
sobolevspaces.IntegrdEquations.amd Scattering on non - Lipschitzlandfrac.to/5etsSimonChandler-Wild#
UniversitgofReadingT



part3isob.co/evSpac#



COURT a a CTM
space of rapidly
decreasing Cd fns .



COURT a a cocky
space of rapidly
decreasing Cd fns .

(IR n) , dual space of SGR
n) - " tempered

distributions
"

(u, v> EIC
,
for uE S*CRY

,
VE SAR" )

is action of linear functional u on V .



COURT a a CTM
space of rapidly
decreasing Cd fns .

(IR n) , dual space of SGR
n) - " tempered

distributions
"

(u, v> EIC
,
for UES*CRY

,
VE SAR" )

is action of linear functional u on V .

J = Fu is F. T
.
of U
,
F an isomorphism on

SHRM ant on 5*4124 .

( T
,
V) := Luis, VEEve S .



Given ZE IR
"

define

Sze (Rn) by
( Sz , v> VAI

,
res ( IRN) .

Show that 5- Sz = f , where

ffg ) Kat
" " Z? Se IRN

.

Fuss -- nay,
"

und's seats , ,p,



sobolevspacesonlRIFors.IO
,
Hs(Rn) {UELYIRN) : Hull

,

a]
where

yuh! . -1.4+1514510611 'd5 .



sobolevspacesonlRIFors.IO
,
Hs(Rn) {UELYIRN) : Hull

,

a]
where

yuh
,! . -1.4+1514510611 'd5 .

Hutto =
,
finals) l 'd 's = fpnlucxsl

'
doc = Hulk

so HOARY=L
'

( pi ) .



sobolevspacesonlRIFors.IO
,
Hs(Rn) { U E LYRn) : Hull

,#
a]

where
yuh

,! . -1.4+1514510 l 'd5 .

Sju (5) = isjuts)⇒ Hull 't, ,=§!It sit . . 'tsi) libidos
-

- facial't EDIT)
= fpnclul't 1042 )



sobolevspacesonlRQFors.IO
,
Hs(Rn) { U E LYRn) : Hull

,

a]
where

yuh! . -1.4+1514510 l 'd5 .

For s > 0
, H

-

41Rn) (Hs(pi ))* .



sobolevspacesonlRIFors.IO
,
Hs(Rn) {UELYIRN) : Hull

,

a]
where

yuh! . -1.4+1514510611 'd5 .

For s > 0
, H

-

41Rn) (Hs(pi ))* .
For so

,
SCIRN) CH

'

Cpi)
,
so H

-

4112") c SIR!



sobolevspacesonlRQFors.IO
,
Hs(Rn) {UELYIRN) : Hull

,

a]
where

yuh
,! . -1.4+1512510 l 'd5 .

For s > 0
, H

-

41Rn) (Hs(pi ))* .
For so

,
SCIRN) CH

'

Cpi)
,
so H

-

4112") c SIR!
indeed

H
- SHRM = {VESTRY : Hull H - s s a} .

I Proof just uses Riesz rep. then. onL'( IR") .



sobolevspacesonlRIF-ors.IO
,
Hs(Rn) { U E LYRn) : Hull

,

a]
where

yuh
,! . -1.4+151451%11 'd5 .

For s > 0
, H

-

41Rn) (Hs(pi ))
*

= { u c-STIRN ) : Hull H - s s a} .

Show Sz E H
- s

(Rn )

⇒ s 7h12 .



[bsedsubspacesofHsGR÷
For Fck?
-

Hsuan,
H' Cr) GG)



CbsedsubspacesofHsGR÷
For A R

"

'

-
HIRT

TIED ⇐cry

For Fc IR
n

,

HE {ve HYIR") : supplya F }



CbsedsubspacesofHsGR÷
For A R

"

'

-
HURT

HER) ⇐cry
For Fc IR

n

,

HE {ve HYIR") : supplya F }
NB VE HE ⇒ (u,D= O, the fMRI F)



CbsedsubspacesofHsGR÷
For A R

"

'

-
HURT

HER) ⇐cry
For Fc IR

n

,

HE {ve HYIR") : supplya F }
Fiser) CHE



[bsedsubspacesofHsGR÷
For Ack

"

- Hsuan,
H'Er) Egfr)

For Fc Rn
,

HE {ve HYIR") : supplyof }
FRED CHI - often H'fr) HE



IFTr) = HE if

i
see: Tre
Mimarµt.name#



HER) = HE if

cis rise except at a finite
number of points on 21 and
1st Ek Cn=D, Is If I (n 32)

.

BB • •



HER) = HE if

Ciii) rise except at a countable
set of points onJR with finitely many limit points and

1st Ek Cn=D, Is If I (n 32)
.

(C-W, Hewett ,
Moi o la

,

IEOT 2017)



④ HER)=H£ if

iii) SL is in a specific set of domains

with fractal boundary ,
Gaetano

,
Hewett

, SEIR
Moiola 2019 ) 52



Th If SLC IR
"

open

and I = IR
"

(so HE= HSGRND
then

its(d) = HE⇐ It Is= {03 .



Th If SLC IR
"

open

and I = IR
"

(so HE= HSGRND
then

itsth) = HE⇐ HIE {03 .

If z e IR
" and I = IR

n
l Ez?

So Jr= ft} ,
'

H'(d) = HE⇐ HIE {03⇐ SEE .



Th If SLC IR
"

open

and I = Rn (so HE= HSGRND
then

ttscr) = HE⇐ HIs= {03 .

Pr ⇒ suppose Ole H Ie r
H'Tr) = HURT .

Then

FIVE HURT , 501,47 = him,
=0



Thin If SLC IR
"

open

and I = Rn (so HE= HSGRND
then

itsth) = HE⇐ HIE {03 .

P ⇐ Exercise !

(Maz'ya ,
"

Sobolev Spaces with . . .

"

s

Thm 13.2 .
l )



THQ If SLC IR
"

open

and I = Rn (so HE= HSGRND
then

its(d) = HE⇐ HIRE {03

⇐⇒gdre n - 2 s

Hausdorff dim E to, n]



Qxnprob
Necessary and sufficient conditions
for

Hs(d) = HI
for general open r CIR

"

,
se IR

.

( Review of what known in
C-W
,
Hewett

,
Moiola

,
IEOT

,
2017)



Openid tones domains ?Necessary and sufficient conditions
for Hsfr)=Hs€
for general open r CIR

"

,
se IR

.

( Review of what known in
C-W
,
Hewett

,
Moiola

,
IEOT

,
2017)



s.%ea.is#ounts%ees.O

÷÷÷÷÷gt
Vj : = ITS(Rj) so
V
,
C VzC .

. .
.



sina.ie#.s:ntsePrag:esQ
÷:÷÷÷.rwm¥.
Vj : = ITSCrj) so
V
,
a Vzc .

. .
.

Then

Vj Is V : = Y Y.

= JU II
sCrj) .



s.%ea.is#ountsePrag:e:.O
÷:÷÷÷. .rwnn.
Vj : = ITSCrj) so

I.heftier.



sa:%%%:t%b%
Suppose

ate Zosteradiet
Vj : = HE so

v
,

sVi .
. .

.

Then

Vj Is V :=PY. =P HE, = HI , F Fj



sina.ie#.so:tsePrageesQsiiPsie.o...mwmare open and let

Vj : = tT4rj) so
'

V
, SVP .

. .
.

Then

b. Is =ftTCrj) = ? ?



'¥¥÷÷s÷¥¥¥
* which may be fractal !



Given GE H
- '

(R2) := (H' 11124¥
find UE H' ' (D) := cg

H'ARY

s 't
.

But k2u=g in D
.

X
z

I

D: -- IR'll
'''Enciso

a



Given GE H
- '

(R2) := (H
'

( IR
')*
,÷n¥II¥.÷

⇒finduetTHDs.t.ak.rt-sg.b.net/D#--



Given GE H
- '

(R2) := (H
'

(pi )
*

,÷¥uII¥⇒÷
⇒finduetTIDs.t.ak.H-hg.b.net/D#--
Applying L-M these have exactly one so In
and Hull Ec Hgh .



Given GE H
- '

(R2) := (H
'

( IR
')*
,÷¥uII¥⇒9

⇒finduetTIDs.t.ak.rt-sg.b.net/D#--
Applying L-M these have exactly one so In
and Hull Ec Hgh . TRUE IF D= IR

'

!



Given GE H
- '

(R2) := (H
' 11122¥

,¥¥uIi"u⇒i
⇒finduetihtgs.t.ak.H-sg.b.net#
Applying L-M these have exactly one so In
and Hull Ec Hgh . TRUE IF D= IR

'

!



Given gE H
- '

(R2) := (H
'

( IR
')*
,sina.ve?fiiIu=osi

⇒finduetihtgs.t.ak.H-cg.b.net#I-
Applying L-M these have exactly one so In
and Hull Ec Hgh .

So Dtkt H'CRY→ H
- '

GRY

is isomorphism with inverse G =Atk't
' '

r HGH Eckl



Given gE H
- '

(R2) := (H
'

( IR
')*
,¥¥uIiiI⇒⇐

⇒Finduetihtgs.t.ak.H-cg.b.net#I-
Applying L-M these have exactly one so In
and Hull Ec Hgh .

So Dtk? H
'

ARY→ H
- '

GRY

is isomorphism with inverse G =Gtk't
' '

r HGH Eckl



Given GE H
- '

(R2) : = (H
'

( IR
')*
,÷iuI¥si

Let 4 : = D ut K'u - g . Then 4=0 in D, so

¢E HI .



Given GE H
- '

(R2) : = (H
'

( IR
')*
,÷iuI¥¥si

Let 4 : = D ut K'u - g . Then 4=0 in D, so

¢E HI , and
G 4=9 (Dt Kyu -G g = u - Gg .



Given GE H
- '

(R2) : = (H
' 11122¥

,÷iuI¥si
Let 4 : = But K'u - g . Then 4=0 in D, so

¢E HI , and
G 4=9 (Atk

') u -Gg = UG g .

Now 54, v> = O, the D)
, 4€HI



Given GE H
- '

(R2) : = (H
'

( IR
')*
,÷iuII¥⇒÷

Let 4 : = Dutko - g . Then 4=0 in D, so

¢E HI , and
G 4=9 (Atk

') u -G g = u - G g .

Now 54,D= O, the D)
, 4€HI

H' 'CD)



¥÷¥¥÷÷÷÷÷÷÷:i¥
Let f : = Dutko - g . Then 4=0 in D, so

¢E HI , and
G 4=9 (Atk

') u -Gg = u - Gg .

Now 54,D= O, the D)
, 4€HI

So 54,947=-54, Gg> ,

TT ' (D)
FIVE H't



Let 4 : = D utK'u - g . Then 4=0 in D, so

¢E HI , and
G 4=9 (At k

') u -G g = u - Gg .

Now 54, v> = O, the TT ' (D)
,

4€HI
Findfettfst.su/.aol7---fh9gS.V-4et#



Let 4 : = D utK'u - g . Then 4=0 in D, so

¢E HI , and
G 4=9 (Dt Kyu -G g = u - Gg .

Now 54,D= O, the TT ' (D)
,

4€HI

qfindfettfst.su/.aol7---fl.9gS.V-4eHfF
Our INTEGRAL EQ .

V
.

P
.



Given ge H
- '

(R2) : = ft
'

( IR
')*
,

as ÷iuII¥⇒9
(2) Findoettfs.t.su.aoy-fu.ags.V-uc.tt#
Th If U satisfies (1) then
of Dutko -g satisfies (2) and

u =Gg tGlo .



Given ge H
- '

(R2) : = ft
'

( IR
')*
,

as ÷iuI¥⇒9
(2) FindoeHIsts4ao7=-G9g>,VueHT
Th If u satisfies (1) then
of Dutko -g satisfies (2) and

u =Gg tGlo . ft)
conversely , if ¢ satisfies (2) then U
given by ft ) satisfies (1) .



Given GE H
- '

(R2) : = (H
'

( IR
')*
,

as ÷iue¥si
(2) Findoettfs.t.su.aoy-fu.ags.V-uc.tt#
Th If u satisfies d) then } CA

) proved
to Dutko -g satisfies (2) and

already
u =Gg tGlo . ft) J

'

conversely , if ¢ satisfies (2) then ytaglfnwdsfweff.given by ft ) satisfies (1) .

posednessof (2)
.



well-posednessotoorI.E.for.mu/ation

GivengeHIRYfindfeHIst54,a=-fh9g>,V4eHf
⇐ Find Gettys .

t
. A 4) = - ( F.Gg),

where tyetif
Allo.lu) 545947

, toilet .



well-posednessotoorI.E.formulation.ISivengeHIRyfindfeHIst54,a=-fh9g>,V4eH'#
⇐ Find Ole HI s . t . AH, 4) = - ( F.Gg),

where it yetit
A 545947

, blue Htt .

Font in vous ? Coercive?



A 545947
, blue H't .

Continuous ?



A 545947
,

do
,
de Htt .

Continuous ?
Flo,te HI ,

I AOL.ch/=KuT.Glo7lE 11411119411
sack) 1141111011



A 545947
, blue H't .

Coercive?



Given GE H
- '

(R2) := (H
'

( IR
')*
,¥iIi"u=⇒

⇒finduetihtgs.t.aO-hg.b.net#-
⇐ Kir-rant



Given GE H
- '

(R2) := (H
'

( IR
')*
,¥ueIi¥=⇒

⇒finduetihtgs.t.a0-fg.b.net#--
coercive

Soh
.
is u = Gg so
a Cag , a g) = C g , Tg 7



A 545947
, toilet .

Coercive?
Hole HI ,

IACd.ch/=koT.aol7l--1aCaol.aolll



A 545947
, toilet .

Coercive?
Hole HI ,

IACd.ch/=kKaol7lcoercivity=/aCaol.94l/
of AC .

.
. ) ⑦cck) 1164112



A 545947
, filet .

Coercive?

Ii911amHole HI ,

IACd.ch/=kRaol7l--1aCaol.aolllZcCklllaolll203EfHHollI



well-posednessotoorI.E.formulation.ISivengeHIRyfindfeHIst54,a=-fh9g>,V4eHf
⇐ Find Ole HI s . t . A Cd, 4) = - ( F.Gg),

where it yetit
A Col

.
41=545947

,
do
,
de Htt .

-

cont
. z coercive so . .

.



well-posednessotoorI.E.for.mu/ation

GNengett.HR/findfeHIs.t.s4.aol7=-fh9gS.V-4eHt#
⇐ Find of c- HI s . t . A Cd, 4) = - ( F.Gg),

where it yetif
A Col

.
41=545947

,
do
,
de Htt .

Th① F exactly one so I .no/E HI and
11411 folk) HagHE E CH llgll .

L-M



well-posednessotoorI.E.for.mu/ation

Givengetitkyfindfettfs.t.su/.ao7=-fh9gS.V-4eH-#



well-posednessotoorI.E.for.mu/ation

GNengetitkyfindfettfs.t.su/.ao7=-fl.9gS.V-4eHf
OK

.
. .

but where is

they integral ?
boundary



④ (e.g .

McLean
,
2000

, p .
104)

H (R2) = {8*4 : of C- HI
"
(IR) )

where y* : H
- '" GR) → H

-

TRY
,

defined by
Gto , 4 > 4,843, de H

- "

IR)
,
yeH

'

GR')



④ (e.g .

McLean
,
2000

, p .
104)

H (R2) = {8*4 : of C- HI
"
(Rl }

where y* : H
- '" GR) → H'

'

CRY
,

defined by
Soto , 4 > 54,843, de H'

"

IR)
,
yet

'

GR')
where y : H

'

ARY → H "4112) is trace op .

.

84Gc , ) ¢ (GG ,O)) , X ,
EIR
,
E IRY

.



④ (e.g .

McLean
,
2000

, p .
104)

H (R2) = {8*4 : of C- HI
"
(IR) )

where y* : H
- '" GR) → HIRD

,

defined by tfiiiiiiiiiiiar,
where y : H

'

ARY → H "4112) is trace op .

.

84Gc , ) : =¢ (GG ,O)) , X ,
EIR
,
E IRY

.



Givengetitkyfindfettfs.t.su/.ao7=-fh9gS.V-4eH'#
It (R2) = {8*4 : of E H f

"
(IRB



Givengetttkyfindfettfs.t.su/.aol7=-fh9gS.V-4eH'#
It (R2) = {8*4 : of C- HI

"411313(⇐ Find Fe HIKARI s't .

<¥4 .az#oD=G*uT.Gg7 , Ie H
"
GR)



Givengetttkyfindfettfs.t.su/.aol7=-fh9gS.V-4eH'#H-fdR4--{8*4 :& EH -1411313(⇐ Find # HIKARI s't .

<¥4 .az#oD=G*uT.Gg7 , Fett
"
GR)

⇐ 545898*457=59,rGg > , "



Givengetitkyfindfettfs.t.su/.aol7=-fh9gS.V-4eH-#HfdR4--{8*4 :& C- HI"4R) )(⇐ Find # HIKARI s't .

<r*I .az#oD=G*uT.Gg7 , Fett
"
GR)

⇐ 545868*0457=59,rGg > , "

s :=yq*



fivengetttkyfindfettfs.t.su/.aol7=-fh9gS.V-4eHt
⇐ Find # HIKARI s't .

< I. 597=59,rags , Ee HIKARI
where

g yqy* : H
- '" (Rt → H'"HR)

is the

(acoustic) single-layer potential op. on IR



fivengetitkyfindfettfs.t.su/.aol7=-fh9gS.V-4eHt
⇐ Find Fe HIKARI s't .

< I . 597=45,rag > , Ee HIKARI
where

g yay* : H
- '" (Rt → HMM)

is the (acoustic) single- layer potential
operator on Tao : = {Gc , ,o) :X ,

EIR} - IR
.



fivengetitkyfindfettfs.t.su/.aol7=-fl.9gS.V-4eHt
⇐ Find Fe HIKARI s't .

< I. 597=59,rags , Ee HIKARI
where s yg* : H

- '" (IR) → H'"HR)



fivengetttkyfindfettfs.t.su/.ao17=-fl.9gS.V-4eH-
⇐ Find Fe HIKARI s't .

< I. 597=59,rag > , Ee HIKARI
where s yg* : H

- '" (IR) → H'"HR)

OK
,
but still

,
where are the

INTEGRALS ! !



Remember
✓ = Gg

⇐ But K'u=g



Remember
✓ = Gg

⇐ But K'u = g

⇐ Ck'-54861=561
⇐

u --F
- '

( FIE! )



Remember u = Gg
⇐

u --F
- '

f ,7¥s! )



Remember u = Gg
⇐

u --F
- '

f ,7¥s! )
⇒ uGd = Sg , to Gc - .) >

if x¢ Supp (g)
Hankel fn

.

for ge H
- ' te (IR

')
where et Gd (Hod ) E L' CRY



Remember u = Gg
⇐

u --F
"

( Its! )
⇒ uGd = Sg , of Gc - .) >

if Iff Supp (g)
or GE H

- ' te (IR
')

(g I pfz 9Gt #Gc- g)dy



Thus
,
if OTE L2 (IR) ,

SIGH #Go
*E) Gal

=

,
,{ EGG -y Dotty ,) dy . .

where

II ft) - iz Ho" Ck HH , te IR
.


