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1 Introduction

In the past ten years, an alternative method for solving boundary value problems for
linear partial differential equations (PDEs), proposed by Fokas [4], has been applied
successfully to several examples. This approach is motivated by the inverse scattering
transform, a method introduced originally for the analysis of the Cauchy problem for in-
tegrable nonlinear PDEs, and can be considered a generalisation of the Fourier transform.
Indeed, for linear initial value problems, this approach and the usual Fourier transform
approach are equivalent. However, this is no longer the case in the presence of bound-
aries, when the approach of Fokas yields in general a representation of the solution of
the problem, in terms of the given data, as an integral along a complex contour.

This method of analysis of linear boundary value problems is based on replacing the
classic method of separation of variables by the observation that any linear PDE in two
variables can be written as the compatibility condition of a system of two linear eigenvalue
ODEs. This pair of ODEs, called the Laz pair in analogy with the nonlinear integrable
case, involves an additional complex parameter. It can be shown that the solution of
the boundary value problem can be expressed in terms of the particular solution of this
system which 1s bounded for all values of the parameter. The analysis of the Lax pair
depends essentially on analyticity considerations, usually through the formulation of a
Riemann-Hilbert problem. Indeed, complex analysis techniques and results are essential
in this methodology.

This transform approach has been used to solve boundary value problems posed in fixed
domains for linear evolution PDEs in one spatial dimension, involving space derivatives
of any order [6], and of linear elliptic problems in two variables [5, 9].

Recently, the authors used this approach to study boundary value problems for linear
hyperbolic PDEs. Two physically important linear hyperbolic PDEs are the wave and
the Klein-Gordon equations:

Qet — 9oe = 0, (wave) g — gps + ¢ =0 (Klein — Gordon). (1.1)



We focus here on the Klein-Gordon equation (1.1b). The canonical form of this equation
is the linearised sine-Gordon equation ¢;z+¢ = 0, for which boundary value problems have
already been considered using the approach used here, starting with the work presented
in [4]. Note however that the change of variable that reduces equation (1.1b) to its
canonical form leads to non physical boundary conditions.

The classical problem for equation (1.1) posed on the half line # > 0 has been considered
by the authors in [15]. Our approach yields the solution as an integral along the real line,
and is essentially equivalent to the Fourier transform method. However, the inversion of
the integral formula for the unknown boundary value via the Fourier transform requires
a series of normalisations and changes of variables. In contrast, our approach yields
algorithmically the solution expressed in the most suitable variables, hence the inversion
is straightforward. In addition, this example indicates how the method can be generalised
to treat more general hyperbolic boundary value problems.

In this paper, we turn our attention to the general case of boundary value problems for
linear hyperbolic equations such as (1.1) posed on a time dependent domain of the form

D={x>1t), t>0}, I"@t)>0, 0<l'(¥) <1, (1.2)

where [(t) is a given, smooth function describing the moving boundary. Analogous prob-
lems have been studied by one of the authors in the case of evolution PDEs [8, 12]. In
these papers, it was shown that the treatment of such moving boundary value problems
presents an important difference with the case of fixed domains. Indeed, in this case
analyticity requirements must be relaxed, and the Riemann-Hilbert problem must be
generalised to a Dbar problem.

An example of moving boundary value problems for equation (1.1(a)) has been considered
in [14], where we show that for this equation we can still complete the analysis in terms of
a Riemann-Hilbert problem, hence analyticity and the analogy with the classical Fourier
transform are retained. This is consistent with the fact that this problem can be solved
by Fourier transform. However, we show presently that for the solution of boundary
value problems for the Klein Gordon equation posed on a domain of the form (1.2) we
need to solve a Dbar problem.

The assumption of convexity for the function [(¢) could be replaced by an assumption of
concavity, provided that the first derivative is monotonic (the speed of the boundary can
decrease or increase, but not alternate between the two regimes). The bounds on I'(#)
constrain the speed at which the boundary moves compared with the speed of the wave
solution. Namely, we require the boundary to move with a positive speed not exceeding
the speed of the wave (which in our coordinates is equal to 1).

Our approach can be used to solve a general moving boundary value problem for the
Klein Gordon equation in domains such as (1.2). To give a concrete illustration of the
steps involved, we solve the following boundary value problem:

qtt — qow +9 =0, z>1(t), t>0, (1.3)
q(l‘,O):qo(l‘), Qt($’O)IQ1($)’ $>l(0)’
q(l(t),1) = fo(t), t>0.

We are not presently concerned with issues of regularity, hence we assume that all pre-
scribed functions decay at infinity and are as smooth as needed to perform all operations



required. The motivation for studying such boundary value problems comes from the con-
sideration of certain free boundary value problem, of interest in engineering, modelled by
the wave or Klein-Gordon equation in domains with a time-dependent boundary [3, 11].
To our knowledge, such problems have not been studied analytically in the mathematical
literature.

The paper in divided in two parts. In one part, independently of the boundary value
problem, we derive an inversion theorem for a certain integral transform. This transform
1s in some sense a generalisation of the Fourier transform but cannot be obtained directly
by manipulating the Fourier transform formulas. The inversion result, and its deriva-
tion, are similar to the transform derived to solve moving boundary value problems for
evolution equations [8].

In the second part, we solve the boundary value problem (1.3). This solution involves
two distinct steps: the derivation of formal integral representations of the solution, and
the characterisation, in terms of the given data of the problem, of the unknown boundary
value involved in this representation.

The details of the computations that lead to these results are mainly presented in section
2. In this section, we introduce two Lax pairs associated with the PDE. One of the ODEs
appearing in these Lax pairs motivates the definition of the following generalisation of
the usual Fourier transform

F(k) :/ emthas—ikl0) £(Yds. ke T, (1.6)
0

Here (1) is the same as in (1.2), f(¢) is a the smooth function defined on [0, o), decaying

as t — oo, and
1 1 1 1
k__§<k—z), k+—§<k—|—z). (1.7)

Here, and throughout the paper, C* denotes the usual extended complex plane:
C =CU{cc}. (1.8)

We prove that this trasform can be inverted implicitly, through the solution of a linear
Volterra integral equation. Namely, we have the following result.

Theorem 1.1 Let f(t) be an arbitrary smooth, decaying function defined fort > 0. Let
the function F (k) be defined in terms of the function f(t) by (1.6), where we assume that
l(t) is a given convexr function of t with I'(0) = 0 and I'(t) < 1. Then the function f(t)
can be expressed in terms of the function F (k) by

L+0 _—_ 140 ¢
£(t) :_J;T(t)/w; etk+tik L) p (k) dk — J;T(t)/o K(s,t)f(s)ds. (1.9)

The kernel K(s,t) in (1.9) is a well-defined integral kernel given by

" ) ) p(s)
K(s,t):/ ip(s)ewE(p(s)ew,s,t)de+zRe/ E(k,t,s)dk,  (1.10)
0] 0]



where

1—1(t)
) = f—2 1.11
p(t) (0 (1.11)
Ek,t,s) = eF+t=s)tir(lt)=l(s)) (1.12)

and the t-dependent domawn D3 s defined by

Dy ={k e (C) : [k > p(t)}. (1.13)

The appearence of a Volterra integral equation reflects the fact that the spectral problem
associated with the PDE on the domain D given by (1.2) is solved via a Dbar, rather
than a Riemann-Hilbert, problem.

We prove this inversion formula in detail, as its derivation forms the basis for all compu-
tations presented in the sequel.

In section 3, we derive two equivalent integral representation of the solution of the bound-
ary value problem (1.3), and compare them. Both representations are formal, as they
involve the unknown function ¢, ({(¢), ). Hence the main result of this section is the proof
that this unknown function can be characterised uniquely as the solution of a Volterra
integral equation. Namely, we prove the following.

Proposition 1.1 Let q(x,t) be the solution of the boundary value problem (1.3).
The boundary value ¢, (1(t),t) is the unique solution of the linear Volterra integral equa-
tion

12(10):0) = G 0+ 3

C2r((U(t) = 1)
In this expression, H(t) is a function defined explicitly in terms of the given initial and
boundary conditions as

)_1)/0(1—l’(5)2)[((5,t)qx(l(s),s)ds. (1.14)

H(t)z/ e““”“k"(”{/ e *Y(q 4+ ikyq)(y, 0)dy—  (1.15)
oD; 0

= [ e O RS, (9 k)15, s

the domain D3 is given by (1.13), and the kernel K(s,t) is given by (1.10). The expres-
sions p(t), E(At,s) are defined by (1.11)-(1.12).

The proof of this proposition is based on the inversion theorem of section 2.

2 The Lax pair formulation of the Klein-Gordon equa-
tion and a Fourier-type transform

We derived in [15] the Lax pair formulation for equation (1.3), a pair of linear ODE whose
compatibility condition is the Klein-Gordon equation. These ODEs, after a uniformising



change of variable, are the following:

My(x,t k) —ik_M(z,t, k) = q(x, 1),
(2.16)
My (2, t, k) + ik3 M (x,t, k) = qo(2,t) + ik_q(z,1).

where M (z,t, k) is a real function, and k4 are defined by (1.7).
The pair of ODEs (2.16) can be written as a first order matrix system, which reduces by
diagonalisation to the two first order pairs

Ve —th_v=q+ kg
{ ve —thyv = ¢ +ik_q, (2.17)
and
Po —th_p = q — ikyq
. . 2.18
{ pe + ik gt = qo +ik_gq. (2.18)

The second of these pairs is obtained from the first by the transformation & — —%.
Each one of the pairs (2.17), (2.18) has the PDE as its compatibility condition. Hence
a representation for ¢(xz,t) could be derived, by asymptotic considerations, from the
analysis of either one of them, as we show in section 3. However, by considering the

solution of both of them explicitly, we can also easily obtain a representation for ¢(x,t):

v(z,t, k) — p(e,t, k)

M(z,t, k) = 2k, ,

g(w,t) = M, — ik_M. (2.19)

2.1 The global relation

In what follows, we consider the first order Lax pair (2.17). This Lax pair is equivalent
to the condition

[e™ =274 (g, + ik y )] — [ =774 (qp + ik_g))o = 0.

From this, using Green’s theorem in the simply connected domain D defined by (1.2),
we obtain the global relation:

/ e~k (g 4 ikyq)d + (. + ik_q)dt] = 0.
oD

Using the definition of D, and the decay of the solution at infinity, the global relation
can be written explicitly as follows:

[ e ik o 0 = [ e O ) g i) (00 ) 00),
1 0

0)
(2.20)
Note that ¢(z,0) = qo(z), ¢:(x,0) = q1(x), and ¢({(¢),t) = fo(t). Hence, since

Jo() = qu(1(0),6) + U (1) g2 (I(1), 1),



we can write the global relation as

oQ

/ e_““—l(t)_““”(l—l’(t)z)qx(l(t),t)dt:/ TR (q) +ikypqo)(x)de (2.2
0 1(0)

— [ ) )+ i Ok k) o0

We shall use this relation to characterise the unknown boundary functions ¢, ((t),t), the
”Neumann datum” at the boundary. However, in the expression (2.21) there appears an
integral transform of this function, rather than the function itself.

In the next section, we prove an inversion formula for this particular transform.

2.2 A Fourier-type transform

In this section, we give the proof of Theorem (1.1).
Let v(z,t, k) be the solution of (2.17b). Then the function N (¢, k) = v(l(t),t, k) satisfies

Ne —i(ky + V@) k= )N = [qo + U () qe + (k= +U () k1 )ql(1(2),1), ke C*. (2.22)
Motivated by this remark, we consider the ODE
Ny —i(ky +U(O)k_)N = f(t), keC (2.23)

where f(t) is a given, smooth function of ¢.
Before proving the theorem, we perform the spectral analysis of the ODE (2.23). This
yields a formal representation for f(¢).

Proposition 2.1 Let f(t) be a smooth decaying function defined for t > 0. Let the
function F(k) be defined in terms of the function f(t) by (1.6), where we assume that
l(t) is a given convexr function of t with I'(0) = 0 and I'(t) < 1. Then the function f(t)
can be expressed in terms of the function F (k) by

iy = _127;’(” {/aD E(/\,t,O)F(/\)d/\—l—/_l [/OS(W)E(/\,t,s)f(s)ds] dA

1
aS(Al) X
+ / ) E(/\,t,S(|/\|))f(S(|/\|)d/\/\d/\}. (2.24)
where S(|k|) is defined as
s for k| = p(s),0 < s < o0,

s ={ % for = ho) (225)

with p(t), E(k,t,s) given by (1.11), D3 defined below by (2.30) and D3 defined by (1.13).



Proof: We seek solutions of the ODE (2.23) that are bounded in k. Two particular
solutions of this ODE are given by

t
m@@:/ymwﬂWhW%wv@@, (2.26)
0
Mwm:—/ b (t=5) ik (U0 =15)) £ 5) . (2.27)
t

To determine where each of these two functions is bounded as a function of k, we consider
the exponential of the integrand. The real part of the exponent of this exponential is

&mm@_@+m4my4@)::-@-@m%g+wﬂ+%u_wﬂﬂ

—u—@mu+wﬂ—¢%u—wﬂm

where l'(1) = l(tg:ls(s) so that 7 is a point in the interval between s and t.
Since () < 1 and {"(t) > 0 for 0 < 7 < t we have

L—V(@)  1-U(r)  1-1(0)
T+ i) S 140 S T10(0)

0=U0)<l'(r)<l'(t) >

and similarly for ¢ < 7 < co we have

1-0V(oo) 1=U(r) 1-U()
Ut ! !
(1) <Pr) <100 = 10y < T50(n) < 19000
where I'(00) = limy_e0 I'(0). Since by assumption !’(00) < 1, we have
_
i CORPY
14+ (c0) —

Ny: In this case, t — s > 0. Hence the solution Ny (¢, k) is asymptotically bounded as a
function of & if

1=1U(7)
1+ U(r)

1—1'(r)

either ko > 0 and |k|* > 1+U(r)
-

or ky < 0and |k|* <

Ng2: In this case, t — s < 0, hence the solution Na(¢, k) is asymptotically bounded as a
function of & if

. 1_1/(7_) 1—1/(7')
. 2
either ko > 0and |k|° < 00 or ks <0and |k|” > T+ 0(r)

Hence, recalling the definition (1.11) of the function p(¢), the functions N;(t, k) are
bounded, and indeed analytic, functions of & in the region D; given by
Dy = {ke(C)r: kP> 1} u{ke(C)7 [k < p(1)°} (2.28)
Dy = {ke(T): kP <plooftUihe () P2 o7} (229)



It follows that for k& in the region Dj defined by
Dy ={ke (C)t: pleo) < [k]* < 1}, (2.30)
We have not yet defined a solution of (2.23) bounded with respect to k. To this end, let
t
N3 = / e+t R (D=1 f () ds (2.31)
S(IkD)

where the function S(|k|) is defined on Dz by (2.25). Note that since S(|k]|) is a function
of both k and k, the function Ns (t, k k) i1s not an analytic function of k. However, we
claim that N3 1s bounded in Ds. Indeed:

o If S(|k]) < t:
then we need |k|? > ﬁﬁ which follows from
1=U(s) _ 1=U(r)
k k|? .
S(lkl) <s < 1= [k]" > T3 0(s) > T3 0(r)
o If S(|k]) > t:
then we need |k|? < M, which follows from

1+1/(7)
1—10(s) - 1-0U(r)
14 U(s) 14+ U(r)

r<s<S(k]) = [k]? <

Integration by parts of the equations defining the N;’s implies the following asymptotic
behaviour

1
Nj:()(E), ke Dj, k—oo, j=1,23. (2.32)

Hence equations (2.26), (2.27) and (2.31) define a function N (¢, k, k) in terms of f(t).
This function is bounded for every & € C*. Using this boundedness, it is possible to find
an alternative representation for this function using the Dbar formula [1],

- 1 ‘jumps’/ // 3Nt/\/\ dX A dA N
Nt k k)= — 0<t keC
(8, k. F) 2m'/w) =k Yo ) L, per
(2.33)

where dA A dA = —2idAgdA; if A = Ag + A7, and ¥(t) denotes the contour along which
the function N has a “jump” discontinuity and Ds is the domain where N/0k # 0.
The “jumps” are given by the expressions

Ni— Ny = / E(k,t,s)f(s)ds, k’EDlﬂDz,
0
(1%1)
Nl—Ng = / E(k,t,s)f(s)ds, kERﬂDlﬂDg
0
N3 — Ny = / E(k,t,s)f(s)ds, k’EDgﬂDz,
S(1k])



k plane

Figure 1: The domains Dy, Dy and Ds in the k-plane. Here I/(0) = 0, hence p(0) = 1.

where the function E(k,, s) is given by (1.12), and the orientation of the curves D; N D;
is always counterclockwise when seen from inside D, see figure 1.

Note that the definition of S(|k|) implies that, for & € (C*)* such that |k| = p(0) = 1,
S(|k]) = 0, hence N1 = N3 along this semicircle. Similarly, N, = N3 along the semicircle
|k| = p(o0) in the upper half plane. Hence along these two semicircles there is no jump
discontinuity.

We now compute the Dbar derivative of N for & € Ds. Since the only representation of
N (¢, k) which is not analytic is N3, we have

ON _ONs _ 0S(|k|)
S = o = = LBk S(RD) S (S(KD.

Hence, recalling the definition (1.6) of F(A), and writing the various contours explicitly,
we can write the expression (2.33) as

(2.34)

s = go{ [

ol
L)

_/ aS(AD
27 Ds 3/\

S(IAD
) l/o E(A\t,s)f(s )ds] /\d_/\k

oQ

(D

B SAIADFS(AD

/k| ot Imk<0) EXLOF (A)%

dX
A—k

d/\Ad/\
—k

E(A\t,s)f(s )ds]

(2.35)



Adding and subtracting from this expression the term

i (/ / )/ e st

and taking into account the definition of F'(A), we find the terms

(/ / /kl plt Imk<0) ELOF (/\)/\d/\k - _/(,mg E(/\,t,O)F(/\)%’

where Dy is given by (1.13). Combining all resulting terms, we then obtain

. 1 dA pleo) dA
Ntk k) = —— EXNLO)FAN)— — EMNLO)FAN)——
kb = g [ Ennre T [ o0

1 —p(0) 1 SUAD d)\
- 5o (/_1 —I—/p(oo)) l/o E(/\,t,s)f(s)dsl Tk
- o [ BB o squnssian B2 (2:36)

By the definition (2.25) of S(|k|), when || < p(o0) we have S = co. Hence we can write

p(o0) (IAD
/ E(A\t,0)F( d/\ / / E(At,s)f(s)ds dA
—p(00) A—k

and we can combine the second and third integral in expression (2.36) into the single

integral
(1A
/ / E(A\t,s)f(s )ds/\d_/\k.

Finally, computing N; — i(ky + '(t)k_)N we find that f(t) is given by (2.24).
QED

Proof of Theorem 1.1 To prove this result, we follow the approach of [8] and show
that equation (2.24) can be rewritten as equation (1.9).

We start by extending the double integral to the larger semicircle D U Ds, the domains
defined by (2.29) and (2.30). Since the Dbar derivative of the integrand vanishes for
k € DT, this does not change the value of the integral. Then we subdivide the domain
DF U D3 in two disjoint regions:

DfuDs = DYMuD DY = {k € Ds:p(t) < |k| <1}, D) = {k € Ds:0< |k| < p(t)}.

In the domain Dgz) we use the complex form of Green’s theorem:
3]\7 k k) _
// ONs (kK)o n i = / Ns(k, k)dk, (2.37)
IS oD

10



The boundary of Dgz) is composed of the semicircle [k|? = p2(t) in (C*)T and of the
real interval [—p(t), p(t)]. If [k|? = p%(t), by definition S(|k|) = ¢, and hence N3 = 0. It

follows that
_ p(t) ¢
/ Ng(k,k)dk:/ / E(k,t,s)f(s)ds| dk.
op? —o(t) [/5(1kD)

(1)

We now compute the double integral in the region Dy
and the integral in polar coordinate. This gives

. We start by writing this region

DY = {re'?: p2(1) <P <1,0< 0 <7}

and since BS(AD 4 45(r)
< S(|A e dS(r

dX A dX\ = —2irdrdf L=

4 T T T

we obtaln

[ [0 55

Changing variable to ¢ = S(r) and using the definition of S(r), we can write the inner
integral as

E\t SO F(S (|/\|)d/\/\d/\:/07rze9 ret? ¢, S(r)) F(S(r)) rdrdd.

oty dr

L ds(r) ‘0 B ¢ y
/p(t) o E(re ,t,S(T))rdr_—/o E(p(0)e’ o, t)f(o)p(c)do

so that finally

/ ONs (ks B) 41 g = — // o EO L S(AD)A(S (IAI)deX—/ Na(k, k)dk
p, Ok DY /\ +?

oD

ks t p(t) t
— je'? E(p(a)e'? o o)plo)dodl — E(\t, s)f(s)ds| dA.
[ [ P o nsopeon - [ [ [, O

Substituting this expression in the representation (2.24) we obtain

/ LT pS0AD
f = Hl(){—/w_ E(\,0)F (/\)d/\—/_ [/0 E(Mt,5)f(s)ds| dA

1

- / / i E(p(o)e™® 0.)f(7)pl0)d0do
_ /_i,(t) [/;W B\, 8)f(s )ds] d/\}. (2.38)

Noting that E(—A,t,s) = E(At,s), it follows that

/_O; /;(Ml)E(A,t,s)f(s)ds] d\ = 2Re/0a [/;(Ml)E(/\,t,s)f(s)dS] ),

11




where a € [0,1]. Using once again the definition of S(|A|) and exchanging order of
integration, we have

_/Op(t> [/;(W)E(A,t,s) ds] d\ = / / E(\t,s)dX f(s)ds

Similarly

_/01 [/OS(Ml)E(/\,t,s)f(s)dS] ) = _/Ooo /Op(s) E(A 1, 5)dA f(s)ds

Adding the last two integrals we obtain

/ / E(\t, s)dX f(s)ds

Inserting the above expression into (2.38), we obtain the following Volterra integral equa-
tion:

f(t) :_1%(0{/@_ E(\t,0)F d/\—i—/ / i’ E(p o,t)d0p(a)dd f(o)do
which yields (1.9).

+ 2Re /t [/p(S) E(At, s)d/\] f(s)ds} , (2.39)
QED

The analysis of the kernel of the Volterra integral equation (1.9) is similar to the analogous
analysis of the kernel of the transform studied in [8], and will be presented elsewhere.

3 The solution of moving boundary value problems
for the Klein Gordon equation

We now consider boundary value problems for the Klein-Gordon equation (1.3) posed
on the domain D defined by (1.2). We assume, without loss of generality, that [(0) =
I'(0) = 0.

3.1 The formal solution representation

In this section, we derive the integral representation of the solution of (1.3). This can be
done in two equivalent ways: by using one of the first-order Lax pairs (2.17-2.18), or by
using them both to obtain a solution of the second order pair (2.16).

We define the following functions:

12



Gi(k) = /Oooe—”” ((x)dr, i=0,1, (3.40)
Qut k) = (L=U(0)*)ge(l(t),0) + IO F5 1) +ilho + U (Oke) fo(t), (341
Qa(t,k) = (1- <>> AU+ VOO +ith =V Ok, (3.42)
Qolk) = e~ =T lg1 (@) + gh(x) + ~qo(w)]da, (3.43)

k
0

Gk = (=L@ 0+ 0+ rasn - L @ag
where qo(2), ¢1(x), fo(t) are the given initial and boundary conditions given in (1.3).

Proposition 3.1 The solution ¢(x,t) of (1.3) admits the following two integrals repre-
sentations in terms of the given initial and boundary conditions, and of the unknown
funetion ¢, (1(t),1):

(1)
1 b ikt A oodk L SURD i A dk
= — tk_z4ikyt A tk_z4ikgt / tk_l(s)—ikys Ed o
ofe.t) = = [ Qo o [ e [ : Qi(s.h)ds|
; 105 (|k dk A dk
// stttk e=st ISURD & oy gy . (3.45)
Ds ok k

where Qy, Q1 are given by (3.43)-(3.44), the domains D; are defined by (2.28-2.30), and
S(|k|) is defined by (2.25).

(2):
1 th_wr tkyt —ik+t ~ . . dk
a(@,t) = o=y [T (@ (ko) + ik go(k-)) — (q1(k=) — ikyqo(k-))]—
R +
1 , S(Ikl)
/ e / STy (5, R)ds
-1 0 ]{7+
) , T(|kl) dk
+ / ezk_x—zk+t/ zk+s ik_ l QZ(S k)ds—
EER |k|>1 0 ki
95K ik (t=S(1kD+ik_ 1S (kD)) dk 1 dk
} / ok QS (k) ks
// IT( Ikl ik (=T (k) ik (2—U(T (Ikl)))QZ(T(|k|),k)dsdkk/\ dk}.(3.46)
B +

where the functions ¢;(k), Q1(t, k) and Q2(t, k) are defined by (3.40)-(3.42), the domain
Bs s obtained from Ds by the mapping k — ——, and T(|k|) = S(ﬁ)

The two approaches have distinct advantages. In this section, we sketch the derivation
of both representations, and compare the resulting expressions.
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Solution representation I

We consider the Lax pair (2.17). The solution of this pair of ODEs is a constant function
of k at infinity, equal to —¢(x,?). We first normalize it so that the solutions decay as
|k| = oo. To this end we define # = v + ¢q. This new function satisfies

v —ikyv = gt + g0 — 79
Particular solutions of this pair of ODEs have the form

xr

~ ik_x —ik_ l
p(x,t, k) =e* / e~k y(%-l—%-l—z‘])(yat)dy

é(l —U'(s))q]| (I(s), s)ds.

(3.48)
We define three particular solutions by specifying the pair (x*,t+). These solutions, and
the domain where they are bounded as functions of k&, are the following:

t
peit=emee) [ttt [(1 () (01 +05) +
t

*

v = ax=1(t), tx=0, kEDlﬂ(C*)+
vy = xx =1(t), tx=S(k]), ke (D:UD3)N(CH*T
o= ax=o00, tx=4, ke (C)7,

where the domains D; are defined by (2.28-2.30), and S(|k|) is defined by (2.25). Tt can
easily be verified that these solutions decay both as k — oo and k — 0, see also [15].
As in the previous section, using the Cauchy-Green formula we can find a function
v(x,t, k) defined and bounded for every k € C*, which concides with the three functions
defined above in each respective domain. In particular, © is not analytic for £ € Ds.
Computing the jumps along the common boundaries, and the Dbar derivative of v5 in
D3, we find for this function the following representation:

> 1 IA_wtidgt dA
Hatih) = g [ QT
U et [ 5D s s i
- IA_Ttidy —iA_I(s)—iAys
omi |, © /0 ¢ Quls Ads| 57—
1 ISUAD ix_ovirges dX\ A dX
“omi ) b, ox C QSN = (3.49)

where Qq(k) is given by (3.43) and Ql(t, k) by (3.44).
Computing v, — tk_7, we find for ¢(x,t) the representation (3.45).

Solution representation I1

We now derive a solution M of (2.16) with the property that M is bounded for all values
of k € C. To this end we perform the spectral analysis of (2.17) and (2.18). This

14



analysis is similar to the one performed in the previous section, with the only difference
that this case we do not regularise the functions v and g at infinity.
This analysis yields for M (x,t, k) the representation:

M) = oo { /]R ‘;;+ €4 (k) + ikao(ko)) — e (ko) — ik (ko)) oy
+ /keﬂ&,lklx eik;:k:kth /oT(lkl) eik+s_ik_l(s)Q2(5, k’)dskcff/\
/ A %em(ps(wl)+z’k-(x—l(5(|k|)))Q1(5(|k|),k)@%
n / A %e_imu—ﬂlkl)%k—(x—l(T(Ikl)))Qz(T(|]f|)’k)%}. (3.50)

where the functions Q1 (¢, k) and Q2(¢, k) are defined by (3.41) and (3.42), the domain
Bjs is obtained from D3 by the mapping k — —%, and similarly T'(|k]) = S(ﬁ)
Finally, using M, —iA_M = q(z,t), we find (3.46).

Comparison of the two representations

The integral representations (3.45) and (3.46) are equivalent, formal representations of
the solution ¢(z,t) of the boundary value problem. The equivalence can be established
by verifying that the representation (3.46) is essentially the sum of two copies of (3.45),
obtained by changing variable using the map k& — —% and manipulating the result.
However, these representation are formal, because the integrand in both cases is expressed
not only in terms of the given initial and boundary conditions, ¢(x,0), ¢:(#,0) and
q(l(t),t), but contains also the unknown boundary value ¢, (/(¢),t). In the next section,
we discuss the characterisation of this unknown function.

We stress that although these two representations are equivalent, they present some
distinct advantages. The representation (3.45) is more compact and it is preferable
for symbolic manipulations. However, the second representation is more appropriate
for the direct verification that indeed, the function defined by these integrals satisfies
not only the PDE but also the given initial and boundary conditions. In addition, it is
possible to read off immediately from (3.46) that the solutions propagate in two directions
(corresponding to the exponential terms ik ), in analogy with the solutions of the wave
equation. Indeed, for the case of the wave equation and of the Klein-Gordon equation
posed on the half line [14, 15], we used a representation analogous to (3.46) to prove
our results. In particular we used this representation to evaluate the unknown boundary
value without resorting to the global relation. For the wave equation, this approach
yields a representation that reduces directly to the usual one for the case of the half line.
In the present case, we cannot avoid using the global relation, as the direct evalution of
9:({(1),1) from expression (3.46) leads to an identity.
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3.2 The characterisation of the unknown boundary value ¢.({(¢),1)

In this last section, we give the proof of Proposition 1.1.
The unknown boundary value ¢;({(¢),?) can be characterised using the global relation
associated with the Lax pair (2.17), namely the relation (2.21) which we write, using the
given initial and boundary conditions in (1.3), as follows:

/ ek (1 (5))g,(I(5), 5)ds = / T e (g) + ikego()ldy—  (3.51)

- /ooo e =IO 1 (5 i (5) + (ik 1/ () + k) fo(s)]ds.

The term on the left hand side is the transform of the function (1 — I (¢)?)q,(I(¢),t) as
defined by (1.6):

F(k) = /OOO e s =ih=ls) (1 '(5)%)qp (I(s), 5)ds.

Therefore we can use the inversion formula (1.9) to derive a Volterra integral equation
for this function:

(1 _ l/(t)z)qx(l(t),t) — _1+27;i(t) /E)D_ eik+t+ik_l(t)F(k)dk
! Ll , , p(s)
1l —I—er(t) /0 l/o ip(s)e’ B(p(s)e™® s, t)do + 2Re/0 E(k,t, s)dk] (1=1'(s)*) gz (I(s), s)ds

with notation as for (1.9).
To use this result, we multiply the global relation (3.51) by e
along D5 . Hence we obtain

hit+ik-1{t) and integrate

/ iR+ (k) dk = H (1), (3.52)
oD;

H(t):/ eik+t+ik—’<t>{/ e =Yq1(y) + ikyg0(y)]dy—
oD; 0

-/ ek (5) f1(5) + (i () + ik—)fo(S)]dS} i

Using (1.9), equation (3.52) yields the sought characterisation of the unknown boundary

value:
(1= (1)) g (1), 1) = _w}m)
' t P ' ' "
_14_27;@){/0 [/0 iP(S)eZGE(p(S)eZG’s,t)dH—|—2R6/0 E(/\,t,s)d/\] (1_1/(5)2)%(1(8)’8)%}.

(3.53)
Dividing through by 1 —I’(t)?, we finally obtain (1.14).
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4 Conclusions

We consider a boundary value problem for the Klein Gordon equation in a time-dependent
domain, and solve it in terms of the unique solution of a Volterra linear integral equation.
Hence the solution representation is not fully explicit, but it is characterised implicitly
through the solution of an integral equation. This is an essential difference with the case
of a boundary value problem posed on a time-independent domain. Analytically, this
difference is reflected in the fact that the associated spectral problem cannot be solved in
terms of a Riemann-Hilbert problem, as in the fixed domain case. Instead, the spectral
problem is solved in terms of a Dbar problem, which can be viewed as a generalisation
of a Riemann-Hilbert problem when the representation of the solution is not analytic
in some domain of the spectral complex sphere. This also implies that these boundary
value problems could not be solved by the classical Fourier transform.

This approach was first presented in a series of papers by Fokas and one of the authors
[8, 12] where moving boundary problems for linear evolution PDEs were solved. We note
that although Dbar problems have appeared in the context of boundary value problems
for nonlinear integrable equations, they first appeared in association with a linear problem
in the mentioned papers.

The main steps of the solution presented here follows closely the methodology for solving
evolution problems. However, for the hyperbolic case presented here, this outcome is
more surprising. Indeed, for these PDEs,; the solution of boundary value problems posed
in fixed domains can be decoupled in the solution of two first order systems, and can
be solved explicitly by inverting the representation obtained, evaluated at the boundary.
Hence in these cases it is not necessary to consider the global relation. However, for
moving boundary value problems, this is no longer possible, as this evaluation leads to
an identity.

We assume here that the time dependence of the domain is very smooth, and that the
given boundary conditions are of Dirichlet type. However, both these assumptions can
be relaxed, as mentioned in the introduction. In particular we can easily generalise our
solution method to the case that the given boundary condition is of the more general
form g(1(0),1) + g2 (1(2),1) = (1)

Finally, we stress that the results presented here are formal, as no analysis of the kernel
of the Volterra linear equation is presented. However, this analysis is similar to the
one presented for the case of the kernel of the analogous integral equation derived in
[8], where it is shown that this kernel is well defined, and in [2], where a numerical
evaluation of the unknown boundary value is also presented. The details of this analysis,
as well as numerical computations based on the formulas presented here, will be presented
elsewhere.
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