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Abstract

In this article we use the Fokas transform method to analyse boundary value prob-
lems for the sine-Gordon equation posed on a finite interval. The representation of the
solution of this problem has already been derived using this transform method. We
interchange the role of the independent variables to obtain an equivalent representation
which can be used to study the asymptotic behaviour for large times. We use this anal-
ysis to prove that the solution corresponding to constant boundary data is dominated
for large times by the underlying similarity solution.

1 Introduction

The sine-Gordon (sG) equation is a significant example of evolution problem belonging to
the class of integrable PDEs in one space dimensions.
We consider the hyperbolic form of this equation, whence it is given by

got +sing =0, ¢=q(z,1). (1.1)

The initial value problem posed on the full line can be solved by the Inverse Scattering
Transform, and the associated spectral problem is the Zakharov-Shabat one [2].

A boundary value problem on the half line + > 0 or on any finite interval (0, L), with
t > 0, is well posed as soon as one initial and one boundary conditions (at ¢t = 0 and = 0
respectively) are prescribed, and there are no additional boundary values to be characterised.
For this reason, the analysis of this equation is simpler than the analysis of other integrable
evolution PDEs, such as NLS or KdV, which can also be solved by the inverse scattering
transform.

We are interested in the large time asymptotic behaviour of the solution of such problems,
and in understanding the generation of solitons and assessing their asymptotic role. It is
well known that the solution of the initial value problem on the whole line decomposes
asymptotically into a finite train of special solutions, for any given initial waveform carrying
sufficient energy [13]. These special solutions are either soliton-kinks, or soliton-breathers.
In the classical formulation, these solutions correspond to the poles of the spectral problem



lying either in the upper (or the lower) half of the complex spectral plane. However, the
question of what happens when one considers the initial and boundary value problem posed
on the half line z > 0 is still open. One can clearly construct boundary conditions such that
this problem can be considered a restriction of the whole line problem, and then its solution
must be consistent with the corresponding solution of the Cauchy problem and therefore
may produce soliton asymptotics. However, generic boundary conditions yield a problem
that cannot be considered as the restriction to & > 0 of an initial value problem, and the
asymptotic behaviour can be rather different.

This matter has been unexpectedly controversial. Consider the particular boundary value
problem obtained by prescribing the constant boundary data ¢(0,%) = 4. The analysis of this
equation using the classical Zakharov-Shabat spectral problem, either by the usual inverse
scattering transform [14] or by the generalisation proposed by Fokas [4, 5], yields a spectral
transform with infinitely many zeros in the upper half complex spectral plane. Since in
the full line case these zeros are associated with the soliton components of the asymptotics
of the equation, one might expect that, as ¢ — oo, the solution, in the half line case; will
decompose into infinitely many solitonic components.

However, the zeros of the Zakharov-Shabat formulation do not appear to be relevant for
soliton generation. Leon in [15] has argued that these zeros are spurious and an artifact
of the lack of continuity of the spectral functions near the real axis. He associates to
the sine-Gordon equation (1.1) a spectral problem, different from the usual one, defined
by a weakly commuting Lax pair. Using the spectral data associated to this problem,
he showed that, in correspondence with a constant boundary datum and vanishing initial
conditions, the relevant spectral function has only a finite number of zeros as ¢ — oo.
However, whether these zeros are indeed related to soliton solutions which are important for
the large time asymptotics of the whole solution was not verified. We note that although
the example presented in [4] and [15] generates the same spectral function, in the former
case the problem is posed on a finite interval, with nonzero initial conditions, while in the
latter case, the problem is posed on the half line with a vanishing boundary condition, and a
stepwise constant boundary datum. Since this boundary datum is not differentiable, this is
somehwat of a spurious example, and one should really pose this problem on a finite interval,
with constant, but nonzero, initial condition.

The only explicit asymptotic results we are aware of in the literature for the sine-Gordon
equation are the results in [13] on the generation of solitons for the equation on the infinite
line, with data that are not necessarily decreasing. We cite also the results in [12] on
the same problem for the stimulated Raman scattering (SRS) on the half line. In both
cases, the behaviour at large times is dominated by asymptotic solitons, generated by the
continuous rather than the discrete spectrum. The points in the discrete spectrum are
however assumed (and we stress that this is an assumption) to be finitely many, and their
asymptotic contribution is, as usual, in the form of canonical solitons.

In this paper, we find an alternative representation for the solution of such bundary value
problems, and prove that the large time asymptotic behaviour of the solution corresponding
to constant boundary conditions is dominated by the similarity solution. Our main result
is the following.

Theorem 1.1 Consider the sine-Gordon equation

et +sing =0, O0<a<L, t>0,



with given wnitial and boundary conditions

q(2,0) = qo(x), q(0,t) =7, ¢qo(0) =1,

where v £ 0 is a constant. The leading behaviour of this boundary value problem is given by

plet) = 2 24(e), €=l (12)

2V t
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1) =~ [ (e Ve O
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— B sin vy e+ L) dX
Ni(E,A) = 1-— Ny(€, A M e—
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— B sin v emiEW gy AN dX
No(E,2) = Ni(&,N) 1.
2(6) 1—|—cos*y/ i N — (A+140) (1.3)

We are motivated by the results in [9] on a similar boundary value problem for the Transient
Stimulated Raman Scattering (SRS). Note that the Riemann-Hilbert problem associated
with the solution of SRS has the same form as the one associated with sG. In what follows
we combine the results of [9] with the analysis of the sine-Gordon equation on a finite interval
given in [4].

We restrict ourselves to data given on a finite space interval. Since this equation is an
evolution equation with respect not only to time, but also to space, this restriction is not as
significant as for other evolution (in time) PDEs. Indeed, the solution ¢(xg,tq) depends only
on the values of (z,1) satisfying ¢ < xg, ¢ < tg. Therefore the value of the solution of the
boundary value problem posed on the half line, at any given point xg, should be identical
to the value of the solution, at the same point zy, obtained by solving the problem posed
on the finite interval (0, zg).

We first briefly review the solution method for the linearised equation. Using the fact that
the roles of the two variables  and ¢ are symmetric in this equation, we interchange them in
the derivation of the spectral problem, and hence give an expression for the solution which is
not the usual one but is equivalent to it. We then use the same idea to analyse the nonlinear
equation. Finally, we consider the special case of constant boundary data, and show that
in this case, the large time asymptotics are dominated by the similarity solution, while the
contribution of the zeros of the spectral functions (if any exist) is exponentially small.

2 The linearised equation
We consider the small ¢ limit of the sine-Gordon equation, given by

Our first remark that this is an evolution equation n both  and t. This implies; as we
show below and is well know [11], that the solution at any point (L, T) depends only on the



values of ¢(z,t) for # < L and ¢t < T'. We therefore consider this equation in the domain
(0,L) x (0, T), where L and T are arbitrary but finite.

This equation is supplemented with the following initial and boundary conditions, taken to
be sufficiently smooth and compatible:

q(z,0) = qo(z), z € (0,L) ¢(0,8) = f(t), L€ (0,T), f(0)=q0(0). (2.2)

In whta follows, we assume that a solution of this boundary value problem exists and we
derive a representation for it.
We introduce the spectral parameter k& and rewrite the equation in the form

(e—ikt—%xqt) n (e—ikt—%x%q) =0, kecC,
¢ ¢

or equivalently as the compatibility condition of the Lax pair
— Gk = — = ——q. .
He H=4t He— 2H 7Y

In view of the analogy with the nonlinear case, we will derive the solution representation
using the Lax pair. The solutions p of (2.3) are of the form

. © t
/J(l‘,t, k’) — _%ezk(t—tu)/ e(l/k)(x_y)q(y,to)dy—l—/ ezk(t—s)qt(x’ s)ds,
to

Lo

where zq, to are two arbitrary values.
Choosing x¢ = L, to = 0, we obtain a solution which is analytic and bounded for k¥ € Ct:

. L ¢
pt(z,t k) = %e“”/ e(i/k)((x_y)q(y, O)dy—l—/ eik(t_s)qt(x,s)ds, (2.4)
T 0

while choosing zg = 0, t; = T, we obtain a solution which is analytic and bounded for

keC:
i € T
p (k) = —Eelk(t_T)/ e(l/k)((x_y)q(y,T)dy—/ elk(t_s)qt(x,s)ds. (2.5)
0 ¢

It is easy to verify, by integration by parts, that these functions satisfy

P
= ik+0(k2)’ k — oo, (2.6)
po= q+ikg +O(k?), k—0.

The difference of these two solutions satisfies the homogeneous Lax pair, hence it is given

by

?

L T
pt —pm =Rk, pk) = E/ e_(l/k)yq(y, 0)dy —1—/ e”54,(0, 5)ds. (2.7)
0 0



Since pt as a function of k, is analytic and bounded in Ct, while u~ is analytic and
bounded in €™, equation (2.7) and the asymptotic behaviour (2.6) determine a Riemann-
Hilbert problem for the function p(z,¢, k). This means that p(x,t, k) is the unique function,
sectionally analytic in C and with the decay prescribed by (2.6), that coincides with p* in
C*, with ¢~ in C™, and that satisfies the jump condition (2.7) across R. This function is

given by
1 00 LiAt+(i/A)x A
/ A

plat k) = 92 X—k

— 00

The computation of y; —iky (modulo some technicalities regarding the slow decay at infinity
of p(k), see [4]), and integration with respect to ¢, yield ¢(x,?):

1 53] ezkt+(z/k)xp(k,)
g(w,t) = ﬂ/ k. (2.8)

— 00

It can then be verified that the function defined by (2.8) satisfies the equation and the given
initial and boundary conditions, see [4]. Also, as shown in [4], (2.8) is equivalent to the
expression

1 1 - ikt+(i/k)w /x —(i/k)y dk

gz, t) = 2q0(0)+2ﬂ /_Ooe e q0(y)dy 2
1 ~ ikt+(i/k)e /t iks dk
5 _Ooe i e f(s)ds o

This expression shows that indeed the solution at any point (x,?) depends only on the values

of the variables in (0, #) and (0,1).

3 The sine-Gordon equation in light cone coordinates
We now consider an initial boundary value problem for the sine-Gordon equation
gzt +sing =0, O<ae<L, 0<t<T, (3.1)

with given conditions (2.2). We follow the same steps used to solve the linearised problem.
As before, we consider this equation in the domain (0, L) x (0,77). As we are interested in
the large ¢ behaviour of this equation, we eventually let 7" — oo, still keeping L finite, so
that lim;_o x/t = 0.

Our first step is to interchange the role of the # and ¢ variables in the classical formulation,
to obtain a Lax pair that is the nonlinear analogue of (2.3). Hence the Lax pair we use is
given by:

potiklos, p] = Qu, e+ 7 [os, 1] = Qpy (3.2)

where

Q:( 0 —%qto(x,t)>’ Q:<cosq(x,t)—1 sin q(x, 1) )

sin q(z,1) 1 —cosg(z,t)

ot



The solutions of this Lax pair are of the form

. o ¢
ple t,k)y=1- ﬁe‘ik(t_tu&e’ / e_(i/%)(x_y)daéu(y, 0, k)dy + / e_ik(t_s)&e’Qu(x, s, k)ds.
To to

Choosing g = L, tg = 0 and z¢g = 0, {x = T we obtain two particular solutions of the Lax
pair (3.2):

. I ¢
Szt k)y=1T+ Z—ke_ikme’ / e_i(x_y)c}e’()q)(y, 0, k)dy + / e_ik(t_s)&e’Q(I)(x, s, k)ds,(3.4)
T 0
. o T
U(x,t,k)=1- ﬁe_ik(t_T)C}?’/ e_#(x_y)c}e’é\ll(y, T, k)dy — / e_ik(t_s)&e’Q\I!(x, s, k)ds(3.5)
0 ¢

We write ® = (®&+, &~ ) where ®* are column vectors. It is easy to verify that these vectors
are bounded and analytic in CF | respectively. Their components are given explicitly by

<I>1|' 1 ¢ —%qt(x,s)q);(x,s)
= =+ / ds
D) 0 0 %qt(x,s)q)f(x,s)ezm(t_s)

— 1)@ (y,0) + sin g(y, 0)®3 (y,0)

+

dy

. Z-/xL [ (cosq(y,0)

Ak sin q(y, 0)®7 (y,0) + (1 — cos q(y, 0))®F (y, 0)] eZFt+E/2k)(z=y)
and similarly

o 0 ¢ —%qt(x, 5)®5 (1, s)e2ik(t=s)

= -I-/ ds

o 1 0 2q:(x,5)P7 (z, s)
i L ( [(cos g(y, 0) — 1)®7 (y, 0) + sin ¢(y, 0)®3 (y, 0)] e~ 2kt=(i/2k)(z=y) )
4k . _ _

x sin ¢(y, 0)®7 (y,0) + (1 — cos ¢(y, 0))®5 (v, 0)

In the same way, ¥ = (U~ ¥T) where ¥F are analytic and bounded in CF, and satisfy

equations similar to teh ones for @, with fot replaced by — ftT and fo replaced by — fox.
It is immediate to verify that the matrices above satisfy special symmetry relations, given

by

q)zz(k’) = q)ll(—k), q)lz(k’) = —q)zl(—k’), \Ifzz(k’) = —\Ifll(—k’), \Iflz(k’) = \1121(—]{).

and in addition, for real ¢,

Dos(k) = @11 (k), ®ra(k) = —Day(k), Wao(k) = Wyi(k), Wia(k) = —Vsy (k). (3.7
For k € R, the matrices ¥ and ® are related as follows:

(b, k) = (e, t, k)ektos=(i/4h)ads 5 fy



Indeed, since they both satisfy the z-equation, then there exists a function 7 (¢, k) such that
® = T (t, k), and since they both satisfy the t-equation, then then there exists a function
X(x, k) such that® = WX (x, k). Tt follows that these two functions are related through a
function of k only. We call this function p(k).

Atz =0, ¢t =T we have U(0,T, k) = I, therefore

L

. T
p(k) = e* 10, T k) = I + ﬁ eﬁwa@@(y,o,k)dw/ e*95Q(0, 5, k)ds. (3.8)
0 0

Any solution p(z,t, k) of the Lax pair (3.2) has constant determinant equal to 1, and the
following asymptotic behaviour as k¥ — co and k£ — 0:

B w1z, 1) 1
ﬂ(x’t’k)_I+T+O<k_2 ; ]{7—)00,
ul(z,t k) = po(x,t)+ O(k), k—0. (3.9)

Equation (3.9(a)) is obtained by integration by parts of (3.3). From this, using the fact that
u satisfies the first equation of the Lax pair, we obtain that i[cs, u1] = @, hence

g = —4i(/,t1)12 = —42]@11}120 k’(/,t - 1)12. (310)

To verify that the behaviour at & — 0 is indeed as given by equation (3.9(b)), assume that
1 has this form. Then substituting into the two equations of the Lax pair, we find

Quo = (ko)e,  Qpo = [po, 73]

The second equation can be rewritten as

cosq  sing )

_1_ ~ _
poosply = Q@+ o3 = ( sing —cosgq

Since both left and rigth hand side have determinant equal to —1, this equation can be
solved in terms of one of the matrix elements. For example, we obtain

sin ¢
2(po)21

The data above define a Riemann-Hilbert problem. This problem, modulo interchaging the
role of & and t, is studied in detail in [4]. Tt can be written in a canonical form as follows:

q)-|— I 1 par
<\Ij+a _) = <_a \Ij_> Ga G= ( p12FE pil ) 5 ke R, (311)
P11 P22 - o

P22 P11p22

sin ¢

cosq—1
2(cosq—1)

(ﬂo)zl

(ﬂ0)12 = s (ﬂo)n = - (/io)21, (No)zz =

where E — e2ikt+(i/2k)z  Note that

+ —
i (w2 ) = i ()= (] ).
k—o0 P11 k—o0 \ P22 10



Any matrix Riemann-Hilbert problem of the form 7+ = 7-G, where limy_ oo 7% = J is
a constant matrix, and G satisfies a certain definiteness condition, is uniquely solvable [1].
The solution is given by the formula

T (k)y=J+ ! /Oo T (k)G (k) a TH=T"G

B 27 J_ oo k' — (k —10)’ B ’

where G = G’ — I, I the identity matrix.
In the present case, using the symmetry conditions relating the components of ¥+ and ¥,
this expression yields for the vectors ¥*, W~ the integral equation

0 L[ pra(k) ikl (i o dk’
+ _ i ! 2tk't—(i/2k )z
Ut (e, k) = ( ; ) —27”,/_00 Y W e SCEE)

Finally, using (3.10), the solution ¢(z, ) of the given boundary value problem is characterised
by:

_ 2 © e p12(k) —2ikt—(i/2k)z
qe(x,t) = 77/_00 L (x,t,k)pzz(k)e dk. (3.13)

Indeed, choosing i = W in equation (3.10), since W15 = ¥} we have

g = —4i lim k07T,

k—oco

which yields equation (3.13). The use of equation (1.1) yields an expression for ¢(z,1).

We are only interested here in the asymptotic behaviour of the solution as ¢ — oo. We
now show that to analyse this behaviour, we need to evaluate the limit of the quotient
p12(k)/p22(k) as k — 0. Since the matrix p(k) can be characterised via the values of the
solution ®(x,t, k) of the Lax pair at + = 0, ¢t = T, we start by analysing the behaviour of
the matrix defined by (3.4).

Small k£ behaviour of ®(z,0, k)

We start by remarking how, because of the symmetry properties (3.6) of these matrices, we
only need to analyse the asymptotic behaviour of one of the columns of ®. By definition,
we have
i (L ,
Pi2(2,0,k) = 1 [(cos go(y) — 1)®12(y, 0, k) + sin go(y) 22 (y, 0, k)] e~ /2R ==v) gy,
i

T

L

Doo(2,0,k) = 1 [sin qo(y)P12(y, 0, k) + (1 — cos go(y))Paa(y, 0, k)] dy.  (3.14)

Integrating by parts the expression for ®14(x,0, k), and using the fact that ®12(L,0,k) =0
and ®a22(L, 0, k) = 1, we find

sin qo(x) singo(L)  _(i/2m)(e—1)
b k) = ———2 @ k)+ —er
12(2,0,k) 1+ cos qo(x) 22(2, 0,k) + 1+COS(]0(L)e
1 L d . — (7 T —
- 5/ 7y (08 00(v) = )®12(y, 0, k) + sin qo(y) @2y, 0, k)] e~ /200y,



Write
® = @°(x,t) + k' (2, t) + O(k?), k —0.

Substituting and integrating by parts the first of the above equations, we find

0 __sin qo(x) 0 sin qo(L) —(i/2k)(z—L)
<I)12(130)— 1—|—COS(]0($)<I)22( 0) 1—|—COS(]0(L)e : (315)

These equations suggest that we assume for ®12(z, 0, k), Paa(x, 0, k) the following behaviour:
O15(2,0,k) = a1(x) + Bi(x)e” CPHED L O(k),
Bos(2,0,k) = @a(x) + Ba()e” CPHED L O(k).

Substituting these expressions in equation (3.15), we find
G/om)e-r) — __Sngo(@) (5/2k) (2 1)
a1(e) + 1 (z)e” eonar(z] (02() + Aol )

sin go(L) o= (i/2K)(z~L)
14 cosgo(L) ’

It follows that

sin go ()

wi(z) = _Waz(x)’ (3.16)
sin qo() sin qo(L)

hie) =~ ) Sl

Small £ behaviour of p(k)
We recall that p(k) = e*T92®(0, T, k). Note that we can write
¢
Bz, t, k) = e 9z 0, k) + / e_ik(t_s)c}e’Q(I)(x, s, k)ds.
0
Therefore,
T
eikT&f"(I)(O, T, k) = (I)(()’ 0, k) _|_/ eik563Q<I>(0, s, k’)ds,
0
and, as k — 0, we find

pra(k) _ a1(0) + Bi(0)el /2L — L [F e2iksg, (0 5)®22(0., 5. k)ds.
pzz(k) ( )+ﬁ2( ) i/2k)L + 5 f Qt 0 8)@12(0,8,]{)d8

(3.17)

4 The case of constant boundary data - proof of Theo-
rem 1.1

We now consider in detail the boundary value problem obtained when ¢(0,f) = v is a
constant, v # 0. For consistency, it must be ¥ = ¢o(0), where ¢o(x) is the given initial



condition. We want to show that in this case, the asymptotic behaviour of the solution for
p12(k)

. . . . . paa(k)’
when they exist, do not play a role in the leading asymptotic behaviour of the solution of
these boundary value problems.

We introduce the similarity variable £ = +/xt, and write k& = %\/?/\ Then

large ¢ 1s dominated by the similarity solution, while the zeros of the spectral function

ikt + (i/2k)w = it </\ + %) .

The Riemann-Hilbert problem with respect to these variables is identical to the Riemann-
Hilbert problems characterising the solution of the so-called Painleve III ODE, which is
analysed in [10].

With respect to the variable A, the kernel of equation (3.12) is

p12(%\/_/\_/)e—i§(x’+%r)7d/\/ . (4.1)
pa2(5/TN) N = (A+10)

If we let t — oo, since z 1s finite, then £ — 0. Using the method of the stationary phase

[1], we find that the leading order behaviour of equation (3.12) when ¢ — oo depends on
p12(k)

paz (k) . . . .

In the particular case that ¢(0,¢) = v is constant, since ¢;(0,7) = 0, the integral terms in the
expression (3.17) vanish. Hence the leading term of the ratio p12/pe2, for k small, is given

by

limg o

pi2(k)  ai(0) + Bi(0)el/2RIE

paz(k)  az(0) + B2 (0)eli/2R)L
We consider first the case that pa2(k) has no zeros in C.
The terms containing e(!/?)% do not contribute to the integral in (3.12). Indeed, multiplying
the expression in (4.2) by the exponential e=2*#¢=0/2K)* "and writing a; = a;(0), B = 5:(0),
1= 1,2, we find

(4.2)

B1 _ B2\ —2ikt—(i/2k)(z—L)
pl?(k)e—Zikt—(i/Zk) ay e 2ikt=(i/2k)w | (041 042) c

xr
_— ~

p22(k) Qg 1+ g—ze(i/zk)L

—2ikt—(i/2k)(z—L) (i/2k)L

The exponential terms e and e are analytic and bounded in C~. The
same is true of the other terms appearing in the kernel (3.12), namely ¥~ (k) and 1/(k" —
(k + ¢0)). Tt follows that the integral over R of the product of these terms vanishes. Using
(3.16), we therefore find that the only contribution to the leading behaviour of the integral
(3.12), for t — oo, is given by
pro(k) a1 singo(0) (4.3)
paza(k) s 1+ cos ¢o(0)

It is easy to see, as in [9], that if pas(k) has zeros in C~, then the extra terms arising from
the contribution of the corresponding poles are of the form

p12(k’0)\1’_ (ko)e—zikut—(i/zku)x
(dpaz/dk)(ko)(k — ko)

paz(ko) =0, ko € C™.

10



Since |e™ 2| decreases exponentially with ¢ for k € C™, these terms give an exponentially

small contribution as { — oo, and can therefore be ignored when seeking the leading order

behaviour of the solution for large time.

We note that if the given initial condition is also constant, ¢o(#) = 7, then it is possible to

compute explicitly p12(k) and pa2(k), and find
i/2k)L

1. 1. 1 1
p12(k) = —g5siny + §sm'ye( , paa(k) = 5(1 + cosy) + 5(1 — cosv)el

i/2k)L

In this case, the effective part of the ratio p1a/pas is precisely given by the right hand side
of (4.3).
From the previous discussion it follows that the leading behaviour of equation (3.12) as
t — 00, 18 determined by
0 1 oy & _ e A "y
Ut (z,t,\) = - U™ (€, N )e 6 H5r) 2
(2,6,2) (1) (€, X)e TN (o)

2mt s J_ o

Hence for v # nr, n € Z, we finally find

0 sin v © s dN
+ _ el / A/ ) N
vTEN) ( 1 ) 14 cosvy /_OO\II (e XN — (A+10) (44)

Setting N1(£,A) = U7 (£, A), Na(&,A) = ¥, (€, ), and using the symmetry relations (3.7),
we find that Ny, Ny satisfy the system of integral equations (1.3). This system defines the

similarity solution
. 2siny e , 1
= Ni(€,N)e A+ g, 4.5
i) =~ [ M e (15)
Finally, we obtain from (3.13) that the leading order behaviour of the solution of this bound-
ary value problem, for t — oo, is given by (1.2).

5 Conclusions

We have given a representation of the solution of boundary value problems for the sine-
Gordon equation posed on a finite interval [0, L], with L a finite but otherwise arbitrary
positive constant. The interesting property of this equation is that it is an evolution equation
with respect to both the space and the time variable. This entails that the value ¢(zg,%o)
of the solution at any given point (#g, o) depends only on the values of ¢(x,t) for < xy,
t <tp.

We have shown that in the particular case that the given boundary conditions are constant,
the large asymptotics of the solution are dominated by the similarity solution. Indeed, the
large time asymptotic behaviour is associated with a 2 x 2 Riemann-Hilbert problem which is
a particular case of a general RH problem associated with an integrable ODE, the so-called
Painleve IIT [10]. This problem coincides with the spectral problem arising in connection
with the phenomen of transient stimulated Raman scattering, and was already analysed in
the literature [9]. The only new feature of the present analysis is the interchange of the
roles that the two variables z and ¢ play in the classical inverse scattering approach for the
sine-Gordon equation.
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