of computers and the current emphasis of optimal
design and operation of large-scale systems, optimal control theory has become
increasingly important. The mathematical complexity of the optimal control approach

and the sophistication of real world problems do not allow straightforward analytical
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solutions to optimal control problems. Thus, algorithms implemented on digital
computers have to be used.

The classical tool for solving optimal control problems is the calculus of
variations. However, it cannot deal with control magnitude constraints. Two very
important developments were Pontryagin’s minimum principle (Pontryagin et al,
1962) and Bellman’s dynamic programming (Bellman and Dreyfus, 1962). The
minimum principle solves problems without control constraints in a similar way to
the calculus of variations. However, the method is more general because it can work
with control constraints. Dynamic programming can handle control and state
congtraints. Its main disadvantage is the so called "curse of dimensionality” which
implies that the approach requires too much computer memory even with relatively
low order problems.

Numerous algorithms have been proposed in the last two decades for solving
optimal control problems. It is not the purpose to review here al of them.
Nonetheless, it is worth mentioning a rather general classification according to the

approach used for the solution:

* Function space algorithms. The necessary optimality conditions obtained
from the application of the maximum principle are enforced iteratively in
some way. Some examples here are quasilinearization methods, function
space gradient algorithms, variation of extremals methods (Bryson and Ho,
1975; Sage & White, 1977; Kirk, 1970).

* Parametrization methods. Here control (and sometimes state) variables are
parametrized in an approximated way (usually in terms of basis functions)
and then the objective function is minimized (or maximized) by using finite
dimensional mathematical programming (Sisirenaand Tan, 1974; Sargent and
Sullivan, 1978; Teo et al, 1991; Biegler, 1984).

Key algorithmic issues are convergence rates, memory requirements,
computational load, handling of constraints, suboptimality, handling of large-scale
systems and numerical precision.

Provided the dynamic model is linear, the performance index is quadratic (in
terms of state and control variables) and constraints are absent, then the optimal

control problem has arelatively straightforward non iterative solution usually based
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on the solution of matrix differentia (or difference) equations. This is a very
important particular case of optimal control problems and is usually termed as LQ

(linear-quadratic) optimal control (Anderson and Moore, 1989; Lewis, 1986a).

1.6 ISOPE ALGORITHMS

As has been mentioned in Section 1.2 the optimal set-points calculated by
steady-state optimisation are based on a mathematical model of the controlled plant.
Because, in genera, the model will not be a faithful representation of the rea
physical process, the set-points so obtained will only be optimal for the model and
not for the real plant. Moreover, the process operates in an environment which keeps
changing. Hence it is important to provide the mathematical model of the process
with some adaption.

In order to take into account differences between the mathematical model and
the real process a technique called the two-step method has been proposed. Here the
steady-state model contains parameters which are estimated by comparing model-
based and measured outputs. Then the system optimisation and parameter estimation
problems are treated separately and solved repeatedly until convergence is achieved.
However, there is interaction between the optimisation and parameter estimation
problems and the solution so obtained will be, in general, suboptimal. The reason for
thislies in the fact that inadequate output derivative information (with respect to the
manipulated variables) from the plant is used in the model-based optimisation.

In order to allow for the interaction between parameter estimation and system
optimisation, theinteracting variables are separated and, as a consequence, amodifier
is introduced in the model-based optimisation. This modifier takes into account
differences between the real process and model-based output derivatives with respect
to the manipulated inputs. This enables the iterative technique to achieve the correct
optimal operating point of the real processin spite of model-reality differences. This
technique was originaly introduced by Roberts (1979) and is called integrated
system optimisation and parameter estimation (I1SOPE).

ISOPE has been established for about fourteen years and a considerable
number of ISOPE agorithms, centralized and hierarchical, have been developed

(Roberts, Wan and Lin, 1992). Conditions for the convergence of the algorithms
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have been rigorously investigated (Brdys and Roberts, 1987). Several simulations
and laboratory pilot-plant implementations have been carried out and the utility of
the technigue has been demonstrated. Furthermore, on-line implementation on large-
scale process plants seems very likely in the near future (Lin and Griffiths, 1992;
Griffiths et al, 1993).

Since the origin of the ISOPE technique its extension to dynamic optimisation
has been suggested (Roberts, 1979). More recent works have a so recommended such
an extension (Amini-Largani, 1990). In recent research by Roberts (1992) a dynamic
extension of ISOPE has been introduced. It has been termed DISOPE (Dynamic-
ISOPE) and, as an extension, the philosophy behind the techniques remains very
similar. However, DISOPE is in itself a new technique with a different range of
applications. It can be considered as a distinctive field of research. Furthermore, as
it has been mentioned in Section 1.2, dynamic optimisation is more complicated.

The development of novel optimal control algorithms, mainly new extensions
of the DISOPE approach, and the study of their potential applications in process
control have been the central areas of research of the doctoral work described in this

thesis.

1.7 SCOPE AND AIMS OF THE THESIS

As it was mentioned in Section 1.5 ISOPE is awell established technique for
optimising control of industrial processes. Dynamic ISOPE, on the other hand, is
relatively recent.

As it was originaly developed and published (Roberts, 1992), DISOPE
addressed continuous-time, unconstrained, centralized and time invariant optimal
control problems.

The central aim of this thesis is to advance and improve the existing
knowledge on the technique so as to make it attractive on one hand for its
implementation in the process industry and, on the other hand, as a novel nonlinear
optimal control agorithm. Additionally, as a result of research work carried out
during the project, a new technique for steady-state process optimisation based on
dynamic information (DSSO) has been developed.
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The means through which the central objective is to be achieved are:

* To develop discrete-time versions of DISOPE so as to make it suitable for
digital computer on-line implementations.

* To extend the DISOPE technique to handle control and state dependent
constraints.

* To develop hierarchical extensions of DISOPE so as to make it applicable in
large-scale systems.

* To extend the DISOPE algorithm for taking into account reference
trajectories which should be tracked.

* To investigate the ways the techniques developed can be applied in the
process industry, particularly in the fields of nonlinear predictive control,
batch process optimisation and predictive optimising control.

* To implement in software the algorithms developed and to test their
performance through simulation studies.

* To investigate the ways the inherent flexibility of the DISOPE approach can
be exploited.

* To compare the structure and performance of DISOPE with other existing

techniques.

The scope and original contributions of this thesis are briefly summarized
below.

Contribution to algorithm development

Several DISOPE control algorithms have been developed. This contribution
includes theoretical derivation, development of implementable versions and actual
software implementation of: discrete time, set-point tracking, hierarchical, control
constrained, state constrained and receding horizon DISOPE algorithms. Emphasis
has been given to make the technique suitable for industrial implementation.
Furthermore, a steady-state optimiser based on dynamic information (DSSO) has

been developed, implemented in software and tested with simulation examples.

Contribution to DISOPE approach flexibility exploitation
Some novel techniques which directly exploit the inherent flexibility of the

DISOPE approach in terms of model-reality differences in both model dynamics and
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performance indexes have been devel oped and investigated. Thisincludes: (i) the use
of saturation functions for handling control magnitude constraints by using
(straightforward) unconstrained linear-quadratic model-based calculations (ii) The
exact discretization scheme by which continuous time systems are dynamically
optimized in an exact way while using model-based calculations in the (convenient)
discrete domain. (iii) The use of penalty functions to take into account state or
output magnitude constraints. (iv) The use of quadratic incremental control weighting
in the dynamic performance index to provide zero off-set tracking for constant set-

points.

Contribution to the prospective industrial application of the techniques developed
Several topics directly related with the application of DISOPE in the process
industry have been addressed in this doctoral work. The most relevant are: (i) the
study of the application of the technique in nonlinear predictive control, in which the
suitability of DISOPE to be used as a dynamic optimiser in a receding horizon
schemeisinvestigated. (ii) The application of DISOPE in batch process optimisation,
where the real dynamic optimum of the batch process is achieved by integrating the
algorithm with the batchwise operation of the plant. (iii) The application of DISOPE
in receding horizon as a predictive optimising controller, based on adaptive linear
models of the controlled plant. (iv) The application of DSSO for adaptive process
optimisation. All the topics are supported by relevant ssimulations and in cases (iii)
and (iv) redlistic simulations of an industrial distillation column using a rigorous,

high fidelity process simulator are presented.

Contribution to software implementation and algorithm testing

All the algorithms proposed have been implemented in software. The main
tools used have been the C and C++ programming languages. The use of object
oriented programming has alowed a natural way of handling matrices and their
operations which, in this framework, has facilitated the programming and debugging
stages while keeping a high speed of execution. Code reusability principles has been
used. Some of the algorithms developed in this work have been implemented and
tested on an industrial process simulator environment (OTISS™), bearing in mind
prospective on-line implementations. Several simulations with different levels of

complexity have been carried out using the software developed. These simulations
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have allowed us to gain a greater understanding of the DISOPE technique, to test
experimentally the algorithms developed and ideas proposed, and to compare the
results obtained with those reported in published works by using other methods.

1.8 OUTLINE OF THE THESIS

An outline of the thesisis given below. A more detailed introduction is given

at the beginning of each individual chapter.

Chapter 2: reviews the development and algorithmic details of DISOPE as
originaly published (Roberts, 1992), in its continuous time, unconstrained and
centralized versions. Simulation studies are presented which illustrate the basic
algorithm capabilities for solving highly nonlinear systems with model-reality
differences. The effect of the tuning parameters (relaxation gains, convexification
factors, etc.) is investigated.

Chapter 3. seeks to extend the basic DISOPE agorithm for handling control
dependent constraints. An extension is developed using the minimum principle and
the resulting algorithm remains basically unchanged, the main difference being the
explicit handling of constraints in the model-based optimisation step. An alternative
and more convenient way of handling control magnitude constraints by using a
variable transformation based on a saturation function isintroduced. Both approaches

are implemented in software and tested with ssimulations.

Chapter 4: describesthe development of ahierarchical two-level DISOPE algorithm.
The approach used is based on the interaction-prediction approach (Jamshidi, 1983)
and on the basic DISOPE technique. A new modifier is introduced to take into
account the interactions between subsystems. The model-based problem for each
subsystem is independent from the other subsystems, which shows that the algorithm
is suitable for parallel or distributed processing. The algorithm is implemented in
software and simulations are carried out.
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Chapter 5: reports the development of a discrete-time DISOPE algorithm. An
implementable version, using an LQ model-based problem, is also developed. The
exact discretization schemeisintroduced. This allows the application of discrete-time
DISOPE to continuous time systems by integrating the nonlinear model dynamics
between sampling times, so avoiding the use of approximate discretization
techniques, such as Euler’s method. A software implementation is developed and the

algorithm’s performance is studied by means of simulations.

Chapter 6: describes the use of discrete-time DISOPE for developing a new
technique for solving the optimal set-point tracking problem for nonlinear systems.
This is achieved by solving a sequence of LQ tracking problems with converge to
the correct optimal solution. The algorithm isimplemented in software and numerical
simulations are carried out. The use of quadratic incremental control weighting,
which provides zero off-set tracking for constant inputs, is introduced exploiting the
algorithm’s flexibility, while the model-based calculations use quadratic absolute
control weighting. Its suitability to be used in a nonlinear predictive control scheme

is emphasi zed.

Chapter 7. Extends the DISOPE technique for handling optimal control problems
with state dependent inequality constraints. The approach used is the penalty

relaxation technique. A state constrained simulation example is presented.

Chapter 8: reports the application of DISOPE in batch process optimisation. This
is achieved by integrating the algorithm’s iterations with the batchwise operation of
the plant, in such a way that the correct dynamic optimum of the plant is achieved
in asequential manner in spite of model-plant mismatch. The problem of measuring
the time-varying jacobian matrices is addressed by using the shadow model concept
(Griffiths, 1993). Comprehensive simulation studies are provided.

Chapter 9: describes the application of set-point tracking DISOPE in nonlinear
predictive control. The receding horizon dynamic optimisation is carried out at every
sampling interval by using DISOPE. State and uncertain parameters are estimated

from the possibly noisy output measurements by using an Extended Kalman Filter



(Lewis, 1986b). The controller is implemented in software and comprehensive

simulation studies are provided.

Chapter 10: describes the development of two optimising controllers which are able
to drive a process from a suboptimal operational condition to its steady-state
optimum. The controllers use derivative and state information from the plant via a
shadow model and an adaptive state-space linear model identifier. The new
algorithms are developed from the basis that a nonlinear model of the process is not
available for prediction purposes. One approach, known as DSSO, does not requires
predictions. The second agorithm, known as L P-DISOPE, uses predictions based on
an adaptive linear model of the process. The steady-state optimality of the procedures
is analyzed. Both techniques are tested with simulation examples, including realistic
industrial-scale simulations of the optimisation of a multicomponent distillation

column.

Chapter 11: compares the DISOPE technique with a well established nonlinear
optimal control technique such as quasilinearization. Furthermore, comparisons with
previous work by Hassan and Singh (1976) and Mahmoud et al (1980) are discussed.

Chapter 12: draws conclusions from the results obtained in this thesis and presents

a series of suggestions for further work in this area.

1.9 SUMMARY

The development and applications of novel optimal control algorithms is the
central subject of the research work described in this thesis. The main objective is
to advance and improve the existing knowledge of a dynamic optimisation technique
called DISOPE, so asto make it attractive on one hand for its implementation in the
process industry and, on the other hand, as a novel nonlinear optimal control
algorithm.

In this introductory chapter, in order to address some motivational issues, to
review the background to the research area, and to establish the framework of the

thesis, some important topics have been discussed. A short discussion on the role of
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control systems in industrial processes has been related to an overview on the use
of optimisation in the process industry. Further, some historical background on
system identification and adaptive control, model-based predictive control and on
dynamic optimal control have also been presented. Moreover, a brief review on the
| SOPE technique, which is the steady-state predecessor of DISOPE, has been given.
This has been followed by a discussion on the aims, scope and original contribution
of this doctoral work. Finaly, the contents and structure of the thesis have been
described.
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CHAPTER 2

CONTINUOUS TIME DISOPE ALGORITHM

In this chapter, we shall deal with the original DISOPE algorithm as was
introduced by Roberts (1992, 1993a). Initially, a brief introduction on the theory of
optimal control is given. The formulation addresses the continuous time,
unconstrained and centralized optimal control problem, with fixed terminal time and
terminal state value constraints. The basic mathematical tool is the calculus of
variations. Simulation examples are given illustrating the basic properties of the

algorithm.

21 THE OPTIMAL CONTROL PROBLEM

Before introducing the DISOPE theory, it is convenient to present some
background on the basic optimal control problem. To solve an optimal control
problem we must first define a goal or performance index for the process we intend
to optimize. The performance index is selected to make the plant exhibit a desired
kind of behaviour. This requires an appropriate definition of the problem from the
physical point of view and a translation into convenient mathematical terms. To be
able to apply optimal control to a process in an effective way we must estimate the
current state of the process from the (very often incomplete and noisy) output
measurements. This is called state estimation. Further, we must obtain a
mathematical model with the appropriate structure and parameters so that it describes
properly the dynamics of the process. This is called system identification. The
optimal control problem consists in finding the best control inputs (manipulated
variables) so as to minimize (or maximize) the performance index, given knowledge
of the system state, and the mathematical model of the process (Sage and White,
1977; Lewis, 1986a).

37



2.1.1 Problem formulation

Suppose that the plant is described by the nonlinear time-varying differential

equation

x = f( x(t), u(t), t) (21)

where f*: "™ ™ " represents a set of state equations which describe the

process with state x(tf) " and control input u(t) ™. Further assume that the

following performance index has been chosen:

&

J° = d(x(t)) J L “(x(),u(t),t) dt (2.2)

0

where [t,t] is the fixed time interval of interest, ¢ : "— s a scalar valued

terminal weighting functionand L*: "x ™x - s a continuous performance

function.

If the state of the system at the initial time t; is assumed known (being

measured or estimated), with value X(t,) =X,, and if no constraints on the values of

control and state variables are taken into consideration, apart from the dynamic

constraint (2,1), the optimal control problem can be formulated as follows:

[’

min

uy 9 T o) - J L “(x(t), u(t),t) dt

0

subject to
x = f1(x(), u(t), t)
X(t,) = X
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2.1.2 Necessary optimality conditions

The problem so formulated is by no means general but will suffice our

introductory purposes. The problem as stated can be treated by using the classical

calculus of variations. For convenience, a scalar function H* (the Hamiltonian) is

defined as follows:
H " (x(®),u(®),p),t) = L(x(®),u),t) + p) f"(x®),ut),t) (23

where p(t) is a multiplier function usually termed as the costate. By using calculus
of variations and relatively straightforward algebraic manipulations (see, for example,
(Lewis, 1986a: 150-153) for the derivation), the following well known necessary

optimality conditions are obtained.

Stationarity:

H" =0 (24)
Costate equation:
Ho=p) =0 (2.5)
State equation:
H - X(t) =0 (2,6)
Boundary conditions:
M) =% 2.7)

p(t) = (1),
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Thus, in order to obtain a control function u(t) to minimize the value of the

performance index J * one must solve the differential equations (2,5) and (2,6), with u(t)
given by the algebraic equation (2,4). The boundary conditions for the coupled
differential equations to be solved are split, because x(t,) is given and p(t;) can be

computed from (2,7). This is known as a two-point boundary value problem

(TPBVP). In general, it is difficult to solve these problems.
2.1.3 Linear-Quadratic Optimal Control

An important family of unconstrained optimal control problems is that of the
linear-quadratic type. The name of the linear-quadratic (often termed as LQ)
problems arises because the system dynamics are represented by linear differential
equations while the performance index is quadratic in terms of state and control
variables. The linear quadratic optimal control theory will be very important for the
developments presented in this thesis and therefore a brief introduction to the topic
is relevant. There are two types of LQ problems: regulator and tracking problems.

The linear-quadratic regulator problems are usually formulated as follows:

1"

o= )y o) - J%[ X(t)" Qx(t) ~u(t) Ru(t) ]

subject to
X = AX(t) + Bu(t)
X(t,) = X,

where ®=0, Q=0 and R>0 are symmetric weighting matrices of the appropriate

dimensions, A is the system dynamic matrix and B is the control distribution

matrix. The corresponding Hamiltonian function is:

H, = Z(x(®"Qx(®)-u(® Ru(t) ) + p(H)"( Ax(t) +Bu(t) ) (2.8)

In this case, the two point boundary value problem is relatively easy to solve.

A popular method of solution, given its computational efficiency, is known as the
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backward sweep method (Bryson and Ho, 1975; Lewis, 1986a). Here a linear

relationship between the costate and state variables of the form p(t) = K(t)x(t),

where K(t) is a time-varying nxn matrix, is assumed. Application of the necessary

optimality conditions and boundary conditions outlined in Section 2.1.2 gives rise

to the following noniterative solution procedure:

Procedure 2.1.3: Simple LQ regulator solution

Step a: Solve backwards from t, to t, the following Ricatti differential

equation, with terminal condition K(t)=®:

K(t) = KE)BR 1B K(t) -A"K(®) -K(t)'A+Q

Step b: Compute the state X(t), t [t,t] by integrating from the initial
condition X(t,) =X, the following equation:

X = (A-BG(t))x(t)

Step c: Compute the optimal control u(t), t [t,t.] from the state feedback

control law:

u) = -G() x(0)

where the Kalman gain is given by G(t) =R *BTK(t).

Some advantages of using LQ optimal control are (Anderson and Moore,
1989):
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* Nearly all LQ optimal control problems have solutions achievable with
relatively little computing effort, as opposed to some nonlinear optimal
control problems.

* LQ optimal control results can be applied to nonlinear systems operating in
a small signal basis.

* Under certain conditions, LQ optimal controllers possess a number of
attractive properties regarding the stability of the system and the robustness
of the controller.

* The relatively simple computational procedures used in LQ optimal control

can sometimes be carried over to nonlinear optimal control problems.

2.2 DYNAMIC ISOPE

A Kkey issue of the ISOPE techniques is that the computations based on an
approximated model of the process converge to the real optimum of the plant, in
spite of deficiencies in the mathematical model. In the DISOPE approach this
particular aspect continues to be very important as will be shown in this thesis. The
distinction between reality and model plays a crucial role in the DISOPE framework.
The definition of reality will have basically two interpretations in this thesis. On the
one hand reality may be taken as the actual plant dynamics which are normally
unknown and uncertain. On the other hand, reality may be interpreted as a known
but difficult to tackle dynamic description of the plant. The differentiation between
model and reality extends also to the performance index. There will be a distinction
between the performance index associated to the real dynamics and the performance
index which corresponds to the dynamic model. Thus we can refer to real and
model-based performance indexes. In any case, the model represents an (sometimes
convenient and intentional) approximation of reality, whatever reality means. In the
particular applications presented in this thesis this duality should not cause any
confusions. The particular interpretation of the term reality will be implicit or clearly

stated.
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2.2.1 Problem formulation and solution

Recall now the problem formulated in Section 2.1.1, assume that the
superscript * denotes reality and let us call it Real Optimal Control Problem (ROP2).
Consider now the following, possibly simplified Model-Based Optimal Control
Problem (MOP2):

MOP2

;

min

uy  In = OOW) - J L(x(®, u(t), y(©))

0

subject to

x = f(x(), u(t), a(t))
X(t) = X,

where state and control vectors have the same dimensions as in ROP2, J_ is a

model-based performance index, L : "< ™x -  js a continuous weighting

r n

function and perhaps a simplification of a known L ", f: "™ ™ IS an
approximated dynamic model of f*,  y(t) and a(t) " are continuous

parameters. The role of y(t) and a(t) will be to take into account model reality-
differences in value. Notice that as in the original formulation of the DISOPE
technique, the terminal weighting function ¢ in MOP?2 is identical to that in ROP2.

Using a two-step method, the solution of MOP2 (optimisation step) provides
the control u(t) as a function of the current parameter estimates a(u(t)) and y(u(t)).
In turn such estimates may be obtained by matching model and real state equations
and continuous weighting functions (parameter estimation step) at the current
computed control u(t)=u(a(t),y(t)). It is easy to notice that optimisation and

parameter estimation interact and, in general, because the model is only an
approximation to reality, several iterations may be required before convergence is

achieved. However, such iterations do not lead, in general, to the correct optimal
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solution of ROP2 (Durbeck, 1965; Foord, 1974), and it is necessary to integrate
optimisation with parameter estimation taking into account their mutual interaction.

The key to integrating system optimisation and parameter estimation is to
define an Expanded Optimal Control Problem (EOP2) which, in spite of being
model-based, is made equivalent to ROP2 by adding appropriate equality constraints
on state equations and continuous weighting function values. Furthermore, state and

control variables are separated between parameter estimation and optimisation steps

by introducing the new state and control variables z(t) and v(t), respectively.
EOP2

"

rlT('S 3, = () + J LX), u(t), y(1)) dt

0

subject to

X = f(x(t), u(®), a())
X(t,) = X%,

f(z(t), v(D), a(t)) = (1), v(®),1)
L (z(t), v(t),y(1)) = L"((t),v(1),1)

u(t) = v(t)
x(t) = z(t)

Adjoining all the equality constraints to the performance index by using

Lagrange multipliers, we obtain the following augmented performance index J. :

1"

Jo = o(x(t)) ~ J [ LOxuy) = p(f(x,u,a)-X) + A'(v-u) (29)

0

+ B (z-x)+u'(f(z,v,t)-f(zv,a)) + &L “(z,v,t)-L(z,v,y)) ] dt

where the time index has been dropped for convenience and p(t) ", At) ™

B) ", u® ™and &(t) are multiplier functions.
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If we define the augmented Hamiltonian function as:
H = L(x,uy) = p'f(x,u,a) - Au-fx (2,10)

then we can rewrite (2,9) as:

&

\]e/ = [q)(x)]t:t, + J [H-pX+Av=+pz (2,11)

0

U (z,v,t)-f(zv,a)) + &L (z,v,t)-L(z,v,y)) ] dt

By applying calculus of variations to (2,11) (see for example (Kirk, 1970) for

an introduction to the subject), and taking into account that t;, t, and X, are fixed,

we obtain the following expression for the first variation of Jo:

t,
3, = x|, + J{ HBu = H®x-pdx-[ H-XI'dp

A -f) - &C L= D)Tdv + [B+(f, -f)p + & L' - L)ldz

[ H-fju]da +[ H-& L]dy}d
[ H-faul0a + [ H-& LJdy} dt (2.1

Integrating by parts to eliminate the variation in X we obtain:

&

83, = [ $-pl'dx|, +pdx, - J{ H8u =+ [ H+pldx + [ H-X]'3p
(R -f ) - EC L= LT+ [B(f -f ) - & L= L)]ez
o[ H-foulda « [ H-E L]dy }dt

(2.13)

According to the Lagrange multiplier theory the constrained minimum of J_

is achieved at the unconstrained minimum of Je/, which is achieved when 6Je/ =0.

Setting to zero the coefficients of the independent increments in (2,12), and
concluding by inspection that & = 1 and p = p the following necessary optimality

conditions are obtained:
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Stationarity:

H=0 (2.14)
Costate equation:
H=pt) =0 (2,15)
State equation:
H =Xt =0 (2.16)
Boundary conditions:
M) =% (2,17)

p(t) = (1),

Multiplier equations:

A(Y) - [%—%rﬁ(t) fL - L

(2,18)
_pof _of ooy, .
B(t) [E E] pt) - [ L- L7]
plus the following equality constraints stated in the formulation of EOP2:
f(z(t), v(t), a(t)) = f (=), v(1),1) (2,19)
L (z(t), v(t),y(t)) = L "(z(t),v(t),t)
v(t) = u(t)
Z(t) = x(t) (2,20)
p(t) = p(t)

where p(t) has been introduced as a costate separation variable. We assume that the

structure of f and L is such that given v(t) and z(t) t [t,t.] the values ofa(t)
and y(t) t [t,t] can be uniquely determined from (2,19). Notice that optimality

conditions (2,14), (2,15) and (2,16) are model-based, and that A(t) andB(t) t [t,,t]
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carry information on model-reality differences, in curvature, as opposed to a(t)
and y(t) t [t,t.] which carry information on model-reality differences in value.

Recall our goal which is to solve ROP2. We have defined EOP2 which is
equivalent to ROP2 and we have derived its necessary optimality conditions by using
variational calculus. Thus if we satisfy the optimality conditions of EOP2, given the

equivalence, we are also satisfying the optimality conditions of ROP2. We intend to

solve ROP2 by using model-based calculations. Given values of a(t), y(t), A(t) and

B(t), it is easy to see that the solution of the following problem satisfies the

definition of the augmented Hamiltonian (2,10) and also the model-based optimality
conditions (2,14), (2,15) and (2,16), and border conditions (2,17). It is called
Modified Model Based Problem (MMOP2) and is defined as follows:

MMOP2

) t;
= 00 - J [ L), u@®, v@®) - AQTU() - By 1 dt

0

subject to

x = f(x(t), u(t), a(t))
X(t) = X,

Now, if based on given values of v(t), z(t) and P(t) we compute the
functions a(t), y(t), A(t), and B(t) from (2,18) and (2,19), and if the solution u(t), x(t)

and p(t) of MMOP?2 obtained from those functions additionally satisfy (2,20), then
that solution is also the solution of ROP2.

This reasoning gives rise to the following DISOPE algorithm which,
assuming convergence, achieves the solution of ROP2 via repeated solutions of
MMOP2 (Roberts, 1992).
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Algorithm 2.2.1: Continuous time DISOPE algorithm

Data

Step O

Step 1

Step 2

Step 3

Step 4

f, L, ¢, X, t, t, and means for calculating f* and L".

Compute or choose a nominal solution u®(t), x°(t) and p°(t). Set
i=0, vo()=u’(t), Z°(M=x"M, P°M=p°M, t [t,.t].
Compute the parameters a'(t), y'(t) to satisfy (2,19). This is called the
parameter estimation step.
Compute the multipliers A'(t) and B'(t) from (2,18).
With specified a(t), y(t), A(t) and B(t) solve the modified model-
based optimal control problem MMOP?2 to obtain u'*(t), x"*(t) and
p"i(t). This is called the system optimisation step.
This step tests convergence and updates the estimate for the optimal
solution of ROP2. In order to provide a mechanism for regulating
convergence, a simple relaxation method is employed to satisfy
(2,20). This is:
Vi) = Vi) + K (U - Vi)
z'"() = Z'(t) + K (x"(1)- Z'(1)) (2,21)
priM) = p'(M + k(p"H)- (D)

where K, k, and k, (0,1] are scalar gains. If vi(t) = v(t) within

a given tolerance stop, else set i=i+1 and continue from step 1.

2.2.2 Performance index augmentation

Variable augmentation has been used in steady-state ISOPE algorithms in

order to make the technique insensitive to the choice of relaxation gains, with the

additional effect that it also improves the convergence behaviour of the algorithms.
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This is because variable augmentation convexifies the optimisation problem
(Rockafellar, 1970, 1974; Brdys et al, 1987).

Augmentation was introduced by Roberts (1993a) in the DISOPE technique,
resulting in improved algorithm stability and convergence behaviour in difficult
cases. Similar techniques have been applied in optimal control algorithms by Hassan
and Singh (1976) and Sakawa and Shindo (1980).

Variable augmentation is applied in DISOPE by adding convexification terms

to the performance index of EOP2. This is, J, becomes:

1

J, = o(x(t)) J [ L(X(®), u(), y(®))

0

= 2rJu®) V1P + ZrIx®-ZB1? ] dt

(2,22)

where r, and r, are given scalar convexification factors.

The definition of the augmented Hamiltonian is changed to take into account
the new terms:
H = L(x,u,y) + p'f(x,u,a) - A'u-'x

X 1 (2,23)
+ S lu-viE - o lx-2)?

By using variational calculus it is possible to find that the model-based
optimality conditions obtained in Section 2.2.1 continue to be valid. Furthermore, the

main change in Algorithm 2.2.1 is that the solution of MMOP2 requires information

on V(t) and z(t), for the performance index in MMOP2 becomes:

&

Ju = 0(x(t)) ~ J [ LX), u(®), y(®) - A®D u®) - BO'XO)

0

(2,24)

+ I u®) -V + X -z ] dt
Notice that, at the end of the iterations, u(t)=v(t) and x(t)=z(t) so that at this

stage the augmentation terms and their derivatives are zero, so having no effect in

the real optimality of the solution.
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2.2.3 Terminal state constraints
In some problems we are interested in restricting functions of the terminal

state to have prescribed values, that is:

W(x().t) =0 (2,25)

for a given function ¢ : "x - 9 Equation (2,25) is an additional equality
constraint to ROP2, MOP2, EOP2 and MMOP2. It can be treated by using the
Lagrange multiplier theory (see, for example, Bryson and Ho, 1975). As a

consequence, a new boundary condition for the costate is obtained as follows:

a T
o) = & - a_‘l;(v oty (2,26)

where Vv 9 is a Lagrange multiplier vector to be found so that the additional

necessary condition (2,25) is satisfied. Notice that in terminal state constrained
problems some reachability conditions must be satisfied for a solution to exist (see,

for example, Lewis (1986a) for a discussion on the LQ case).
2.3 DISOPE WITH LINEAR-QUADRATIC MODEL-BASED PROBLEM

2.3.1 Formulation

If the model-based problem (MOP2) is chosen as a linear-quadratic
approximation of ROP2, then noniterative methods similar to Procedure 2.1.3 can be
used for the model-based computations.

Thus for computational advantage, a linear model-based dynamic function
f and quadratic weighting functions L and ¢ may be chosen. Considering that

a(t) and y(t) enter as shift parameters we have:

L(x,u,y) = 2x'Qx() + Ju(®) Ru(t) - y()
P(X(t)) = 2x(t) Px(t,) (2.27)
f(x,u,a) = Ax(t) + Bu(t) + a(t)

where ®=0, Q=0 and R>0 are symmetric weighting matrices of the appropriate

dimensions, A and B are matrices which represent a linear model of f*.
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Notice that more general terminal weighting specifications may be introduced

by exploiting the fact that a performance index of the form

[

J, = o(x(t)) ~ J L*(x(t),u(®),t)

can be represented by making the following substitution (Sakawa and Shindo, 1980):

L (x,ut) « L(x,u,t)~ &f7(x,u,t)

By using (2,27), and including the variable augmentation discussed in Section
2.2.2 the linear-quadratic MMOP2 can be written as:

"

T de = Xy ex) - J [ 3X(®)" Qx()-Zu() Ru(t) ~ y(®)

0

SN OUE - BIOXE) - Sryu®)-vB)IF - ZrIx(©)-Z17] dt

subject to
X = AX(t) + Bu(t) + a(t)
X(t,) = X%,

The corresponding Hamiltonian function is:

H = 2(x(O"Qx(®)+u(®) Ru(®) + y(t) + p(t)" (AX(V) ~Bu(t) - a(t)) (2.2g)

AU - BOXD - L Ju®-VOI + i lxO-20)?

Applying the model-based optimality conditions (2,14), (2,15), (2,16) and
(2,17) with H given by (2,28), the following TPBVP is obtained:

X = AX(t) - BR'(B"p() -A®) + a(t) (2,29)
b= -Qx(t) - AP - B

with border conditions:
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X(t,) = X,
p(t) = Px(t,)

(2,30)

where FE=R+r1Im and (§=Q+rzln are augmented weighting matrices and

AR =A(®) +r v(t), and B() =B(t) ~r,Z({t) are augmented multipliers.

This linear TPBVP can be solved by using the backward sweep method
(Bryson and Ho, 1975; Lewis, 1986a). The key is to assume the relationship between
costate and state as p(t) = K(t)x(t) +k(t), where K(t) is a nxn matrix and k(t) ".

This gives rise to the following noniterative solution procedure (See Appendix A for

the derivation):

Procedure 2.3.1: Solution of linear-quadratic MMOP

Step a: Solve backwards from t, to t; the following differential equations,
with terminal conditions K(t)=® and k(t)=0:
K = K()BR "B K(t)-A K() -K({t)A-Q
k = K()BR "B k(t)-Ak(t) -K(t) BR *A(t) -K(t) a(t) + B(t)
Step b: Compute the time-varying Kalman gain G(t), t [t,t] and driving
input g(t) ™ t [t,t] from:
G(t) = R 'B7K(t)

g(t) = -R " (B7K() -A())

Step c: Compute the state x(t), t [t,t] by integrating from the initial
condition X(t,) = x, the following differential equation:

x = (A-BG()x(®) ~Bg() +a(t)

Step d: Compute the costate p(t), t [t,t] from:

p(t) = KOX() +k()
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Step e: Compute the control input u(t), t [t,t] from the control law:

u®) = -GOx(® +a(t)

The linear-quadratic formulation enables the augmented multipliers X(t) and

E(t), t [t,,t] to be expressed as (see equation (2,18)):

of 1.4 S .
51 PO [Rv= L]
v

A(t) - [%—
(2,31)

S g Of O o s
B(t) [E E]p(t) [Qz- L~]

while the calculation of parameter a(t), t [t,,t,] becomes (see equation (2,19)),

noting that it is not necessary to calculate y(t):

a(t) = £ (z(t),v(t),t) - Az(t) - Bv(t) (232)

2.3.2 Terminal state constraints
Terminal state constraints of the type x.(t;)=0, i [1,q] will be taken into

consideration. This kind of constraint can be written as:

W(x(t)) = Cx(t) =0 (2,33)

where C = [Iq\O] IS a gxn matrix. Notice that a terminal constraint of the type

x(t)=x., i [1,9] can be achieved by a straightforward shift change of state

variable. The resulting TPBVP is identical to (2,29), but with boundary conditions
(see equation (2,26)):
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X(t)) = %
p(t) = ®x(t) + C'v

(2,34)

where v 9 is a Lagrange multiplier to be determined such that (2,33) is satisfied.

The solution of MMOP2 taking into account the terminal state constraint is again

based on the backward sweep method (Bryson and Ho, 1975). The key is to assume

the relationship between costate and state as p(t) = K(t)x(t) +k(t) + F(t)v, and express
the (fixed) terminal state function as Y = F(t)"x(t) ~W(t)v ~n(t) = Cx(t), where
K(t) is a nxn matrix, F(t) is a nxq matrix, W(t) is a gxg matrix, k(t) ", and

n(t) 9. The resulting noniterative solution procedure is as follows (See Appendix

B for the derivation):

Procedure 2.3.2: Solution of linear-quadratic MM OP2 with terminal

constraints

Step a: Solve backwards from t, to t; the following set of differential
equations, with terminal conditions K(t)=®, k(t)=0, F(t) = C",
W(t) =0, n(t)=0:
K = K()BR ‘B K(t)-A"K(t) -K(t) A-Q
k = K{)BR "B k(t)-Ak(t) -K(t) BR *A(t) -K(t) a(t) +B(t)
F = K{)BR ‘B F(t) -A F(t)
W = F(t)"BR 'BF(t)
N = FTBR (B k() -A(t)) -F(t)" a(t)
Step b: Compute the time-varying Kalman gain G(t), t [t,t], multiplierv
and driving input g(t) ™ t [t,t.] from:
G(t) = R "B K(t)
v = -W(t) (F(t) ™%, -n(ty))
g(t) = -R(B7(K(t) ~F()v) -A(1)
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Step c: Compute the state x(t), t [t,t] by integrating from the initial
condition X(t,) = x, the following differential equation:

X = (A-BG(1))x(t) - Bg(t) +a(t)
Step d: Compute the costate p(t), t [t,t] from:
p(t) = K()x(t) +k(t) + F(t)v

Step e: Compute the control input u(t), t [t t.] from the control law:

u® = -GOx(® +a(t)

2.3.3 DISOPE algorithm with LQ model-based problem

DISOPE requires a nominal solution to start the iterations. A recommended

starting point is to use the solution of MMOP2 under a(t)=0, X(t)=0,
B(t)=0, t [t,t], r, =r, = 0 (relaxed MMOP2).
It is recommended that the relaxation gains k, k, and k  should initially be

set to 1 and the convexification factors should be chosen as r,=r,=0, and adjusted
only if convergence problems arise.

The linear dynamic model (A, B) should approximate the real dynamics
represented by f* in the dynamic range of interest. One way to ensure this is to
choose the pair (A, B) as a linearization of f“(X,u,t) about an appropriate point.
The value of the weighting matrices (Q, R) should be such that the resulting L

approximates L * in the range of values of states and controls of interest.

From the above analysis, the following DISOPE algorithm with linear-

quadratic model based problem has been proposed (Roberts, 1993a).
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Algorithm 2.3.3: Continuous time DISOPE algorithm with LQ model-based

problem

Data

Step O

Step 1

Step 2

Step 3

Step 4

A B, Q R & 1,1, K, K, k, X, t,t, g and means for
calculating f* and L ~.

Compute or choose a nominal solution u®(t), x°(t) and p°(t). Set
i=0, vo(t)=u’(t), z°(t)=x°(t), p°(M)=p°(t), t [t,.t].

Compute the parameter o'(t) to satisfy (3,1). This is called the
parameter estimation step.

Compute the augmented multipliers Xi(t) and [_Bi(t) from (2,31).

With specified a(t), At) and B(t) solve the modified model based
optimal control problem MMOP2 (by using Procedure 2.3.1 ifg=0

or Procedure 2.3.2 if g>0) to obtain u'(t), x"*(t) and p"*(t). This
is called the system optimisation step.
This step tests convergence and updates the estimate for the optimal

solution of ROP2. The simple relaxation method (2,21) is employed
to satisfy (2,20). If v'"i(t) = v'(t) within a given tolerance stop, else

set i=i+1 and continue from step 1.

In practice, the achievement of the equality v'"'(t) = v'(t), t [t,,t.] may be

evaluated by using the following 2-norm (control variation norm between iterates):
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o

‘ . 1 ‘ .
vityl) = ‘ — IV v (1) ?dt
H n ~ J| ®-v'@®)l

R

where At is the numerical integration step, and comparing its value with a given

(2,35)

small tolerance €.

Notice that Algorithm 2.3.3 solves a sequence of LQ optimal control
problems which converge to the solution of ROP2 (which may be nonlinear and non-
quadratic). From this point of view, the algorithm may be compared to the
Sequential Quadratic Programming technique (Fletcher, 1981), where a sequence of
quadratic programming problems (consisting of a quadratic objective function with
linear constraints) are solved to find the solution of a nonlinearly constrained

mathematical programming problem. It is also noticeable that Algorithm 2.3.3 is an

infeasible path approach, in the sense that intermediate solutions u(t), x(t), t [t,,t]

are not exact solutions of the differential constraint X=f “(x,u,t).

24 SSMULATION EXAMPLES

Algorithm 2.3.3 was implemented in the C++ programming language
(Becerra, 1993a) using object oriented programming techniques which allow us to
handle naturally matrices and their operations (Gorlen et al, 1990). A fixed step size
fourth order Runge-Kutta integrator (Press et al, 1992) was used for solving all the
ODE’s involved in the algorithm. The trapezoidal rule was used for numerical
quadrature. All the derivatives (jacobian matrices, gradients) were computed by using
the Central Difference Formula (Press et al, 1992), so avoiding tedious analytical

derivative calculations, which are also prone to human errors.
Note that K(t), G(t), F(t), and W(t) need only be computed once and do not
change between iterations, provided r, and r, are kept constant during the process.

The CPU times presented below are for an IBM compatible 486D X-based
machine with 33 MHz clock speed.

For further details about the C++ implementation of the continuous time
DISOPE algorithm see (Becerra, 1993a).
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Example 2.4.1: continuous stirred tank reactor (CSTR).

This example has been taken from two classical books on optimal control
(Lapidus and Luus, 1967; Kirk, 1970) and consists of the dynamic optimisation of
a first order irreversible chemical reaction carried out under non-isothermal
conditions in a continuous stirred tank reactor (CSTR). Control of the reactor is

achieved by manipulation of the flow of cooling fluid through a cooling coil inserted

in the reactor. Here X(t) represents the deviation from the dimensionless
temperature, X,(t) represents the deviation from dimensionless concentration. The

control variable u(t) depends on the opening of the valve. It is required to find the

optimal input u(t) so as to minimize a quadratic performance index subject to the

nonlinear dynamic constraints. The model-based dynamics have been chosen as a

linearization about the origin. Here we will test the sensitivity of the algorithm with

respect to the tuning parameters r, and K . The numerical integration step used was
At = 0.01 and the tolerance specified for convergence was €,=0.01. The relaxation

gains k,, and Kk were both set to 1 and the convexification factor r, was set to zero.
The reason for this selection is that current research by Roberts (1993b) indicates
that DISOPE is more sensitive to the choice of r, and Kk, than to the values of the

other tuning parameters.

ROP:

0.78

min J (%’ +x, +0.1u?)dt

u(t)
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subject to

X, = —(%,+0.25) +(x,+0.5)exp —— -(1+u)(x,+0.25)

2

25x
X+

25xl

X1+2

X, = 0.5-x,-(x,+0.5)exp

x(0)=[0.05 0]

MOP:
. 078
rLT(I'S J(x12+x22+0.1u2)dt
subject to
425 1 _
O O S TORETO

x(0)=[0.05 0]

Table 2.4.1 shows the algorithm’s performance in terms of number of

iterations, CPU time and final ( J;" ) performance indexes, for different values of r,
and k,. The value of the real performance index for the nominal control u®(t)

(which was obtained from the relaxed MMOP) was J, = 0.031. Figure 2.4.1.1

shows the final state responses. Figure 2.4.1.2 shows the nominal and final control
signals, where the difference between the initial and final solutions can be

appreciated. Figures 2.4.1.3 and 2.4.1.4 show the convergence of the real

performance index and of the control variation norm, for the default values r, =0

and k,=1, and the best tested tuning parameter set r,=0.1 and k,=0.8.
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r K, Number of CPU (s) 3
iterations

0 1 10 63 0.026617
0.1 1 8 53 0.026618
0.5 1 9 59 0.026647

0 0.8 9 56 0.026617

0 0.3 13 80 0.026616
0.1 0.8 5 34 0.026620

x(1)

Table 2.4.1: Algorithm’s performance for example 2.4.1

0.06

Q.04

Q.02

—-0.02

—0.04

—-0.06

—-0.08

Figure 2.4.1.1: Example 2.4.1, final state vector
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optimal 8

u(t)

/

0.8

nominal
a.6F .
Q.4+ -
Q.2+ -
O 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Figure 2.4.1.2: Example 2.4.1, final and nominal control signals

0.031

0.031

Q.03

Q.03

0.029

0.029

performance index

0.028 -

0.028

Q0.027

0.027

iteration number

Figure 2.4.1.3: Example 2.4.1, convergence of the real performance
index
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1.2

control variation norm

iteration number

Figure 2.4.1.4: Example 2.4.1, convergence of the control variation
norm

It can be seen that the speed of convergence depends on the values of the
tuning parameters r, and K, . Furthermore, there must be an optimum pair(r,,K,)

which provides a minimum number of iterations for convergence. The minimum
number of iterations achieved with the combinations tested was 5, while the
iterations with the default values r ;=0 and Kk, =1 was 10. This agrees with the
results obtained by Roberts (1993b).

We can observe in Figure 2.4.1.3 that the performance index does not

decrease monotonically with r,=0 and k,=1, while it does with r,=0.1 and

k,=0.8. The control variations are obviously smaller between iterates and
convergence is faster with the latter set of parameters, as can be seen in Figure
24.14.

It is also important to test the sensitivity of the algorithm with respect to the
nominal solution. An additional simulation was carried out using the same model-

based problem, but the nominal solution was taken as:

u(t)=0, x(t)=x,, p(t)=0, t [0,1]
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using r,=0 and k,=1. Then convergence was achieved after 12 iterations, with an

initial performance index J, =0.223810. This result indicates that although the

nominal solution obtained from the relaxed MMOP is closer to the optimum, the
algorithm was able to find the optimum starting from a gross approximation without
a significant increase in the number of iterations required. Furthermore, DISOPE

does not require the nominal solution to be very close to the optimum.
Example 2.4.2: Third order nonlinear system

This example consist of the optimisation of a non quadratic performance
index subject to nonlinear dynamic equations and a terminal state constraint. The
model-based problem consists of a quadratic approximation to the original
performance index and a linear approximation to the real dynamics. Here we will
illustrate the sensitivity of the algorithm with respect to the linear dynamic

approximation used in the model-based problem. The numerical integration step used
was At = 0.04 and the tolerance specified for convergence was €,6=0.01. Relaxation

gains and convexification factors were set to the default values one and zero,
respectively. It is noted that the nonlinearities in ROP are substantial and the model-
reality differences are considerable.

ROP:

2

min
J (X14 +X22 +)(32 +u12 +Uze)dt

u(t)

subject to

Xl =X T XX U

X, = X = 2% ¢ X
X, = -3X, + X, + sin(u,)
x(0)=[1.2 0.0 1.0]"; x(2) =0
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MOP:

2

min
J (X12 +Xz2 +Xs2 +Ul2 +Uzz)dt

u(t)

subject to X = Ax(t) + Bu(t) + a(t)
x(0)=[1.2 0.0 1.0]"; x(2) =0

Table 2.4.2 shows the model based matrices used and the results obtained in
terms of number of iterations for convergence, CPU time, nominal ( x(2) ) and
final ( x,(2) ) values of the terminal constrained state, and the final value of the real
performance index J°. Notice that in case (a) the dynamic matrices were computed

as a linearization of the real dynamics about the origin x=[0 0 0]", u=[0 0], while

in case (b) these matrices have been (arbitrarily) multiplied by a factor of 2.

Iter. (s)
a 23 177 0.0958 | -0.0060 | 0.4865
-1 0 O 10
1 -2 0
0 1 -3
b 29 221 0.2769 | -0.0067 | 0.4873
-2 0 O 2 0
2 4 0
0 2 -6

Table 2.4.2: Algorithm’s performance for example 2.4.2
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Figure 2.4.2.1: Example 2.4.2, final state response
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Figure 2.4.2.2: Example 2.4.2, final control signals
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Figure 2.4.2.3: Example 2.4.2, convergence of the control variation
norm, cases (a) and (b)

From the results presented it can be seen that in both cases the algorithm
achieved the same solution to ROP within the tolerance specified. However, it is
observed that case (a) yielded faster convergence. The reason for this is that the
linear dynamics in case (a), being a linearization about the origin, are a better
approximation to the real dynamics. This is illustrated in Figure 2.4.2.3 where it can
be seen that the control variation norm converges monotonically, while in case (b)
some oscillations are present. This indicates that different model-based

approximations to reality have distinctive convergence behaviour.

Notice that although intermediate iterates x'(t), u'(t), t [t,t] satisfy the

terminal constraint x,(t) =0, the solution of X=f"(x,u,t) given u'(t), t [t,t] will

only satisfy the terminal condition at the end of the iterations.
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2.5 SUMMARY

In this chapter, after a brief introduction to the theory of optimal control, the
theoretical development of the DISOPE approach has been presented and the
continuous time DISOPE algorithm has been described as originally introduced by
Roberts (1992, 1993a). The main mathematical tool used for the derivation is the
calculus of variations. Topics such as variable augmentation and handling of terminal
state constraints have been treated. Furthermore, a version of continuous time
DISOPE with a linear-quadratic model-based problem has been implemented in
software. Such an implementation has been used to test the algorithm through
simulation examples. The effects of some tuning parameters, such as relaxation gains
and convexification factors have been investigated. Moreover, the sensitivity of the
algorithm with respect to various factors, such as the initial solution guess and the
model-based dynamic approximation of reality, has been illustrated. The capability
of the algorithm for solving nonlinear optimal control problems with model-reality

differences has been emphasized.
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CHAPTER 3

DISOPE WITH CONSTRAINED CONTROLS

In this chapter, an extension of the DISOPE agorithm is developed for
handling optimal control problems with input-dependent inequality constraints. The
new algorithm is implemented in software, and it is tested with one example with
magnitude constraints on the control signal. Alternative ways of handling magnitude
constraints are also treated. The research work presented in this chapter is also
described in (Becerra and Roberts, 1993).

3.1 OPTIMAL CONTROL WITH INPUT DEPENDENT CONSTRAINTS

The importance of nonlinear control problems with control input dependent
constraints is widely recognized (Quintana and Davison, 1974). These constraints
arise naturally from the physical limitations of controllers, control valves, actuators
and/or processes and are normally called hard constraints, because no violations are
allowed at any time. Such constraints must be handled explicitly in any optimisation
procedure (Soeterboek, 1992).

3.1.1 Problem formulation

The following formulation extends the real optimal control problem (ROP2)
formulated in Section 2.1.1 to accommodate a set of input-dependent constraints.
Consider the following fixed terminal time real optimal control problem (ROP3) with
input-dependent inequality constraints:

ROP3

. tf
min

uy = ) J L (x(t), u(t), t) d

0
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subject to X = f1(x(t), u(t), t)
X(ty) = X,
c(u(®),t) < 0

wheret, t, f*, x(t), u(t), L*, ¢ aredefinedin Section2.1.1andC : "x "o ™

is a set of input-dependent inequality constraints.
3.1.2 Necessary optimality conditions (The minimum principle)

The necessary optimality conditions of ROP3 are given in terms of the
Hamiltonian (2,3) and it was shown by Pontryagin et a (1962) that the costate
equation (2,5), state equation (2,6) and boundary conditions (2,7) still hold as

necessary conditions of optimality, but at al points on C=0 (i.e. the constraint is

active) the optimal u has the property that (Bryson and Ho, 1975)

SH* = H"3u=20

: (32)
5c - Csu<o0
ou
Furthermore if C<O0
H * o= O (312)

The above conditions can be stated as "H * must be minimized over the set

of all possible u". This is known as Pontryagin’s Minimum Principle (Pontryagin
et al, 1962). An equivalent approach to the above formulation is to define (Bryson
and Ho, 1975):

H/ = L(X,U,t) " pr(x,u,t)+®TC(u,t) (3,3)

where ©(t) ™ is a Kuhn-Tucker multiplier which has the requirement that:
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>0, C(u,t)=0 (3,4)

M o, clut)<o

then the stationarity condition on H' is:

H = L9050« %Cem -0 (35)
ou ou

u u

Noticethatas ,H’' = Hand |H' =  H thenequations(2,5)and(2,6)

also apply as necessary optimality conditions in this alternative formulation.
3.2 DYNAMIC ISOPE APPROACH

In Chapter 2, we derived the DISOPE agorithm by using variational calculus.
In that case we assumed that there were no constraints on the values the control
signal may achieve. In this Section we shall take into account such constraints in the

formulation by using the minimum principle stated above.

3.2.1 Problem formulation and solution

Instead of solving the real problem ROP3 the following possibly simplified
model based problem (MOP3) is considered:
MOP3

min

t,
ut)y m - d(x(t)) + J L(x(t), u(t), y(t)) dt

subject to

X = f(x(1), u(®), a(t))
X(t,) = X,
C(u@®),t) <0
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where J_ is amodel-based performance index, L is a continuous weighting function

and perhaps a simplification of aknown L *, f is an approximated dynamic model

of f, y(t) and a(t) " are continuous parameters.
Now, an expanded optimal control problem (EOP3), which is equivalent to

the real optimal control problem ROP3, is defined as follows:
EOP3

"

run(itr)\ 3. = o(x(t)) -+ J L(x(t), u(t), y(t)) dt

0

subject to
X = f(x(), u(®), a(t))
X(t,) = X,
C(u(t),t)<0
f(z(t),v(t),a(t)) = f(zt),v(t),t)
L(Z(t), v(t),y(t)) = L "(z(t),v(1),t)
u(t) = v(t)
x(t) = z(t)
where therole of z(t), v(t) and that of the additional equality constraints has already
been discussed in Section 2.1.1.

Adjoining constraints, we obtain the following augmented performance index

Jo:

t,
Jo = () + J [ LOxuy) = p (f(x,u,a)-Xx) + A"(v-u)

i (3.6)
* B(z-x) + w(f(z,v,t)-f(zv,a))

+ &L “(z,v,t)-L(z,v,y)) + ©C(u,t) ] dt
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where the time index has been dropped for convenience, p(t) ", A(f) ™

Bt) ", ut) ™and &(t) arelLagrange multipliersand ©(t) ™ isaKuhn-
Tucker multiplier such that (3,4) is satisfied.
Notice that by adjoining the inequality constraint C(u,t)<0 with the Kuhn-

Tucker multiplier O(t) we are firstly eliminating the inequality constraint such that
the control variations become free, and secondly we are implicitly applying the
minimum principle.

Define a function (the augmented Hamiltonian):
H=L(x,u,y) + p'f(x,u,a) - A'u-f'x + ©"C(u,t) (3,7)

Thus, by applying the calculus of variations to (3,6) and taking into account
the new definition of the augmented Hamiltonian H it is easy to see that the
necessary optimality conditions of EOP3 are identical to those obtained for EOP2,

namely (2,14) to (2,20). Asaconsequence, it followsthat given valuesof a(t), y(t),A(t)

and B(t), the solution of the following problem satisfies the definition of the
augmented Hamiltonian (3,7) and aso the model-based optimality conditions (2,14),
(2,15) and (2,16) plus the border conditions (2,17).

MMOP3

&

rlT(it;] Jy = 0(x(t)) ~ J [ LOCY), u®), y®) -A®"u®) - BO() ] dt

0

subject to

x = f(x(t), u(®), a(t))
X(t) = X,
C(u(t),t)<0

The above analysis gives rise to the following DISOPE algorithm with
inequality constraints on the control variables.
Define:

Q ={ u®®: Cubh=o,j [Lm], t [t,t]} (3.8)
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as the set of admissible control tragjectories.

Algorithm 3.2.1: DISOPE algorithm with input dependent inequality

constraints

Data

Step O

Step 1

Step 2
Step 3

Step 4

f, L, ¢, %, t, t, C, and means for calculating f* and L ".
Compute or choose a nominal solution u®t) Q, x°t) and p°(t).
Set i=0, vo(t)=u’(t), z°(t)=x°(), P°(=p°M), t [t t].
Compute the parameters a'(t), y'(t) to satisfy (2,19). Thisiscalled the
parameter estimation step.

Compute the multipliers Ni(t) and B'(t) from (2,20).

With specified a(t), y(t), A(t) and B(t) solve the modified model-
based optimal control problem MMOP3 to obtain u'“(t), x"*(t) and
p'(t). Thisis called the system optimisation step. This step should
be performed by an optima control agorithm capable of handling
input dependent inequality constraints.

This step tests convergence and updates the estimate for the optimal

solution of ROP3. In order to provide a mechanism for regulating

convergence, the smple relaxation method (2,21) may be employed
to satisfy (2,20). If v'"}(t) = v'(t) within agiven tolerance stop, else

set i=i+1 and continue from step 1.

3.3 CASE OF SIMPLE BOUNDS ON THE CONTROLS

magnitude is bounded at upper and lower levels (i.e. U, < U

It is of particular practical importance the case when the control input

j S umaxl’ J [1’m])' |n

this case, we have the following set of control input inequality constraints:
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u-u.,<0 (3,9
-u +u _l <O J [1’m]
i TminT

mi

One way of handling magnitude constraints on the control inputs is the use
of a variable transformation technique. Several authors have proposed the use of
variable transformations to convert the constrained problem into an unconstrained
one in a new control variable (Sisirena and Tan, 1974). A particular transformation
suitable to be used within the DISOPE framework is the following vector saturation
function:

sat(u,)

u(t) = SAT(u(t)) = (3,10)

sat(u_)

where u(t) is the transformed (unconstrained) control variable, u(t) is the

constrained control variable, and the scalar saturation function sat(.) is given by:

u u=>u

max, 7 max (3,11)
sat(uj) = Uj uminjsujSl'lmaxl

U, uj<uminI

mi nl

By using such atransformation, unconstrained DISOPE (i.e. Algorithm 2.3.3)
and hence iterative LQ solution methods may be applied to the transformed problem.

3.4 SSIMULATION EXAMPLES

Recall Algorithm 3.2.1 and notice that it requires that step 3 must be solved
by using an optimal control algorithm capable of handling control dependent

inequality constraints. As mentioned in Section 3.3, bound or magnitude constraints

on the controls are a particular case of the general inequality constraints C(u,t)<0

which has practical relevance. In this work, Algorithm 3.2.1 has been implemented
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for such a particular case. A multiple-input extension of the single-input conjugate-
gradient algorithm presented by Quintana and Davison (1974) is used as an auxiliary
algorithm for solving MMOP3 at every iteration of DISOPE. The agorithm
(described in Appendix C) is easy to implement and its convergence has been proven
for any arbitrary and feasible initial estimate of the optimal control. The key
concepts of this algorithm are the numerical integration of the state and costate
equations, and a gradient in function space to update the controls which are clipped-
off at the bounds so as to minimize the Hamiltonian. The algorithm has shown good
performance and has been compared favourably with other constrained optimal
control algorithms (Jones and Finch, 1984).

The following simulations were run on an IBM compatible 486D X-based
microcomputer with 33 MHz clock speed. The example was solved by two methods:
@ Algorithm 3.2.1 (DISOPE with constrained controls), using a conjugate-

gradient algorithm to find the solution of MMOP3 at every iteration.

(b) Algorithm 2.3.3 (DISOPE with LQ model-based problem), using a variable
transformation to handle the control bounds.

More details on the conjugate-gradient algorithm used, together with the

definition of its tuning parameters may be found in Appendix C. The tolerances
specified for the conjugate-gradient agorithm were €, = 0.05 and ¢, = 0.05,

resetting the algorithm to steepest descent every 3 iterations.

Example 3.4.1: continuous stirred tank reactor (CSTR) with bounded control
This example consists of the same dynamic equations and performance index

asin Example 2.4.1, but here the control signal is bounded between upper and lower
levels -1<u(t)<1. The model-based dynamics have been chosen as a linearization
about the origin. The numerical integration step used was At = 0.01 and the
tolerance specified for convergence of DISOPE was €,=0.01. The relaxation gains

k,, and k were both set to 1 and the convexification factor r, was set to zero. The

values of K, and r, were set to 1 and 0, in method (&), and 0.9 and 0.5 in method
(b).
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ROP:

0.78

T(It;l I(x12+x22+0.1u2)dt
subject to
25X
X, = -(x,+0.25) +(x,+~0.5)exp ; -(1+u)(x,+0.25)
X+
x =05 (x,+0.5) 23,
= 05-x,-(x,+0.5)ex
% %= (%, P
x(0) = [0.05 O]"
-l<ut) <1
MOP:.
. 0.78
31('8 I(x12+x22+0.1u2+y)dt
subject to
. 425 1 -0.25
X = 625 2 X(t) + 0 ut) + af(t)

x(0) = [0.05 0]
-1<su) =1

The performances of the methods being tested (Algorithms 3.2.1 and 2.3.3)
are presented in Table 3.4.1. Thefinal control signals are compared in Figure 3.4.1.1.
The convergence behaviour is illustrated in Figures 3.4.1.2 and 3.4.1.3.
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Algorithm | Number of | Number of | CPU 3 J
DISOPE | performance ()
iterations index
evaluations
(@ 3.21 6 98 281 0.053664 0.028952
(b) 2.3.3 11 11 71 0.053644 0.028953

Table 3.4.1: Performances for example 3.4.1

It can be seen in Table 3.4.1 that even though Algorithm 3.2.1 required a
lower number of iterations for convergence, the CPU time it used was significantly
higher than that used by Algorithm 2.3.3. The CPU time per iteration in Algorithm
3.2.1 was about 5 times higher than that in Algorithm 2.3.3, which is explained by
the iterative nature of the conjugate-gradient algorithm used for solving MMOP3, as
opposed by the non-iterative LQ solution procedure used in Algorithm 2.3.3
(Procedure 2.3.1). Notice that the performance index evaluations in Algorithm 2.3.3
are carried out for later anaysis, and these are not needed for the agorithm’s
calculations. Notice also that the changes in the performance index are very small
after afew iterations with Algorithm 2.3.3. However, the convergence of the control
variations is slower than that of the performance index. This occurs because changes
in the (unconstrained) model-based control are sensed by DISOPE, but the saturation
function filters such changes when the performance index is computed.

It can be checked that the solutions obtained satisfy the necessary optimality
conditions (within the tolerances specified) and, therefore, the constrained DI SOPE
algorithm achieved the correct optima solution in spite of the model-reality
differences. This verifies, by means of simulations, the validity of Algorithm 3.2.1

as well as the usefulness of the variable transformation technique.
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Figure 3.4.1.2: Example 3.4.1, Convergence of the performance index
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control variation norm
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Figure 3.4.1.3: Example 3.4.1, control variation norm versus iterations

3.5 SUMMARY

An extension of the DISOPE algorithm for handling optimal control problems
with general control dependent inequality constraints has been developed. The
original DISOPE algorithm remains basically unchanged when including the control
dependent constraints, the important differences being the specification of a feasible
nominal solution and the explicit handling of the constraints when solving MM OP3.

The algorithm developed has been implemented in software, for the particul ar
case of control magnitude bounds, using a conjugate-gradient algorithm for solving
the constrained modified model-based problem. Additionaly, a variable
transformati on technique which converts problems with simple bound constraintsinto
unconstrained problems has been tested. The transformed unconstrained problems
were solved by using the DISOPE algorithm with unconstrained LQ model based
problem (Algorithm 2.3.3).

The implemented constrained DISOPE agorithm and the variable
transformation technique have been tested with one example with bounded control
input. The results indicate that the variable transformation technique together with

the unconstrained version of DISOPE is a more efficient alternative for handling
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bound constraints from the computational time point of view, than using the
constrained version of DISOPE together with the conjugate-gradient algorithm, even
though the constrained DISOPE algorithm required less iterations for convergence.
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CHAPTER 4

HIERARCHICAL DISOPE ALGORITHM

In this chapter, a hierarchica DISOPE agorithm for solving large-scale
nonlinear optimal control problems with model-reality differencesis developed. The
approach used is based on the interaction-prediction approach and on the centralized
DISOPE technique. A new multiplier is introduced to take into account the
constraints related with the interactions between subsystems. A version of the
algorithm with a linear-quadratic model-based problem is developed and
implemented in software. The technique is suitable for paralel or distributed
processing. The algorithm implemented is tested with one simulation example. The

research work presented in this chapter is also described in (Becerra, 1993c).

4.1 LARGE-SCALE SYSTEMS AND HIERARCHICAL CONTROL

Systems complexity in many real-life plants and processes has led to a new
class of systems theory called large-scale systems. A system is considered as being
of large-scale when it can be decomposed into a finite number of subsystems or
when it is distributed in such a way that the concept of centrality does not hold.
Most large-scale industrial processes consist of interconnected subsystems or sub-
processes according to workshops, units, functions and geographical positions.
Examples may be found in severa industries such as chemical, petrochemical,
electrical power, etc. One class of control of large-scale industrial processes is the
hierarchical one, where decision units, which are positioned at upper levels in the
hierarchy, control or coordinate the process units or subsystems located at the lower
levels. The control or coordination functions are normally performed by a set of
computers (decision units) connected in a hierarchical or multilevel structure.
Hierarchical optimisation of dynamic systems may yield substantial computational
savings (when compared to centralized dynamic optimisation), in both storage and
computer time and these benefits increase when parallel processing is used (Jamshidi,
1983; Singh, 1980).
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4.2 PROBLEM FORMULATION AND SOLUTION APPROACH

Consider the large-scale interconnected system described by the following
time-varying ordinary differential equation:

x = f(x(),u(t),t)
X(t,)=x,

(4.1)

where u(t) ™, x(t) " represent the overall control and state vectors respectively,
X, " represents a given initial state, and f*: "™ ™ - " represents the

overall dynamic system.
This large-scale system is decomposed into N sub-systems (Jamshidi, 1983),
giving the following dynamic equation for the ith subsystem:

Xi = fi*(Xi(t),Ui(t),t)-’-zi(X(t),t)
x(0)=x;

(4.2)

where u(t) ™, x(t) " represent the ith control and state vectors respectively,
n

X, ' represents the subsystem initial state, f" 1 "x "x - " represents the

subsystem’s  dynamics, ¢ : "™ - " represent the interactions or

interconnections between subsystems and is given by

(0, 0=) G (x(0),1) (4.3)

The objective is to find the control vectors u,(t)...u,(t) so that the following

overall performance index is minimized:
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17

J7 = (x(t)) + J L “(x(t),u(t),t) dt (4.4)

0

where ¢ : "- is agiven termina measure and L*: "™ ™ s the
overall performance measure function.

It is supposed that the overall performance index is additively separable:

I S N TGN J CTGRTORINCS B

| |
0

n

where ¢, : " isthe ith termina measure and L°: ™ ™ - jstheith

performance measure function.
Then, the large-scale system optimal control problem can be written as.

min t

ui(t) ‘]* = E‘]i* = E{ ¢i(Xi(tf)) + J Li*(Xi(t),Ui(t),t) dt }
i [l,N] i=1 i=1 4
subject to
(1) = (0, u),t) + 8,(w(1).t)
Xi(to) = Xio
B(w(t),t) = Y g(x(1),1)
j=1
where 8 " and w, * represent the interactions between subsystems,

Now, it is assumed that the interactions are linear. Thisis:

0.(w(t),t) = Cw(t)
N (416)
wi(t) = E M, ()

where C. "M ¥,
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The following formulation is based on the interaction-prediction method
(Singh, 1980; Jamshidi, 1983; Mahmoud et a, 1985) and on the centralized
continuous time version of the DISOPE agorithm (Roberts, 1992, 1993a; see
Chapter 2). After the above analysis and assumptions, consider the following large-

scale system real optimal control problem (ROP4):

ROP4
min N N b
u® 3 =0 = T e() - J L (x(®),u®),t) dt }
i [l,N] i=1 i=1 4

subject to

X = £ (x(t),u(t),t) « Cw

X(to) =X,

w(t) = XN: M; X (1)
j=1

Instead of solving ROPA4, the following possibly simplified large-scale system
model-based optimal control problem (MOP4) is considered:

MOP4
min N N t
B 3, =33 = T o) - J L(X(0),u(0,y(0) dt )
i [1,N] i=1 i=1 4
subject to

X = f(x(t),u(t),o )

X (t)) =X
where L @ "x ™x - is a model-based performance measure function,

foo "™ Mx "L %represents a model of ', a(t) " and y(t) are

continuous parameters. Notice that the dynamic equation in MOP4 does not have an

interaction term. It will be clarified later that the set of parameters a.(t), i [1,N]
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will not only take into account the model-reality differences in value between f. and

f." but also the interactions or interconnections between subsystems.

Now, alarge-scale system expanded optimal control problem (EOP4), which
is equivalent to ROP4, is considered:

EOP4
min N N t
u® I, =3, = S ax(t) -+ J L@, u®.y®) dt }
i [LN] i=1 i=1 )
subject to

x(t) = f,(x(0),u®, ()

X(t) = %,

f(z(®,v(1),a(t) = 7 (z0),v1),t)~C w(t)
L(z(®),v(®).v,(®) = L'(z®),v(0).t)

vi(t) = u(t)

z(t) = x(t)

wi(t) = Z M, x(t)

where v(t) ™ and z(t) " are introduced as separation variables. Adjoining

constraints in EOP4,

t

JE/ ) _E{ b, (x(t) ~ J[ L O% U)o (FiOx, b, 0) =)
N (V) B (Z-x) -1 (7 (Z,v, ) +Cw, -f(z,v,,a,)) (4.7)

+E(Li*(Zi,Vi,t) _Li(zilvilyi)) +QiT(Wi _Z Minj ) ]dt }

wherep(® " AM T BE® @M " E®  and Q) ° arelagrange

multiplier functions. Define:
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N
H o= L(x,u,y) + pifoe,u,o0) - Au - Bix - ) Q7 M, x, 48)
=1 ’

Following a similar procedure to that outlined in Section 2.2.1, we then use

(4,8) and apply calculus of variations to (4,7). After concluding that 1(t) =p,(t) and

& () =1, the necessary optimality conditions presented below are obtained:

Stationarity
H, = 0 (4,9)
Costate equation
H,p = 0 (4,10)
State equation
x = f(x(),u,o() (4,11)
Boundary conditions
A =% (4.12)

p(t) = (L)

Multiplier equations

of  of *
)\|(t) = [a—v_a—v]Tp,(t) + [ viLi_ V‘Li ]

(4,13)

N
B'()_[O_Zi a_ZI]pI() [Zii z’i]

Q) = -C'pb) (4,14)

plus the following equality constraints stated in the formulation of EOP4
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f(2(00.0,0) = £ (30.v0.t) + Cw(®)

(4,15)
L (z(1),v(1).y,() = Li'(z(),v(),1)
vi(t) = u(t)
z(t) = x() (4,16)
pi(t) = pi()
w(t) = i M, (1) (4.17)
j=1

where i [1,N] and p.(t) has been introduced as a costate separation variable.

Definition (4,8) and optimality conditions (4,9), (4,10), (4,11) and (4,12) are
satisfied by solving the following modified model-based optimal control problem

(MMOP4):
MMOP4
min N N y
u® 3, =33, = XL o(x(t)) - J [ L(x.u.v)
i [1,N] =1 -1 0
- Ny, - Ber_XN: QiTMjiXi ]dt}
subject to

x = f(x(),u(),a(t))

X (t)=%q

under specified A(t), B.(t), Q(t), a.(t) and y(t).

The above analysis gives rise to the following hierarchical (two-level)
algorithm, which, assuming convergence, achieves the correct optimal solution of the
large-scale ROP4, via repeated solutions of MMOPA4.

Algorithm 4.2.1: Hierarchical DISOPE algorithm

Data: f, L, ®, t, t and means for caculating f;", L, i [1N].
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Step O:

Step 1:

Step 2:

Step 3:

Step 4:

Step 5:

At level 2, compute a nominal solution u’(t), x°@t), pt).
Set 1=0, v (t) =u’(t), Z2°(t) =x"(1), B’®= p’®, i [LN].
At level 2, compute W;'(t), i [1,N] from (4,6).

At level 2, compute a.(t), v.(t), i [LN] from (4,15) and send to
level 1.

At level 2, compute Q(t), j [LN] from (4,14) and A(1), B(V),
i [LN] from (4,13), and send to level 1.

At level 1, under specified A(t), B(1), Q(t) a(t) and v.(t) solve

MMOP4 to obtain u'"*(t), x"*(t), p"*(t), i [LN] and send to level

2.

At level 2, update the estimate for the optimal solution of ROP4. In
order to provide a mechanism for regulating convergence, arelaxation
method similar to (2,21) may be employed to satisfy (4,16). If
vii(t) =v'(t) and w'(t) =Mx"(t) within adefined tolerance, stop, else

set 1=1+1 and continue from step 1.

4.3 CASE WITH LINEAR-QUADRATIC MODEL-BASED PROBLEM

4.3.1 Formulation

For computational advantage, a linear model-based dynamic function f. and

quadratic weighting functions L, and ¢. may be chosen. Considering that a.(t) andy.(t)

enter as shift parameters we have:

L (X, u.y) = =X Qx(1) + u® Ru() + y(t)
b(x (1)) = %(t) Px(t) (4,18)
f(x,u,a) = Ax(t) + Bu(t) + a(t)
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where >0, Q=0 and R>0 are symmetric weighting matrices of the appropriate

dimensions, A and B, are matrices which represent a linear model of f;".
Using (4,18) and adding augmentation terms, as was done in Section 2.3.1,

equation (4,8) becomes:

H = 2x'Qx + su'Ru +y, = p'(Ax + Bu + o) - A'u - B/x
(4,19)

N
1 112 1 o2 T
+5ri,1”ui vil® = Eri,z”xi zl ZQi Mjixi
=1

Applying the optimality conditions (4,9), (4,10), (4,11) and (4,12) the
following TPBVP is obtained:

% = Ax()+BR “(Bp()-A®) + ayt)

~ B (4,20)
pi = _Qixi(t)_AiTpi(t) + B|(t)
with border conditions:
Xi(tO) = Xio (4’21)
pi(tf) = cDiXi(tf)
where
__ = R+r .l
r\: Rl (4,22)
Q = Q-rl,
A=A )T,V (1)
(4,23)

BO-BO-T 20X M

It is easy to notice that the structure of the resultant TPBVP (4,21) is
identical to that obtained in the centralized case (See equation (2,29)). Therefore,
Procedure 2.3.1 may be applied to solve MMOPA4 for each subsystem.
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The linear-quadratic formulation enables the augmented multipliers Xi(t) and
Ei(t) to be written as:

A = [ afi*rra(t) [Rv,- L]
i - G_V_G_V i + iViT oy
: : (4,24)

B = afi—af*“ - [0z- ‘ +N T
B.(t) - [a_Z‘ G_Zi] p|(t) [Q|Z| ziLi ] J_El MJI Qj(t)

The calculation of parameter o.(t) becomes, noting that it is not necessary

to calculate y,(t):

a(t) = f'(z(t),v(),))~Cw.-Az(t)-Bv(t) (4,25)

4.3.2 Hierarchical DISOPE algorithm with LQ model-based problem

The following algorithm requires a nominal solution to start the iterations. A

recommended starting point is to use the solution of MMOP4 under o (t) =0,
A®=0, B()=0, r, =r, =0 and Q=0 i [LN], | [LN], t [t,t] (relaxed

MMOP4).

Algorithm 4.3.2: Hierarchical DISOPE algorithm with LQ model-based

problem
Data: A, B, Q. R, ®, t, t, N, r, r,, and meansfor caculating f,", L;",
i [1,N].
Step O: At level 2, Compute or choose a nomina solution uio(t), xio(t),

p(t). Set 1=0, v "()=u’(®), z°O)=x"(1), P°O=p’®), i [LN].

Step 1: At level 2, compute w.(t), i [1,N] from (4,6).
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Step 2:

Step 3:

Step 4:

Step 5:

At level 2, compute a(t), i [1,N] from (4,25) and send to level 1.
This is called the parameter estimation step.

At level 2, compute Q(1), ] [LN] from (4,14) and A(t), By,
i [LN], from (4,23) and send to level 1.

At level 1, under specified A(1), B(1), Q (1), o), v(b), z(t) solve

MMOP4 to obtain u' (), x""(t), p"*(t), i [1,N] and send to level

2. Procedure 2.3.1 may be used to obtain the solution . Thisis called
the system optimisation step.

At level 2, test convergence and update the estimate for the optimal
solution of ROP4. A relaxation method similar to (2,21) may be
employed to satisfy (4,16). If v'}(t) =v'(t) and w'(t) =Mx"(t) within

a defined tolerance, stop, else set 1=1+1 and continue from step 1.

The convergence of the algorithm in step 5 can be evaluated by using the

following set of 2-norms and comparing each of them with given tolerances €, and

€, respectively:

Control variation norm:

‘ tf

N . 4,26
|v”1—v'|z=J Aitjz IARORAOIR: (429
, Vi1
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Interaction norm:

‘ tf N

N
|w'—Mx'*l|2=J ﬂzl Iw'()-3 My Pt
R £

(4,27)

where At is the numerical integration step.
Notice that a.(t), Xi(t) and [_?ai(t), I [1L,N] take into account not only the

model-reality differences, but also the influence of the interactions, so that step 3
for the ith subsystem is independent from the other subsystems. Furthermore, the
algorithm lends itself to parallel processing as the optimisation step for each
subsystem can be solved independently.

Figure 4.3.2 shows the information exchange between the two levels.

Level 2
compute

v(1),2(0),p(0), w(t),o(8),S2(t),3(1), At

& Uy O‘N
781 Xl N
M Py My

Level 1 Level 1
sub-system 1 o sub-system N
compute compute
U (8, x4 (8), (1) U {8, (0, 2 ()

Figure 4.3.2: Information exchange in Algorithm 4.3.2

4.4 SSIMULATION EXAMPLE

Algorithm 4.3.2 was implemented in the C++ programming language based
on previous work on centralized DISOPE (see Chapter 2). The program implemented
solves each subsystem in a sequential way (no parallel processing is used). Only the

following overall variables require memory storage at level 2 during the iterations:
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u(t), x@), p(t), v(t), z(t), p(t) and w(t). The following simulations were run on
a 486D X-based IBM compatible microcomputer with 33 MHz clock speed.

Example 4.4.1: Seventh order nonlinear system

This example consists of the optimal control of a seventh order nonlinear
system. The numerical integration step used was At = 0.02 and the tolerances
specified for convergence were €,=¢€,=0.05. Relaxation gains and convexification

factors were set to the default values one and zero, respectively.
The overall real optimal control problem is the following seventh order
nonlinear problem:

. 1
min 11 [X Q- X+U R*U]dt

u() z

subject to

~5X,+0.2X,+0.5X,+0.1X+0.5X, + X X,+0.1U

1

-2X,+0.5X,-0.5X, +0.2X,-0.1X,+ X, +0.1U,

X,
X
X, = 0.1X,-1.5X,+0.5X,+0.1X +Xs+X; +0.2U,
X, = 0.2X,-0.5X,-X,+0.2X.+0.2U,

X, = 0.2X,+0.17X,-X +X,+X.X,

X, = 0.1X,-0.2X,-X,-0.5X,

X, = 0.4X,+0.1X,-X,-0.5X -X,+0.1U,

X(0) = [1.0,0.8,05,0.6,1.5,1,1,2]"

where

Q" =diag(1,1,1,1,1,1,1)
R* = diag(0.1,0.1,0.1)

The overall system was decomposed into three subsystems, giving the

following decomposed ROP:
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ROP:

min 3 1
u(t) %E I[XiTQi*Xi + UirRi*ui]d'[
i [13 7
subject to
subsystem 1.
Xy = 9% +0.2X X X ,+0.1u W
X, = 2%, Xy +0.1u, ~wW,
x,(0) = [1.0,0.8]"
subsystem 2:
X1 = ~15%, , #X1+X55+0.2U,  +W, |
Xz = —O.5x21—x22+0.2u2’1+w2'2
x,(0) = [0.5,0.6]"
subsystem 3:
X1 = TR K3 Xy Xy WG,
X3,2 = -0.5x;,W;,,
Xy3 = ~0.5%,-%,,+0.1u,  +W,
x,0) = [15,1.0,1.2]"
where
Q, =diag(1,1); R = 0.1
Q, =diag(1,1); R, = 0.1

Q; = diag(1,1,1); Ry = 0.1
(X000 X1 50 %1% 20 %510 %5 % 5] = [X00 55, %0, X,, X5, X5, X ]
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and the interaction vectors are given by:

05 O 01 05 O

W, = +
! % -05 0.2 -0.1

0 05 %

0 01 05010

W, X, +
2 . 002*%' 02 oox3

02 O 017 O
w, = 0.1 —O.2xl + 0 -1x,
04 01 -1 0

The model-based problem is an LQ approximation of ROP.

MOP:
min 3 1
]_ T T
: U 2 Z j[xi QX + U Ru~2y ()] dt
i [1,3] =t
subject to
subsystem 1:
_ -5 02 01
N7 g 271
x(0) = [1.0,0.8]
subsystem 2:
_ -15 0 0.2
= + u,+a
27 05 172 g

x,(0) = [0.5,0.6]"
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subsystem 3:

-1 0 1 0
X,= 0 -05 0x,+ 0 u,+a,
-05 0 -1 0.1

x,0) = [15,1.0,1.2]"

where
Q, = diag(1,1); R, =01
Q, = diag(1,1); R, = 0.1
Q, = diag(1,1,1); R, = 0.1

For the sake of comparison, ROP was aso solved in a centralized way

(without decomposition). Table 4.4.1 shows the performance of the algorithm for

each case (centralized and hierarchical) and the final performance index J .

Case Number of CPU J°
DISOPE time
iterations ()
Centralized 6 134 2.210431
Hierarchical 6 112 2.210553

Table 4.4.1: Performances for example 4.4.1

Figures 4.4.1.1 to 4.4.1.3 show the final state responses for each subsystem.
Figures 4.4.1.4 to 4.4.1.6 show the computed optimal control signals for each
subsystem. Figures 4.4.1.7 and 4.4.1.8 show the convergence behaviour of the

hierarchical algorithm.
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x(t)

0.7 0.8 0.9

—0.2 L L L L L L
0.1 0.2 0.3 0.4 0.5 0.6
t

Figure 4.4.1.1: Example 4.4.1, subsystem 1 state vector

0.9

x(t)

Figure 4.4.1.2: Example 4.4.1, subsystem 2 state vector
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x(t)

Figure 4.4.1.3: Example 4.4.1, subsystem 3 state vector

—0.05

-0.1

-0.15

-0.2

u(t)

—-0.25

-0.3

—-0.35

—-0.4

—-0.45

—-0.5

Figure 4.4.1.4: Example 4.4.1, subsystem 1 final control signal
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0.2 R

—0.41 -

—0.6 -

u(t)

—0.8}+ -

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 4.4.1.5: Example 4.4.1, subsystem 2 final control signal

0.1

u(t)

-0.9

Figure 4.4.1.6: Example 4.4.1, subsystem 3 final control signal
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control variation norm

O 1 1 1 1 1 1 1 1 1
1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6

iteration number

Figure 4.4.1.7. Example 4.4.1, control variation norm vs. iteration
(hierarchical case)

3.5 T T T T T T T T T

251 B

interaction norm

O 1 1 1 1 1 1 1 T
1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6

iteration number

Figure 4.4.1.8: Example 4.4.1, interaction norm vs. iteration (hierarchical
case)
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It can be seen that the hierarchical algorithm developed and implemented
(Algorithm 4.3.2) achieved the same solution than that obtained in the centralized
case. Moreover, it can be checked that the solutions obtained satisfy (within the
tolerances specified for convergence) the optimality conditions of the overall real
optimal control problem. Therefore, the hierarchical agorithm achieved the correct
optimal solutions in spite of model redlity-differences. Furthermore, the CPU times
obtained were lower in the hierarchical case than in the centralized case, which

indicates that parallel processing would reduce substantially the computational times.

4.5 SUMMARY

An agorithm for hierarchical optimal control of large-scale systems with
model-reality differences has been developed. A version of the hierarchical DISOPE
algorithm with linear-quadratic model-based problem was developed and
implemented in software. The technique handles large-scale continuous time
nonlinear systems with non-quadratic performance indexes. The implemented
algorithm was tested with one simulation example. The algorithm achieved the
correct optimal solutions in spite of model-reality differences. It is suitable for
parallel or distributed processing, as the calculations for each subsystem can be done
independently. The algorithm as implemented may yield substantial computational
savings in terms of memory storage.
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CHAPTER 5

DISCRETE-TIME DISOPE ALGORITHM

In this chapter, an algorithm for solving nonlinear discrete-time optimal
control problems with model-reality differences is developed. A version of the
algorithm with a linear-quadratic model-based problem is developed and
implemented in software. A discretization scheme, which avoids the use of crude
approximations when discretizing continuous time dynamic systems, is introduced.
The algorithm implemented is tested with three simulation examples. The research
work presented in this chapter is also described in (Becerra, 1993b; Becerra and
Roberts, 1994a).

5.1 DIGITAL COMPUTER CONTROL

With the increasing sophistication and decreasing cost of microprocessors,
more control schemes are being implemented digitally. In these schemes, the control
input is switched between different values at discrete-time steps. The control signal
is normally held constant between such switchings by a zero-order hold. Such
controls are usualy designed using a discretized version of the continuous plant.
There are also processes which are discrete in nature and can only be controlled by
using discrete-time controllers (Astrom and Wittenmark, 1990; Leigh, 1992; Franklin
et al, 1990).

5.2 DISCRETE-TIME DISOPE ALGORITHM
5.2.1 Problem formulation and solution approach

Suppose that the real plant dynamics are described by the following nonlinear

time-varying difference equation:
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x(k+1) = f (x(K),u(k),k) (5,1)

where f*: "™ ™ " represents a set of discrete-time state equations which
describe the process with state x(k) " and control input u(k) ™. Further assume
that the following performance index has been chosen:

N1

I = 0(x(N)) + Y Le(x(k),u(k),k) (5.2)

where [N, N,] is the fixed time interval of interest, ¢ : " isascalar valued

terminal weighting functionand L*: "< ™ isadiscrete performance (or

weighting) function.

If the state of the system at the initial time N, is assumed known (being

measured or estimated), with value X(N,) =X,, and if no constraints on the values of

control and state variables are taken into consideration, apart from the dynamic
constraint (5,1), the discrete-time real optima control problem (ROP5) can be
formulated as follows:

ROP5
min N-1
u(k) J7 = O(X(N))+Y L (x(K),u(k),k)
k [Ng,N.-1] k=N,
subject to

x(k+1) = f*(x(k),u(k),k)
X(Ny) = X,

Define the following function (the Hamiltonian):

H (x(0),u(k),p(k) k) = L (x(k),u(k), k) + plk=1) F(x(K),u(k) k) (53)

where p(k) " is aLagrange multiplier function usually termed as the costate.
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The necessary optimality conditions of the ROP5 are as follows (see (Lewis,
1986a: 27-30), for the derivation):

Stationarity:
wH =0 (54)
Costate equation:
wH™ —pK =0 (5,9)
State equation:
wepH” — x(k+1) = 0 (5.6)
Boundary conditions:
X(N,) = X
(Np) = X%, 57

PN = ®OXCK)) oy

Instead of solving ROP5, the following, possibly simplified, discrete-time model-
based optimal control problem (MOP5) is considered:

MOP5
min N1
u(k) I = O(x(N)) = Y L(x(K), u(k), v(k))
k [NyN,-1] k=N,
subject to

x(k+1) = f(x(k), u(k), a(k))
X(No) = X,

where state and control vectors have the same dimensions as in ROP5, J_ is a

model-based performanceindex, L : " ™ jsadiscrete weighting function

and perhaps a simplification of aknown L ", f : "™ ™ " s an approximate
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dynamic model of f*, y(k) and a(k) " are discrete parameters. The role of

y(k) and a(k) will be to take into account model reality-differences in value.
Following a similar reasoning to that used in Section 2.2.1, we now integrate
system optimisation and parameter estimation by defining an expanded optimal
control problem (EOP5) which, in spite of being model-based, is made equivalent
to ROPS by adding appropriate equality constraints on state equations and discrete
weighting function values. Furthermore, state and control variables are separated

between parameter estimation and optimisation steps by introducing the new state

and control variables z(k) and v(k), respectively.

EOP5
min N-1
u(k) J, = O(x(N)) = Y L(x(k), u(k), y(k))
k [Ng,N-1] k=N,
subject to

x(k+1) = f(x(k), u(k), a(k))
X(N) = X,

f(z(k),v(k),a(k)) = f(z(k),v(k),k)
L (z(k),v(K),y(k)) = L"(z(k),v(k) k)

uk) = v(k)
x(k) = z(K)

Adjoining all the equality constraints to the performance index by using

Lagrange multipliers, we obtain the following augmented performance index JJ:
N-1

3= 0(x(N)) + Y [ L(x(K),u(k),y(K) = pk=1)"(F(x(K),u(k),a(k)) -x(k+1))

k=N,

= AK)"(v(k) ~u(k)) + BK)'(z(k) -x(K)) + p(k)"(F(z(k),v(k),k) - f(z(k),v(k),a(k)))

+ &KL "(z(k),v(k) k) — L(z(k),v(K),v(k))) ] (58)
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where pk) ", Ak) ™ Bk ", k) ™ and &(K) are Lagrange

multipliers.

Define the augmented Hamiltonian function as:

H = L(x(K),u(k),y(K)) + p (k+1)F(x(K),u(k),a(k))
- A UR-BR XK  (B9)
then we can re-write (5,8) as

J = [OOXN)] = Y [ H - pk+1)x(k+1)
N, (5,10)

= AK)V(K) + BK)"z(K) k)" (T (2(K), v(k) k) - T(z(K), v(k) , a(k)))
= &(k)(L "(z(k), v(k) k) -L(z(k) ,v(K),y(K))) ]

Now, it is desired to examine the increment in Je/ due to increments in all the
variables. It is assumed that the final time N, is fixed. This increment is given by:

N1

dJe = ) PX(ND)dX(N)) = E { woH "du(k) = [ H-p(k)]"dx(k)
+[ )\(k)T + U(k)T(f *v(k) _fv(k)) + E(k)( V(k)l— - V(k)L)]TdV(k)
_’_I:B(k)T + IJ(k)T(f *z(k) _fz(k)) +E(k)( z(k)L - Z(k)L)]TdZ(k)

gl a(k)H - u(k)Tfa(k)] da(k) +[ y(k)H -&(Kk) v(k)L]Tdy(k) (5,11)
T peaH X D] dp(ke2) <[ o H V(] dAK

[ peoH =21 dB(k) +[ " ~F]"du(k) < [L " -L]d&(k) }

According to the Lagrange multiplier theory, at a constrained minimum this
increment dJ. should be zero. Setti ng to zero the coefficients of the independent
increments in (5,11), and concluding by inspection that  §(k) =1 and
u(k) = p(k+1), k [N,,N,-1] the following necessary optimality conditions are
obtained:
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Stationarity:

u(k)H =0
Costate equation:
H —pK =0
State equation:
opH — x(k+1) =0
Boundary conditions:
X(N,) = X,

PN = o @(X(K) ey,

Multiplier equations:

of *
MK = [av(k) v (k)] P = k=t

Cof . L
BK = [ 575~ a(k)]p(k D - [ b bl

plus the following equality constraints

f(z(k),v(k),a(k)) = f(z(k),v(k).k)
L (z(k),v(k),y(k)) = L"(z(k),v(k) k)

v(k) = u(k)
2(k) = x(K)
p(k) = p(k)

(5,12)

(5,13)

(5,14)

(5,15)

(5,16)

(5,17)

(5,18)

where k [N,,N,-1], and p(k) has been introduced as a costate separation variable.

We assume that the structure of f and L is such that given v(k) and

z(k), k [N, N,-1] the values of a(k) and y(k), k [N,,N,-1] can be uniquely

determined from (5,17). Notice that optimality conditions (5,12), (5,13) and (5,14)
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are model-based, and that A(k) and B(k) k [N,,N,-1] carry information on model-

reality differences, in curvature, as opposed to a(k) and y(k) k [N, N.-1] which
carry information on model-reality differences in value. Following a similar
reasoning to that used in Section 2.2.2, we conclude that given values of a(k), y(k),A(k)
and B(k), k [N,,N,-1], the solution of the following problem satisfies the definition

of the augmented Hamiltonian (5,9) and optimality conditions (5,12), (5,13), (5,14)
and (5,15). We cal it discrete-time modified model-based problem (MMOP5)
defined as follows:

MMOP5

min N1

u(k) Ju = O(X(ND) + X [ L(x(K),u(k),y(K) - AK)'uk) - BK)(K) ]
K [NN,-1] =,

subject to

x(k+1) = f(x(k), u(k), a(k))
X(N,) = X,

The above analysis gives rise to the following discrete-time DISOPE
algorithm which, assuming convergence, achieves the solution of ROP5S via repeated
solutions of MMOP5 (Becerra, 1993Db).

Algorithm 5.2.1: Discrete-time DISOPE algorithm

Data f, L, ¢, x,, Ny, N;, and means for caculating f* and L .
Step O Compute or choose a nomina solution u°(k), x°k) and p°Kk). Set
i=0, vO(k)=u®(k), z%Kk)=xK), p°(k)=pK).

Step 1 Compute the parameters a'(k), y'(k) to satisfy (5,17). Thisis called
the parameter estimation step.

Step 2 Compute the multipliers A'(k) and B'(k) from (5,16).
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Step 3

Step 4

With specified a(k), y(k), A(k) and B(k) solve the discrete-time
modified model-based optimal control problem MMOP5 to obtain
u"}k), x"*(k) and p"*Kk). This is called the system optimisation
step.
This step tests convergence and updates the estimate for the optimal
solution of ROP5. In order to provide a mechanism for regulating
convergence, a ssimple relaxation method is employed to satisfy
(5,18). Thisis:

vIHK) = vi(K) + Kk (uHk) - viK))

z"Yk) = 2'(K) + k (x"(k)- z'(k)) (5,19)

PrHK) = ') + k,(p"(K) - P (K)

where k,, k, and k;  (0,1] are scalar gains. If vik) = vik),

k [Ng,N,-1] within a given tolerance stop, else set i=i+1 and

continue from step 1.

5.2.2 Performance index augmentation

Variabl
Section 2.2.2)

difficult cases

e augmentation has been used in continuous time DISOPE (see
and has resulted in improved algorithm stability and convergence in

(Roberts, 1993a). Augmentation may also be applied in discrete-time

DISOPE by adding convexification terms to the performance index of EOP5. This

is, J, becomes:

N1

3, = o(x(N)) - kEN [ L(x(k), u(k), y(K)) (5.20)

= 2r )~V ? + Zr,Ix()-2(K)I? ]

where r, and r, are given scalar convexification factors.

The definition of the augmented Hamiltonian is changed to take into account

the new terms:
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H = L(x(k),u(k),y(k)) + p(k=1)"f(x(k),u(k),a(k)) - Ak)u(k)
- BK)X(K) + %rll\u(k)—v(k)nz + %FZI\X(k)—z(k)HZ (5,20)

By using a similar analysis to that used in Section 5.2.1 it is possible to find
that the model-based optimality conditions obtained in Section 5.2.1 continue to be

valid. Furthermore, the main change in Algorithm 5.2.1 is that the solution of
MMOP5 requires information on Vv(k) and z(k), since the performance index in
MMOP5 becomes:

N1

Ju = O(x(N)) = Y [ L(x(K), u(k), y(k)) - A(k) u(k)

N

(5,22)

0

= B x(K) = Zryu(k)-v(K)? = Zr,Ix(K)-z(K)|? ]

5.2.3 Terminal state constraints
In some problems we are interested in restricting functions of the terminal

state to have prescribed values, that is:

P(x(N),N,) =0 (5,23)

for a given function ¢ : "x - 9 Equation (5,23) is an additional equality
constraint to ROP5, MOP5, EOP5 and MMOPS5. It can be treated by using the
Lagrange multiplier theory (see, for example, Bryson and Ho, 1975). As a

consequence, a hew boundary condition for the costate is obtained as follows:

oy’
PIN) = o + =V (5,24)
f © ox(k) N,
where V. 9 is a Lagrange multiplier vector to be found so that the additional

necessary condition (5,23) is satisfied. Notice that in termina state constrained
problems some reachability conditions must be satisfied for a solution to exist (see,

for example, Lewis (1986a) for a discussion on the LQ case).
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5.3 CASE WITH LINEAR QUADRATIC MODEL-BASED PROBLEM

5.3.1 Formulation

If the model-based problem (MOP5) is chosen as a linear-quadratic
approximation of ROP5, then noniterative methods (Lewis, 1986a) can be used for
the model-based computations. As was done in Chapter 2, for computational

advantage, a linear model-based dynamic function f and quadratic weighting

functions L and ¢ may be chosen. Considering that a(k) and y(k) enter as shift

parameters we have:

L(x(K),u(k),v(K)) = 2x(K)'Qx(K) + Zu(k) Ru(k) + y(k)
O(X(N)) = 2X(N)) ®x(N)) (5,25)
f(x(K),u(k),a(k)) = Ax(k) + Bu(k) + a(k)

where ®=0, Q=0 and R>0 are symmetric weighting matrices of the appropriate

dimensions, A and B are matrices which represent a linear model of f~.

By using (5,25), and including the variable augmentation discussed in Section
5.2.2 the linear-quadratic MMOP5 can be written as:

min N,-1
u(k) Jy, = §X(Nf)T<DX(Nf) Y 0 %X(k)TQX(k)QU(k)TRU(k) = y(k)
k [N, N-1] k=N,

= MR)'uk) - B x(k) + Zryllu(k) -v(k) 2 = Zrlx(K) -z(K) |7 ]

subject to

X(k+1) = Ax(k) + Bu(k) + a(k)
X(N,) = X,

The corresponding augmented Hamiltonian function is:

H = Z(x(k)"Qx(K) +u(k) Ru(k)) + y(k)
+ p(k+1)" (Ax(K) ~Bu(k) +a(k)) - A()"u(k) - BK)'x(k)  (526)
= 2rJu()-v(K) >+ 2rIx(K)-2(K)1?
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Applying the model-based optimality conditions (5,12), (5,13), (5,14) and
(5,15) with H given by (5,26), we obtain the control law:

uk) = -R '(B7p(k-1) - AK) (5:27)
and, in addition, the following TPBVP:

x(k+1) = Ax(K)-BR (B "p(k+1) -A(K)) + a(k)

_ ~ (5,28)
p(k) = Qx(k) + A p(k+1) - B(k)
with border conditions:
X(N,) = X, (5.29)
P(N;) = ®x(N,)

where R_=R+rllm and (5=Q+rzln are augmented weighting matrices and

X(k) =A(k) +rv(k), and [_B(k) =B(k) +r,z(k) are augmented multipliers.

Thelinear TPBVP (5,28) can be solved by using the backward sweep method
(Bryson and Ho, 1975; Lewis, 1986a). The key is to assume the relationship between
costate and state as p(k) = S(K)x(k) +h(k), where S(k) isanxn matrix and h(k) .
This gives rise to the following noniterative solution procedure (see Appendix D for

the derivation):

Procedure 5.3.1: Solution of discrete-time linear-quadratic MM OP5

Step a Solve backwards from k=N.-1 to N, the following difference
eguations, with terminal conditions S(N,) =® and h(N,) =0:

S(k) = Q + ATS(k+1)(A-BG(K))
G(k) = [R + B"S(k=1)B] B "S(k+1)A
h(k) = (A-BG(K))'h(k=1) + (A-BG(K))"S(k+1)a(k)
- B+ G()TAK)

Step b: Compute the driving input g(k), k [N,,N,-1] from:
gk) = [F3+BTS(k+1)B]*1[—BTS(k+1)0((k)—BTh(k+1)+7\(k)]
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Step c: Compute the state x(k), k [N,,N;] by solving from the initia
condition X(N,) = X, the following difference equation:

X(k+1) = (A-BG(k))x(k) +Bg(k) +a(k)

Step d: Compute the costate p(k), k [N,N.] from:
p(k) = S(k)x(k) +h(k)
Step e Compute the control input u(k), k [N,,N.-1] from the control law:

u(k) = -G(k)x(k) ~g(k)

The linear-quadratic formul ation enables the augmented multipliers X(k) and

B(k), k [N,,N-1] to be expressed as (seeequation (5,16)):

N of
AK) = k+1) + [Rv(k
K = [— K o (k)] p(k+1) + [Rv(K) - wok 7] 530
= _ of 1) . ~
Bk) = [—— 20 oz (k)] pk+1) + [Qz(K) ok 7]

while the calculation of parameter a(k), k [N,,N,-1] becomes (see equation

(5,17)), noting that it is not necessary to calculate y(Kk):

alk) = f(z(k),v(K),k) - Az(K) - Bv(K) (5,31)

5.3.2 Terminal state constraints
Termind state constraints of the type x.(N,)=0, i [1,q] will be taken into

consideration. This kind of constraint can be written as:

W(X(N,),N;)) = Cx(N) = 0 (5,32)

where C = [Iq\O] is a gxn matrix. Notice that a terminal constraint of the type

X(N)=x. , 1 [1,q] can be achieved by a straightforward shift change of state
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variable. The resulting TPBVP is identical to (5,28), but with boundary conditions
(see equation (5,24)):

X(Ny) = X,
P(N) = ®x(N;) + C'v

(5,33)

where v 9 isa Lagrange multiplier to be determined such that (5,32) is satisfied.

The solution of MMOP5 taking into account the terminal state constraint is again

based on the backward sweep method (Bryson and Ho, 1975). The key is to assume
the relationship between costate and state as p(k) = S(k)x(k) +h(k) +F(k)v, and
express the terminal state function as g = F(k)'x(k) ~W(k)v +n(k) = Cx(N,),
where S(K) is a nxn matrix, F(K) is a nxq matrix, W(k) is a qxq matrix, h(k) ",

and n(k) 9. The resulting noniterative solution procedure is as follows (see

Appendix E for the derivation):

Procedure 5.3.2: Solution of LQ terminal constrained discrete-time MM OP5

Step a Solve backwards from k=N.-1 to N, the following difference
equations, with terminal conditions S(N,) =® and h(N,) =0:

S(k) = Q + ATS(k+1)(A-BG(K))
G(k) = [R + B"S(k=1)B] B "S(k+1)A
h(k) = (A-BG(K))'h(k+1) + (A-BG(K))"S(k+1)a(k)
- BK) + G(K)"AK)
Step b: Solve backwards from k=N,-1 to N, the following difference

eguations, with termina conditions F(N,)=[0 Iq]T, W(N,) =0, and

n(Ny) =0:
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F(k) = (A-BG(k))"F(k+1)

W(k) = W(k+1) - F(k+1)'[I_ + BR "B'S(k+1)] 'BR "B F(k+1)

nk) = n(k+1) + F(k+1)'[1_+ BR B S(k+1)] }[BR "A(K)
-BR ‘B "h(k+1) - a(k)]

Step c: Compute the multiplier v and driving inputg(k) ™, k [N,,N,-1]
from:
v = -W(Np) *(F(Ny) %, ~n(Ny))
g(k) = [R+B S(k+1)B] [ -B "S(k~1) a(k)
-B "F(k~1)v -B "h(k+1) +A(K)]

Step d: Compute the state x(k), k [N,,N;] by solving from the initial

condition X(N,) = X, the following difference equation:

X(k+1) = (A-BG(k))x(k) +Bg(k) ~a(k)
Step € Compute the costate p(k), k [N,N,] from:
p(k) = S(K)x(k) + F(k)v - h(k)
Step f: Compute the control input u(k), k [N,,N.-1] from the control law:

u(k) = -G(k)x(k) +g(k)

5.3.3 Discrete-time DISOPE algorithm with LQ model-based problem

DISOPE requires a nominal solution to start the iterations. A recommended
starting point is to use the solution of MMOP5 under a(k)=0, X(k)=0,
B(k)=0, k [N,,N-1], r, = r, = O (relaxed MMOPS).

From the above analysis, the following discrete-time DISOPE algorithm with
linear-quadratic model-based problem has been proposed (Becerra, 1993b).
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Algorithm 5.3.3: Discrete-time DISOPE algorithm with LQ model-based

problem

Data

Step O

Step 1

Step 2

Step 3

Step 4

A! B! Q1 R1 q)! r]_! r21 k\/! kzy kp’ Xo, No; Nf, q and meanSfOI‘
calculating f* and L *.
Compute or choose a nomina solution u°(k), x°k) and p°(Kk). Set

i=0, VvoK)=u°k), k [Ny,N-1]1, z°K)=x°K), P°k)=p°K),

k [Ny,N].
Compute the parameter a'(k) to satisfy (5,31). This is called the
parameter estimation step.

Compute the augmented multipliers Xi(k) and Ei(k) from (5,30).

With specified a(k), X(k) and [_3(k) solve the modified model-based
optimal control problem MMOPS5 (by using Procedure 5.3.1 ifq=0
or Procedure 5.3.2 if g>0) to obtain u'*(k), x"*(k) and p"*(k).
This is called the system optimisation step.

This step tests convergence and updates the estimate for the optimal
solution of ROP5. The simple relaxation method (5,19) is employed

to satisfy (5,18). If v''(k) = v'(k), k [N,,N.-1] within a given

tolerance stop, else set i=i+1 and continue from step 1.

In practice, the achievement of the equalityv'*(k) = v'(k), k [N,,N.-1]

may be evaluated by using the following 2-norm (control variation norm between

iterates):

N1

LRI R (534)

and comparing its value with a given small tolerance €, .
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5.4 EXACT DISCRETIZATION OF CONTINUOUS TIME SYSTEMS

It isa common practice (Jamshidi, 1983; Teo et al, 1991; Singh, 1980) when
formulating a nonlinear discrete-time optimal control problem of a continuous system
described by the differential equation X =f (x(t),u(t),t) to discretize with sampling
time T the continuous time differential equation by its first order ( or Euler )
approximation x(k+1)=x(k) + Tf (x(t),u(t),t,). However, for this discretization
scheme to be a good approximation of the continuous time system, it is required that
the sampling time be very small in comparison with the dynamics of the system and
even so, it can diverge from the actual solution (Press et al, 1992).

To overcome the low accuracy of the first order approximation, an exact

discretization of the differential equation can be implemented as follows:

t

x(k+1) = x(k) + jlfc(x(r),u(r),r)dr (5,35)

k

noticing that because of the zero order hold, the control signal is held constant

between sampling times u(t)=u(k), T [t,t _,]. Equation (5,35) denotes the
integration of the continuous state equation from x(t,) =x(k), given u(k), over one

sampling interval to obtain x(k+1).

The term exact here denotes the high accuracy that may be achieved by using
a good and well tuned ordinary differential equation (ODE) solver. A similar
approach has been proposed by Sage and White (1977), who suggest the exact
discretization of both the continuous dynamics and a continuous performance index.
Notice, however, that in the scheme proposed here the performance index is
formulated in discrete-time and that MMOP5 continues to be discrete.

5.5 SSIMULATION EXAMPLES

Algorithm 5.3.3 was implemented in the C++ programming language using
object oriented and modular programming techniques. All the derivatives (jacobian

matrices, gradients) were computed by using the Central Difference Formula (Press
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et a, 1992). The exact discretization scheme was implemented as a C++ module
where the integration in (5,35) can be carried out by a 4th order fixed step size
Runge-Kutta integrator, a 5th order adaptive step size Runge-Kutta integrator, or a
stiff integrator (Press et al, 1992) depending on the accuracy requirements, the
numerical conditioning of the differential equation and the computational time
restrictions.

The following examples were run on an IBM compatible 486-DX based
machine with 33 MHz clock speed.

Example 5.5.1: nonlinear discrete-time system

Consider the following example proposed by (Mahmoud et al, 1978) and used
later as a benchmark to compare solutions of nonlinear optimal control problems
(Papageorgiou and Smith, 1980). The problem consists in the minimization of a
guadratic performance index subject to nonlinear second order discrete-time dynamic
constraints. The dynamic equation in MOP consists in a linearization of the real
dynamics about the origin. Relaxation gains and convexification factors were set to

the default values one and zero, respectively. The tolerance specified for convergence

was €,=0.05.
ROP:

min

u(k) g { 0.1x,(K)? + 0.1x,(K)? + 0.2u,(k)? + 0.1u,(k)? }
subject to

X,(k+1) = 0.9x(K) + 0.1x,(k)+0.1u,(k)
X,(k+1) = 0.2x,(k) + 0.1x,(K) - 0.1x(k)* + 0.1u,(K)

x(0) = [10 4.5
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MOP:

min

u(k) kz:; { 0.1x,(k)* + 0.1x,(k)* + 0.2u,(k)* + 0.1u,(k)* + y(K)}

subject to

(k-1) 09 01 ® 01 O © ®
x(k+1) = x(k) + uk) + o
02 0.1 0 01

x(0) = [10 45]"

Table 5.5.1 shows the agorithm’s performance, where J, is the initial

performanceindex and J “ isthe fina performance index. Figures5.5.1.1 and 5.5.1.2

show the fina state responses and control signals, respectively. Figures 5.5.1.3 and
5.5.1.4 illustrate the convergence behaviour of the algorithm.

No. CPU 3 J-
iterations ()
5 12 31.0091 30.9781

Table 5.5.1: Algorithm’s performance, example 5.5.1

The results presented here may be compared with those published by
Papageourgiou and Smith (1980).
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