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u satisfies Helmholtz equation Au + kk?u = 0, with wavenumber k > 0.



Acoustic wave scafttering by a planar screen

u satisfies Helmholtz equation Au + k?u = 0, with wavenumber i > 0.

‘Sco’r’rering: incoming wave u' hits flat screen I and generates field wu.




Acoustic wave scafttering by a planar screen

u satisfies Helmholtz equation Au + k?u = 0, with wavenumber i > 0.

‘Sco’r’rering: incoming wave u' hits flat screen I and generates field wu.

I bounded subset of ', ;= {x € R": x;, =0} = R"!, n=2,3

Au+k2u=0
X3 D::R”\f

>~
ui(x) — eikd~x

u satisfies Sommmerfeld radiation condition (SRC) at infinity
(i.e. Oru — tku = o (r!!=™/2) uniformly as r = x| — o).



Scattering by Lipschitz and rough screens

ut =y +ut

Incident field is plane wave ul(x) = ed%, |d| = 1.

Real part scattered field

Magnitude far field z>0

Real part total field
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Classical problem when T is open and Lipschitz.



Scattering by Lipschitz and rough screens

Incident field is plane wave ul(x) = ed%, |d| = 1. ut = u + ut
Real part total field o Real part scattered field Magnitude far field z>0
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Classical problem when T is open and Lipschitz.

What happens for arbitrary (rougher than Lipschitz, e.g. fractal) I'?




Waves and fractals: applications

Wideband fractal antennas

(Figures from http://www.antenna-theory.com/antennas/fractal.php)


http://www.antenna-theory.com/antennas/fractal.php

Waves and fractals: applications

Wideband fractal antennas

www.antenna-theory.com

(Figures from http://www.antenna-theory.com/antennas/fractal.php)

Scattering by ice crystals
in atmospheric physics
e.g. C. Westbrook

Fractal apertures in laser optics
e.g. J. Christian

A


http://www.antenna-theory.com/antennas/fractal.php

Scattering by fractal screens
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Lots of mathematical challenges:
» How to formulate well-posed BVPs?
(What is the right function space setting? How to impose BCs?)
» Do solutions on prefractals converge to solutions on fractals?
» Do BEM solutions on prefractals converge?

A XK ok ki

Ideas and analysis relevant to BEM for any BIE/¥DO on fractals or
other rough sets — e.g. fractional Laplacian on rough sets?
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Lots of mathematical challenges:
» How to formulate well-posed BVPs?
(What is the right function space setting? How to impose BCs?)
» Do solutions on prefractals converge to solutions on fractals?
» Do BEM solutions on prefractals converge?

A XK ok ki

Ideas and analysis relevant to BEM for any BIE/¥DO on fractals or
other rough sets — e.g. fractional Laplacian on rough sets?

Previous BEM computations on sequences of prefractals, e.g. Jones,
Ma, Rokhlin 1994, Panagiotopoulos, Panagouli 1996, but no proof
that these converge to right limit. .




Our method is: solve by piecewise constant BEM
on sequence of prefractals: results for Cantor set

///

\\\\

//,/////

I'y an

d Re ul



S
§\ 3
@}> ))}:@D\}>>>)))))
2, - I
-1'.; ":" ﬂ .o/ :57 1/{/ s

Fz and Reug



s\

~
70,1 S o)/ it
R
7
.,.....&\\\\\.‘l]// Wiy
/ r.'.

OOMOo’o R

) = AN

% SN
’ \\ Z ///p \
\\&w\kﬁ%&yf//m

...._.a..w.”@...:i..\. _\_M

I's and Re uf!



N
\\\»////
..B.M.

O AR

I'y and Re u}!



I's and Re ul!



Outline

v

Sobolev spaces on rough sets
BVPs and BIEs
» Oopen screens

v

A
» Compoc’r screens Andn

» Abstract convergence framework, using Mosco convergence
» Prefractal to fractal convergence

» Convergence of BEM on sequences of prefractals

>

Numerical examples

» Cantor set
» Cantor dust: dependence on Hausdorff dimension
» Fractal apertures



Sobolev spaces on rough subsets of R™*1

We need Sobolev spacesonT' ¢ R* !, Fors c R let

e ={we @) sl = [ (1HEPTE)P dE < oc

Rn—1



Sobolev spaces on rough subsets of R™*1

We need Sobolev spacesonT' ¢ R* !, Fors c R let

e ={we @) sl = [ (1HEPTE)P dE < oc

Rn—1

ForT' c R* ! open and F ¢ R*! closed define (MCLEAN)

HS(T) := {u|r : uec HSR" 1)} restriction
HS(RH—I)

H5(T) := C(T) closure

Hp :={ue HS(R" ) :suppu C F} support



Sobolev spaces on rough subsets of R™*1

We need Sobolev spacesonT' ¢ R* !, Fors c R let

R = {u e 8 R sl = [ (1R lae)P de < oo}

ForT' c R* ! open and F ¢ R*! closed define (MCLEAN)
HS(T) := {u|r : uec HSR" 1)} restriction
HST) := C?(F)HS(RH) closure
Hp :={ue HS(R" ) :suppu C F} support

When T is Lipschitz it holds that

HS(T') = (H-3(I'))* with equal norms

seN= ||u||%1s(r) ~Yla<s Jr 0%ul

HS(T)=HS (= Hg(I), s> 0)
il/Z — {0}

{HS( )}sew and {H¥(T)}ser
are interpolation scales.
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Sobolev spaces on rough subsets of R™*1

We need Sobolev spacesonT' ¢ R* !, Fors c R let

R = {u e 8 R sl = [ (1R lae)P de < oo}

ForT' c R* ! open and F ¢ R*! closed define (MCLEAN)
HS(T) := {u|r : uec HSR" 1)} restriction
HST) := C?(F)HS(RF ‘ closure
Hp :={ue HS(R" ) :suppu C F} support
When T is Lipschitz it holds that For general open T
» HS(T') = (H-5(T"))* with equal norms > v
> s€N= ullfm ~ 2 a<s Jr10%uf? > X LIPSCHITZ
> FIS(F) = HZ (=2 H5 (). s> 0) > X IS
» Hi'/? = {0} > X LUXURY!
> {HS( )}ser and {H3(I)}scr > X

are interpolation scales.



BVPs for open and compact screens

BVP D°P(T") for open screens

Let T c T'» be bounded & open.
Given g € HY/2(T)

(forinstance, g = —(y*ud)|r),
find u € C% (D) N Whie(D)
satisfying

Au+ku=0 inD,

(y¥wlr =g,
Sommerfeld RC.

y* = traces : WH(RL) — HY/2(T)



BVPs for open and compact screens

BVP D°P(T") for open screens BVP D<(I") for compact scr.
LetI’ c ' be bounded & open. LetT c I'y, be compact.

Given g € H'/2(T") Given g € H'/2(1¢)+
(forinstance, g = —(y*ud)|r), (e.g..g = —Pry*Tud),
find u € C2 (D) N Wlee(D) find u € C2 (D) N Wlle(D)
satisfying satisfying
Au+ku=0 inD, Au+K?*u=0 inD,
(’\I’iu)hﬂ =9, Prﬁ/'iu:ga
Sommerfeld RC. Sommerfeld RC.

Orthogonal projection
v+ =traces: WH(R1) — HY/2(T',) Pr: HY2(Ty) — HY2(T¢)*.



BVPs for open and compact screens

BVP D°P(T") for open screens

Let T c T'» be bounded & open.
Given g € HY/2(T)

(forinstance, g = —(y*ud)|r),
find u € C% (D) N Whie(D)
satisfying

Au+IK2u=0

(vcuwlr =g,
Sommerfeld RC.

in D,

y* = traces : WH(RL) — HY/2(T)

If © bdd open & H~Y/2(Q) = H'/?

equivalent,

BVP D (I") for compact scr.

Let T’ C ' be compact.

Given g € HY/2(r)+
(e.g..g=—Pry*ud),

find u € C? (D) n Whl¢(D)

satisfying

Au+Iu=0
Pr”/iu =9
Sommerfeld RC.

in D,

Orthogonal projection
Pr: HY/2(T'y) — HY?(I¢)*.

. then D°P(Q)&D<°(Q) are



Well-posedness & boundary integral equations

Theorem (CW, H, M 2019) Theorem (CW, H 2019)

If FI-1/2(I") = H- '/ then problem  Problem D®(T’)
D°P(T") has a unique solution wu. has a unique solution wut.



Well-posedness & boundary integral equations

Theorem (CW, H, M 2019) Theorem (CW, H 2019)

If FI-1/2(I") = H- '/ then problem  Problem D®(T’)
D°P(T") has a unique solution wu. has a unique solution wut.

u safisfies the representation formula  u(x) = —Sro(x),x € D,
where ¢ = [Oqu] := 0§ u — 9, uis the unique solution of BIE Sp¢ = —g.
Sr = single-layer potential,
Sr = single layer operator: cont. & coercive in H~'/2(R"~') norm.
Srip(x) := / d(x,y)y(x)ds(y)

-

Sp: H-Y2(T) — C2(D)nWhiee(RY) | S : Hy /2 — C2(D) N Whiee(R™)
Sl‘L' f (”/isl"l_l)‘y Sr = Pr“/iS]“ _
Sr: H-1/2(T') — H'/2(T) Sr: Hy '/? — HY/2(1e)+

® is the Helmholtz fundamental solution (d(x,y) = £ for n = 3)



When is H-/2(I') = H-/??

The previous theorems extend classical results for Lipschitz domains
(STEPHAN & WENDLAND 1984, STEPHAN 1987).



When is H-/2(I') = H-/??

The previous theorems extend classical results for Lipschitz domains
(STEPHAN & WENDLAND 1984, STEPHAN 1987).

Sufficient conditions for H=1/2(I") = H;/z are that either
» I'is C° (e.g. Lipschitz); or
» I'is CO except at a set of countably many points P ¢ 9T such
that P has only finitely many limit points (C-W, H, M 2017); or
» |OT'| = 0 and T'is “thick”, in the sense of Triebel (Caetano, H, M
2019).

Ia
Yy VvV I.I.I.
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2 ey Ccy (T = {ve H 2R 1) : suppv C T}



When is H-/2(I') = H-/??

The previous theorems extend classical results for Lipschitz domains
(STEPHAN & WENDLAND 1984, STEPHAN 1987).

Sufficient conditions for H=1/2(I") = Hf_l/2 are that either
» I'is C° (e.g. Lipschitz); or
» I'is CO except at a set of countably many points P ¢ 9T such
that P has only finitely many limit points (C-W, H, M 2017); or
» |OT'| = 0 and T'is “thick”, in the sense of Triebel (Caetano, H, M
2019).

Y u
abhbili I.I.I

(H-Y/2(I) = He 12 Ccy (T = {ve H 2R 1) : suppv C T}
Cases with H-1/2(T") +# H- /2 constructed using characterisation:

Ifs<0,int(T)is COthen  H3(I) = HS < H:5 = {0},



Suppose 2 C I'sx =R is bdd, open, C>* and I' is open or compact
with T c Q.



BIE Variational Formulation

Suppose Q c T'y, 2 R* ! is bdd, open, C>* and I is open or compact
withT' C Q.

If Q is the screen, then the (standard) variational formulation is:
Find ¢ € H := H-1/2(Q) s.t.

a((ba 1/)) = <97¢>H*xH7 V’l/J S H7
where
g=n"ule e H2Q)=H", a(¢,9):= (Sad,¥)m-xn. Y69 € H.
N.B. a(-,-) is continuous and coercive (Ha Duong 1992, C-W, H 2015).



BIE Variational Formulation

Suppose Q c T'y, 2 R* ! is bdd, open, C>* and I is open or compact
with T" C Q.
If Q is the screen, then the (standard) variational formulation is:
Find ¢ € H := H-1/2(Q) s.t.
a((ba 1/)) = <g7w>H*><H7 V’L/} S H7

where

g:=7"ullo e H?(Q) = H*, a(¢,y) := (Sad, ¥)u-xn, Yé,9 € H.
N.B. a(-,-) is continuous and coercive (Ha Duong 1992, C-W, H 2015).
If "  Qis the screen the variational formulation is:

Find ¢ € V s.t.
a(¢7¢) = <g7 ¢>H*><H7 V¢ S V7
where

-1/2

— H-'/2(), T open
o H;'?, T compact

N.B. Well-posed by Lax-Milgram.



a(-,-) is continuous and coercive on Hilbert space H, closed
subspace VC H,g e H*.



Convergence of BEM: abstract framework

a(-,-) is continuous and coercive on Hilbert space H, closed
subspace VC H,g e H*.

Problem. Find ¢ € V s.t.
a(g,¥) =(g,v¥), YYeV.

Approximating sequence. Given closed subspace V; C H, find ¢; € V;
s.t.

a(oj, ¥y = (g,v;), Y€V



Convergence of BEM: abstract framework

a(-,-) is continuous and coercive on Hilbert space H, closed
subspace VC H,g e H*.

Problem. Find ¢ € V s.t.
a(g,¥) =(g,v¥), YYeV.

Approximating sequence. Given closed subspace V; C H, find ¢; € V;
s.t.

a(g, ¥y) = (9, ¥), Vi€V
Céa’s Lemma. Suppose each V; ¢ V. Then

¢ — ¢, Vge H* & V; 24 v,
where V; M, v means that

wiléfv, [ =l =0, VipeV.



Convergence of BEM: abstract framework

a(-,-) is continuous and coercive on Hilbert space H, closed
subspace VC H,g e H*.

Problem. Find ¢ € V s.t.
a(g,¥) =(g,v¥), YYeV.

Approximating sequence. Given closed subspace V; C H, find ¢; € V;
s.t.

a(g, ¥y) = (9, ¥), Vi€V
Céa’s Lemma. Suppose each V; ¢ V. Then

¢ — ¢, Vge H* & V; 24 v,
where V; M, v means that

wiléfv, [ =l =0, VipeV.

Indeed,
o=@l < e inf flo—u.



Convergence of BEM: abstract framework

a(-,-) is continuous and coercive on Hilbert space H, closed
subspace VC H,g e H*.

Problem. Find ¢ € V s.t.
a(g,¥) =(g,¢), YpeV.

Approximating sequence. Given closed subspace V; C H, find ¢; € V;
s.t.

a(oj, ¥y) = (g,v¢;), Y€V



Convergence of BEM: abstract framework

a(-,-) is continuous and coercive on Hilbert space H, closed
subspace VC H,g e H*.

Problem. Find ¢ € V s.t.
a(g,¥) =(g,¢), YpeV.

Approximating sequence. Given closed subspace V; C H, find ¢; € V;
s.t.

a(@ﬂ/ﬁ) = <ga wj>7 ij € V]
Lemma (C-W, H, M, B 2019)
¢ — ¢, Vge H & V; 24 v,

where V; M, v means that
» Yoe V,je N, Juye Vst v—v (strong approximability)
> Y(jm) subseq. of N, v;,, € Vj,.. v;,—v. thenve V (weak closure)
This is Mosco convergence (Mosco 1969).



Convergence of BEM: abstract framework

a(-,-) is continuous and coercive on Hilbert space H, closed
subspace VC H,g e H*.

Problem. Find ¢ € V s.t.
a(¢,¥) =(g.¢), VY eV.
Approximating sequence. Given closed subspace V; ¢ H, find ¢; € V;

s.t.
a(oj, ¥y) = (g,v¢;), Y€V

Lemma (C-W, H, M, B 2019)
¢ — ¢, Vge H & V; 24 v,

where V; M, v means that
» Yoe V,je N, Juye Vst v—v (strong approximability)
> Y(jm) subseq. of N, v;,, € Vj,.. v;,—v. thenve V (weak closure)
This is Mosco convergence (Mosco 1969).

Open Problem. Replacement for ||¢ — ;|| < cinfy,ev, [|¢ — 1]|?
(This doesn’t hold, for example, if V; 5 V.)



Convergence of BEM: abstract framework
a(-,-) is continuous and coercive on Hilbert space H, closed
subspace VC H,g e H*.

Problem. Find ¢ € V s.1.

a(o,v) =(g,v), VyeV.

Approximating sequence. Given closed subspace V; C H, find ¢; € V;
s.t.
Lemma (C-W, H, M, B 2019)

¢ =, Yge H & V; X v,

where V; 5 v means that
» Yoe V,je N dy e Vst y—v (strong approximability)
» V(jm) subseq. of N, v;, € V;, vj,—v,thenve V (weak closure)



Convergence of BEM: abstract framework
a(-,-) is continuous and coercive on Hilbert space H, closed
subspace VC H,g e H*.

Problem. Find ¢ € V s.1.
a(e,v) =(g,v), VYeV.

Approximating sequence. Given closed subspace V; C H, find ¢; € V;
s.t.

Lemma (C-W, H, M, B 2019)
¢ — ¢, Vge H & V; 25 v,

where V; 5 v means that
» Yoe V,je N dy e Vst y—v (strong approximability)
» V(jm) subseq. of N, v;, € V;, vj,—v,thenve V (weak closure)

Elementary examples of Mosco convergence. V; M, v if either

VicVaC..andV =[]V, or Vi>V;>..andV =V
Jj=1 J=1



Prefractal to fractal convergence of BVPs

Let I'; be a sequence of “prefractals” approximating “fractal” I,
Denote ¢; and ¢ the corresponding variational BIE solutions.



Prefractal to fractal convergence of BVPs

Let I'; be a sequence of “prefractals” approximating “fractal” I,
Denote ¢; and ¢ the corresponding variational BIE solutions.

If Mosco convergence V; M, v holds,
then ¢; — ¢ in H-1/2(I'w,) and Sr,¢; — Sr¢ in WHIeC(R),

HY*(1;) Ty open HY*(I') T open
Wherevj_{ (r)) Tyjopen (r) Top

H'? I; comp. Hp'/? ' comp.
Definition of Mosco convergence: H D> W; MW cHif
» Yoe W,je N, Juy e W;s.t vj—v (strong approximability)

> V(jm) subseq. of N, v;, € W, , v, —v.thenve W  (weak closure)



Prefractal to fractal convergence of BVPs

Let I'; be a sequence of “prefractals” approximating “fractal” T.
Deno’re ¢; and ¢ the corresponding variational BIE solutions.

If Mosco convergence V; M. v holds,
then ¢; — ¢ in H-1/2(I'w,) and Sr,¢; — Sr¢ in WHIeC(R),

H Y2(I}) T;open H™Y2(I') T open
Wherevj_{ (r)) Tyjopen (r) Top

H'? I; comp. Hp'/? ' comp.
Definition of Mosco convergence: H D> W; MW cHif
» Yoe W,je N, Juy e W;s.t vj—v (strong approximability)

» V(jm) subseq. of N, v, € W, , v, —~v,thenve W  (weak closure)

1 openT; cC I 2 compactI; 5Ty, @ non-nested I';4T),

AXxEgkk A L-L L &R



Partition open prefractal I'; with pre-convex mesh
M; ={Tj1,..., TN}

where “pre-convex” means elements have disjoint convex hulls and
|0T;,| = 0.



The boundary element method (BEM)

Partition open prefractal I'; with pre-convex mesh
]\4] = {7}'71, ey T’DvNJ}’

where “pre-convex” means elements have disjoint convex hulls and
|0T; 1| = 0. Let h; := maximum element diameter.



The boundary element method (BEM)

Partition open prefractal I'; with pre-convex mesh
M =A{Tj1,.. 'aTT}J\G}7

where “pre-convex” means elements have disjoint convex hulls and
|0T; 1| = 0. Let h; := maximum element diameter.

Denote by V/* ¢ H~'/2(I',,) the space of piecewise constants on M;,

and let o“ deno’re the Galerkin BEM solutfion on I'; obtained by
solving ’rhe variational problem on subspace Vh



The boundary element method (BEM)

Partition open prefractal I'; with pre-convex mesh

My =A{Tj1- - T n )
where “pre-convex” means elements have disjoint convex hulls and
|0T; 1| = 0. Let h; := maximum element diameter.
Denote by Vh c H-1/2(T',,) the space of piecewise constants on M;,
and let o“ deno’re the Galerkin BEM solutfion on I'; obtained by
solving ’rhe variational problem on subspace Vh

Key approximation lemmma (C-W, H, M, B 2019). For -1 <s<0and
0<t<1,ifve H(Iy),

t—
||HL2,\(],’1U— Vllarsery < (R/m)" " [0l ecry)-



The boundary element method (BEM)

Partition open prefractal I'; with pre-convex mesh

My =A{Tj1- - T n )
where “pre-convex” means elements have disjoint convex hulls and
|0T; 1| = 0. Let h; := maximum element diameter.
Denote by Vh c H-1/2(T',,) the space of piecewise constants on M;,
and let o“ deno’re the Galerkin BEM solutfion on I'; obtained by
solving ’rhe variational problem on subspace Vh

Key approximation lemmma (C-W, H, M, B 2019). For -1 <s<0and
0<t<1,ifve H(Iy),

t—
||HL2,\(],’1U— Vllarsery < (R/m)" " [0l ecry)-

Jj— oo

We want to ensure BEM solution on T'; con- ¢h ¢J —,9

verges to BIE solufion on T'. 5



The boundary element method (BEM)

Partition open prefractal I'; with pre-convex mesh

My =A{Tj1- - T n )
where “pre-convex” means elements have disjoint convex hulls and
|0T; 1| = 0. Let h; := maximum element diameter.
Denote by Vh c H-1/2(T',,) the space of piecewise constants on M;,
and let o“ deno’re the Galerkin BEM solutfion on I'; obtained by
solving ’rhe variational problem on subspace Vh

Key approximation lemmma (C-W, H, M, B 2019). For -1 <s<0and
0<t<1,ifve H(Iy),

t—
||HL2,\(],’1U— Vllarsery < (R/m)" " [0l ecry)-

j— oo
We want to ensure BEM solution on T; con- ¢h ¢J — ¢
verges to BIE solufion on T'. 5
if v 2 v, (with either V = H-1/2(I') or V = Hy /%)

then BEM solution ¢! — ¢ in H~1/2(T's,) and Sp, ¢t — win Whlee(R™)



BEM convergence: open screen

Assume all mesh elements have disjoint convex hulls and [0Tj;| = 0
(Allows multi-component elements!)

How to choose ()3, so that Vit 24 v? A * * * * *




BEM convergence: open screen

Assume all mesh elements have disjoint convex hulls and [0Tj;| = 0
(Allows multi-component elements!)

How to choose ()3, so that Vit 24 v? A * * * * *

Theorem (CW, H, M 2019)

LetT, T; be bounded open, T; C Tj11. T = JZ, T}
Then BEM convergence holds if hj — 0 asj — oo.




BEM convergence: open screen

Assume all mesh elements have disjoint convex hulls and [0Tj;| = 0
(Allows multi-component elements!)

How to choose ()3, so that Vit 24 v? A * * * * *

Theorem (CW, H, M 2019)

LetT, T; be bounded open, T; C Tj11. T = JZ, T}
Then BEM convergence holds if hj — 0 asj — oo.

Proof.  For V' %% v = H~/%(I') = C3*(T') we have to show
() strong approximability and (ii) weak closedness.
For (), let v e C3°(T"). Then Jj.(v) s.t. v e C5°(I) for j > j.(v) and

1/2
T2 0 = Ollg 1y < (hy/m) 2 [0l

AR

18

For (i), th c H—I/Z(Fj) c ﬁ_l/Z(F),
Extends to some non-nested I/4T;,1, e.g.




BEM convergence: compact screen

When T is compact with empty interior and

dimyI" > 1 this argument fails because A A & :{%ﬁ
Cg(I°)={0} isnot dense in V=Hy. /> £ {0}. -



BEM convergence: compact screen

When T is compact with empty interior and

dimyI" > 1 this argument fails because A A & ‘{‘A&
Cg(I°)={0} isnot dense in V=Hy. /> £ {0}. -

To obtain smooth approximation we mollify:
this enlarges the support.
Currently only results for “thickened prefractals”.



BEM convergence: compact screen

When T is compact with empty interior and

dimyI" > 1 this argument fails because A A & ‘{‘A&
Cg(I°)={0} isnot dense in V=Hy. /> £ {0}. -

To obtain smooth approximation we mollify:
this enlarges the support.
Currently only results for “thickened prefractals”.

Theorem (CW, H, M 2019)

LetT compact &T'; open satisfy I' C T'(¢;) C I'; C T'(1;), 0 < ¢j < mj — O.
Then BEM convergence holds if hj = o(e¢j) asj — oo.

If H. is dense in Hy '/? fort € (—1/2,0) then h; = o(e; %) suffices.

IfT'is d-set (e.g. IFS attracton), by = o(¢}’), p > n— 1 — d is enough.



BEM convergence: compact screen

When T is compact with empty interior and

dimyI" > 1 this argument fails because A A & ‘{‘A&
Cg(I°)={0} isnot dense in V=Hy. /> £ {0}. -

To obtain smooth approximation we mollify:
this enlarges the support.
Currently only results for “thickened prefractals”.

Theorem (CW, H, M 2019)

LetT' compact & T'; open satisfy I' C I'(¢;) C I'; C I'(7;), 0 < ¢ < n; — O.
Then BEM convergence holds if hj = o(¢j) asj — oo.
If H. is dense in Hy '/? fort € (—1/2,0) then h; = o(e; %) suffices.

IfT'is d-set (e.g. IFS attracton), by = o(¢}’), p > n— 1 — d is enough.
Proof of (i) (strong approx.): Let v € Hf. and set v; := (1), /2 * v), then

1/2 1/2
ITee vty = Wl g1y < (/) oillzy < (/m)'2 (51/2)" ([0l



Attractors of iterated function systems

Let s1,..., s : R™1 — R™1 be contracting similarities,

s(U) := Up_y sm(U), forU c R* !,
I' = s(I") the unique attractor (the fractab.

(Open set condition.)
Assume O # () is open, convex, s(0) C O and s, (0) N sy (0) = 0.
Define open prefractal sequence: I'p := O, I'j; := s(I})
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Attractors of iterated function systems

Let s1,..., s : R™1 — R™1 be contracting similarities,
s(U) = Yy sm(U), for U ¢ R,
I' = s(I") the unique attractor (the fractab.

(Open set condition.)
Assume O # () is open, convex, s(0) C O and s, (0) N sy (0) = 0.
Define open prefractal sequence: I'p := O, I'j; := s(I})

Let My = {Tv.1, .., To.n, } 0€ ANy convex mesh on Ty,
then define a convex mesh on I'; as

M= {sm, 0 08m (Toy): 1 <my <vforj=1,.jand 1 <1< No}.

Then T is a d-set, and BEM convergence holds if T' C O.

The prefractals I'; are not the standard ones, but thickened.
Convergence extends to “pre-convex” meshes, each element with
many components.

20



Cantor set is attractor of IFS with
S (t) = at, Sz(t) =at+1—aq

forsome a € (0,1/2).
a = 1/3is the classic "middle-third” Cantor-set.

21



Cantor set

Cantor set is attractor of IFS with
si(t)=at, sa(t)=at+1-—a,
forsome o € (0,1/2).

a = 1/3is the classic "middle-third” Cantor-seft.

BEM converges if we take

FO = (—6, 1+ 6), Fj+1 = S(FJ) = Sl(Fj) @] SQ(FJ'), J = O7 1,

)

and mesh I; so that the elements are the 2/ components of I';, each

of length hj = (1 + 2¢)37.
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Cantor set

Cantor set is attractor of IFS with
si(t)=at, sa(t)=at+1-—a,
forsome o € (0,1/2).

a = 1/3is the classic "middle-third” Cantor-seft.

BEM converges if we take
I := (_Ev 1+ 6), IT]'-‘rl = S(FJ) = Sl(Fj) U SQ(Fj)v Jj= 07 1.,

and mesh I; so that the elements are the 2/ components of I';, each
of length hj = (1 + 2¢)37.

In fact BEM converges with only 1.3/ elements (and degrees of
freedom) on I;.

21
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Cantor dust

Cantor dust is Cartesian product of 2 copies of Cantor set with

parameter 0 < a < 1/2. Prefractals T, .

 —r 4>
o

..,F4:
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Cantor dust

Cantor dust is Cartesian product of 2 copies of Cantor set with

parameter 0 < a < 1/2. Prefractals T, . ..

<—><—>

» I “audible” (¢ #0) < a >3 < dimy(T) > 1.

1/2 M 1/2

>H

> BEI\/I on thickened prefractals converge,
1 DOF / prefractal component is enough.

— H. /7, prefractal solufions ¢; converge fo ¢.

Actually BEM converges with even less than 1 DOF/component:

(7= —1)Jj
m; components/element on I for 1 < my < 4 fee1/7a ™"/,

23



Cantor dust: field plots

Prefractal level j = 6,

Real part scattered field

N; = 45 = 4096 DOFs,

Magnitude scattered field

k=50, a=1/3.

Magnitude far field z>0

24



Cantor dust: field plots

Prefractallevel j=6, N;=4%=4096 DOFs, k=50, «o=1/3.

Magnitude far field z>0

Real part scattered field Magnitude scattered field

- < L? norms of far-field,
€ (0.025,0.475),
prefractal levels j =0, ..., 6.

24



Apertures

Field through bounded apertures in unbounded Neumann screens
computed via Babinet’s principle.

Real part total field

Magnitude total field

n =1, Cantor set o« = 1/3, prefractal level 12:
field through 0-measure holes!

25



Apertures

Field through bounded apertures in unbounded Neumann screens
computed via Babinet’s principle.

Real part total fiel

......

Real part total field

ISl

n =1, Cantor set o« = 1/3, prefractal level 12:
field through 0-measure holes!

Koch snowflake-shaped aperture A
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Open questions

v

Impedance (Robin) bc’s: Hewett and Gibbs in progress
Regularity theory for the fractal solution

Rates of convergence - something replacing best
approximation?

Convergence on standard prefractal sequences?
Approximation on fractals - distributional elements?

Fast BEM implementation - (pre)conditioning - conditioning is
beftter, care with inverse estimates!

Curved screens
Maxwell case - talk fo Carolina/Dave Hewett! Other ¢DOs?
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Open questions

v

Impedance (Robin) bc’s: Hewett and Gibbs in progress
Regularity theory for the fractal solution

Rates of convergence - something replacing best
approximation?

Convergence on standard prefractal sequences?
Approximation on fractals - distributional elements?

Fast BEM implementation - (pre)conditioning - conditioning is
beftter, care with inverse estimates!

Curved screens
Maxwell case - talk fo Carolina/Dave Hewett! Other ¢DOs?

Thank youl!
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