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TIme-harmonicacous-tiTUGE.tt
= air pressure at

scat time t

DV= 3¥
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. Then
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TIme-harmonicacous.tl#UtE,ts--air pressure at
scat time t
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• Formulations as variational problems
in D CBVP) and on T ( integral eqn .)

• Vps in Hilbert spaces , Lax-Milgram , Mosco

convergence of Solms of sequences of V.Rs

• Application to sequences of scattering
problems - and answering our Qs . !
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and application to the weak
BVP VP formulation in D



VP
.
Given felt

*
find ve Hst .①

acu.vt-H.is#V- VEH
.

*See note regarding correction on
next page



*Fr%%%qgragingcorrection
I've changed <f,D to <f, T> on
the previous because my notation
is that H

*
= cont

. linear functionals
and the mapping v tacu

,
v) is

anti - linear but ve Cf
,
v> is linear .

But what is T ? F : = Jr where J is any
fixed

"

conjugate map
"

on H
,
i. e . any



fixed anti - linear isometric involution
,

e. g . concretely
✓ = zaj Vj

↳ IZZAT Vj ,
where { Vj : je I} is an orthonormal
basis for Hard ajec .

If H is a function space v ↳ F SF

will just be complex conjugation .
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VP
.
Given felt

*
find U E H s't .①

acu.vt-f.fi?V- VEH .

H = Hilbert space
H*= dual space
at . .) = cont .

, sesqvi linear form
a C . ,v ) linear

,
a ( u

.
. ) anti linear

lacu.rs/ECllullllvll , Fu,VE
'
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Given GE L' (
'D)
, Supp (g) CD r compact , find

U E H
'

( D) s . t .

Du=g in D

Griderstood in sense of distributions
i.e. as <Dotkyv> = Lg ,D, theGTD)
where Lw,D:= { Wr if we 4.43)
and Yr> jfpw.tv if PWEL

'
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Given GE L' (
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Dutk2u-OjinDJ.f@aCbD-LgiTZV-veC5CDJwhereaCu.D
fetor - RPD,Ferret ' ID)
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Given GE L' ( D), Supp (g) c D r compact , find
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Lax-MilgramLemma@SupposeaC.s -)

coercive
,
i.e

.

lacu.cl/Zcllull7-VoEH.ThFinduEHst.a(u,v)=LfiD,-VVE
has exactly one soInland Hulk #Ht .

✓ f- EH
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Given GE L' ( D), Supp (g) CD r compact , find
U E H

'

( D) s . t .

(
Dutk2u=ginD#

⇒
ah,D= it, the TTYD)

coercive as where alu,D :=§Ck'of - Pu
lakist-f.it/jlkIIfukkTru14lzImH=fyfkillkliuitNuD

3K¥,mind,lkH§Hurth = Hull
'



Given GE L' ( D), Supp (g) CD r compact , find

uetTDgsjtjkzu-g.in
⇒ acu.D-hg.it?tretTYDf
Applying L-M these have exactly one soln
and Hull,§c Hglhe
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*

H - Hilbert space , V. Vj (JEM) closed , get
subspaces

( t ) Finduevst.ci/u,v)=sgiD,V-vc
(2) Findujevjs.t.acy.vg-sgsvg.V-y.ch
Do and (2) have solutions? Does g-→ u ?



sequencesotV.FI
*

H - Hilbert space , V. Vj (JEM) closed , get
subspaces

( t ) FinduEVst.ci/u,v)=sgiD,V-vc
(2) Findujevjs.t.acy.vg-sgsvj.V-y.ch
DOCDandfdhavesolutions7.Doescj.TL#
WELL KNOWN WHEN KH (CEA's Lemma)
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⇒Lg ,Vj > → Sg ,D, EH
*

+ by Riese rep . thm.
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weakconvergence.IEor VEH
, Vj EH,

Vj -' v ⇐ (Vj ,w) → (V,w) , tf WEH

• Vj -
' v ⇒ sgpllvjll so

we sgpllvjll to ⇒ Vjmi V, for some VEH,
subsequence j m

• Vj IV, al:
. ) cont

. ⇒ a (U, Vj )→ acu.rs , toEV

If also uj → u
then la ft- U, Vj) l E C Hu . - UH Ily'll→ 0

so a ( Uj , Vj ) = a (Uj - V, ) t a Cv,Vj ) Is a (yr)
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V(Mosco convergence )
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Lemm① Suppose (1) and (2) Have unique
solutions and Uj→ U F GE Ht . Then

(A) t.tv
.
V Is

. vje Vj s't . Yi→ v
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( t ) Finduevst.ci/u,v)=sgiD,V-vc
(2) Findujevjs.t.acy.vg-sgsvg.V-y.ch
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solutions and Uj→ U F GE H

*
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Then

(A) the V F vje Vj s't . Vj→ v
' ¥Y%g¥*Ys⇒¥iIpD
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Lemm① Suppose (1) and (2) Have unique
solutions and Uj→ U F GE Ht . Then

(A) the V Fvje Vj s't . Vj→ v
-

Pr Define get* by Lg ,Wj : - ah,w),
Then 501N of (1) is u = v .

FWEH .

Define Vj :
= Uj , where Uj is solnotk)

Then Uj→ u so Vj→ V .
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LemmQ Suppose (1) and (2) Have unique
solutions and Uj→ U F GE Ht . Then

pr If Yin Yinand
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suppose VE V
.

Define
gEH* by (g ,aftD= a, FaEE

,
WE V
,

nd extend g to H by Hahn - Banach .

Then at
m , m

) = aCUj¥Fm) ta (U, Vjm)
→ a iv. v) = (g. F> = I
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Lemr⑤ Suppose (1) and (2) Have unique
solutions and Uj→ U F GE Ht . Then

prB If Yin Vj . and
'

v en EV

suppose VE V
.
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gEH* by (g , avtw>= a, FaEE

,
WE V
,
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m , m

) = Sg , Vjm> → Cg,I7=O

CONTRADICTION !
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⇐ { (B If vjme Vjm and Vjmvtihe" EV
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Vj M→ ✓
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⇐ {(B If vjmevjm and VjmvheV
① V

,
C Vzc . .

.

,
V : = ¥µ, Vj



V-
(A) theV F vje Vj s't . Vj→ v

⇐ {(B If vjmevjm and Vjmvtihen
① V
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C Vzc . .

.

,
V : = ¥µ, Vj

Choose VEV
.

Choose integers If Kiska . .
. sit .

F Wn E then with Hr-Wn IK n
- '

,
n = 1,2. . . . .



V-
⇐ {(A) the V Fvje Vj s't . Vj

→ r

(B If Vj E Vj and V, v en EV
M M

m

① V
,
c Vzc . .

.

,
V : = ¥µVj

Choose VEV
.

Choose integers If Kiska . .
. sit .

F Wn E Yen with Hr-Wn Ik n
- '

,
n = 1,2. . . . .

ttt:
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(A) theV F vje Vj s't . Vj→ v

⇐ {(B If vjmevjmandv.mu ihV
① V

,
C Vzc . .

.

,
V : = ¥µ, Vj

Choose VEV
.

Choose integers If Kiska . .
. sit .

F Wn E Yen with Hr-Walk n
- '

,
n = 1,2. . . . .
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,
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-
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(A) the V F vje Vj s't . Vj→ v

⇐ { (B If vjmevjm and Vjmvtihe" EV
② V

,
Otho .

-

i V :=

µ, Vj



Vj

⇐ { (A) the V F vje Vj s't . Vj
→ v ✓

(B If Vj E Vj and V, V 'tserveV
M M

m

② V
,
SVP .

-

is V :=

µ, Vj
(A) Take Vj := V, j= 1,2, . . . .



Vj
(A) the V F vje Vj s't . Vj→ v

⇐ { (B If vjmevjm and V, V 't re" EV

② V
,
SVP .

-

is V :=

µ, Vj

(B) KNEW
, Vjmevjmc Vn ifjm> n , so re Vn .

Thos VE M Vn = V .

MEN
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Exs.otmoscoconrerg.cn
Vj M→ ✓

(A) the V F vje Vj s't . Vj→ v
⇐ { (B If vjmevjm and V, v time" EV
③ V=H

, Vj finite dim , iffy. Hr - vjll → 0
as j → a , tf VE H .

Classical Numerical Analysis setting :

③ is the Galer kin method
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Lemmo If a C . . . ) is coercive*then
(1) and (2) have unique solns . and

Uj → u , t.ge Htt⇐ Vj Is ✓

( t ) Finduevst.ci/yv)=sg,J7,V-vc
(z) Findujevjs.t.acy.vg-sgsvj.V-y.EU
* and continuous
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Lemmo If a C . . . ) is coercive then
(1) and (2) have unique solns . and

Uj → u , f g e Htt⇐ Vj Is ✓
Pr That Cll and (2) have unique solns
is immediate from Lax- Milgram . Moreover
L- M ⇒ MUJHE a HGH , Fj .
⇒ was last lemma
So suppose Vj M→V .

Since Uj bounded

Fujm -1 UF and VE V by (B)
.
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Lemmo If a C . . . ) is coercive then
(1) and (2) have unique solns . and

pr
→ u

,
t get#⇐ Vj Is ✓

So suppose Vj M→V .

Since Uj bounded

Fujm -1 UF and VE V by (B)
.

Step I . Show that acu.wj-acutwl.tw#⇒ UEU

Step 2 .

Show Uj -
' U and then Uj → ukoercivity)
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So suppose Vj M→V .

Since Uj bounded

Fujm -1 UE and VE V by (B)
.

Step I . Show that acu.wj-acutwl.tw#⇒ UEU

Suppose we V. By CA) I WjEVj sit . Wj→ W
.

a Cv,w) Ffg ,is = Lg ,W-Wj > t Sg ,Wj >
U satisfies (1)



Prot
So suppose Vj M→V .

Since Uj bounded

Fujm -1 UF and VE V by (B)
.

Step I . Show that acu.wj-acutwl.tw#⇒ UEU

Suppose we V. By 'A) I WjEVj sit . Wj→ W
.

a Cv,w) gin> = ( g ,W-Wj > t Sg ,Wj >
U satisfies Cl) = (g , ht-Wj> ta(uj,

Uj satisfies (2)
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So suppose Vj M→V .

Since Uj bounded

Fujm -1 UE and VE V by (B)
.

Step I . Show that acu.wj-acutwl.tw#⇒ UEU

Suppose we V. By CA) I WjEVj sit . Wj→ W
.

a Cv,w) Ffg , in> = ( g , ht-Wj > t Sg ,Wj >
- -

M m

u satisfies (1) = (g ,W-Wj> ta (ugh Wj)m-
m

to ut tf
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So suppose Vj MTV .

Since Uj bounded

Fujm -1 UE and VE V by (B)
.

Step I . Show that acu.wj-acutwl.tw#⇒ UEU

Suppose we V. By CA) I WjEVj sit . Wj→ W
.

a Cv,w) Ffg ,uh = ( g ,W-Wj > t Sg ,Wj >
- -

m m

u satisfies (1) = (g ,W-Wj> ta (ugh Wj)m-
m

to ut tf
→ o tacut

,
w)



Proto so suppose Vj M→V . By StepI
3- subsequence jm with Ujm-'- U .

Step 2 .

Show Uj -
' U and then Uj → u

By same argument every subsequence has a
subsequence e- V, so Uj

e- U .
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3- subsequence jm with Ujm e- U .

Step 2 .

Show Uj -
' U and then Uj → u

By same argument every subsequence has a
subsequence e- V, so Uj
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Proto so suppose Vj M→V . By Step't
3- subsequence jm with Ujm-'- U .

Step 2 .

Show Uj -
' U and then Uj → u

By same argument every subsequence has a
subsequence e- V, so Uj

e- U .

Finally , since a C . . .) coercive,

and la←j c Hu - vjll
'

ej=a(Uj , Uj - u) -a (Uj , U - Uj ) = a (Uj , Uj) - afuj , u)
-w
( g , → sg.is ↳ aww)
- ah

, Uj - u)



Proto so suppose Vj IV . By Step't
3- subsequence jm with Ujm-'- U .

Step 2. Show Uj -' U and then Uj → u

By same argument every subsequence has a
subsequence e- V, so Uj- U .

Finally , since af . .) coercive,

and
I"-Yj c Hu - vjll

'

ej=a(Uj , Uj - u) -a (Uj , U - Uj ) = a (Uj , Uj) - afuj , u)
-w

Since acyuj-cg.us
,

cos . aww)

Ej → O .

-a(U,y→ o



Proto so suppose Vj M→V . By Step't
3- subsequence jm with Ujm e- U .

Step 2 .

Show Uj -
' U and then Uj → u

By same argument every subsequence has a
subsequence e- V, so Uj- U .

Finally , since a Cv , .) coercive,

and
I"-Yj c Hu - vjll

'

ej=a(Uj , Uj - u) -a (Uj , U - Uj ) = a (Uj , Uj) - afuj , u)
-w
Lg , aww)
-a(U,Uj→ O



Lemmo If a C . . . ) is coercive*then
(1) and (2) have unique solns . and

Uj → u , f g e Htt⇐ Vj Is ✓

* and continuous



"%":t⇒.rs, aus. . as.vn. Ey.
. af, .) cont . , coercive ( la cu.Hl f C Hull Hill ,

lacu.us/D a Hull
'

)



"

as.rs, aw . as.gs. Ey.
• af, .) cont . , coercive ( lacu.rs/fCllullHv 'll ,

• Defn . Vj M→V lalu,DID a Hull
'

)

• If af , o) cont . . coercive , then

Uj -su, -VgeH*⇒Vj_MV


