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Abstract. In this paper we consider the scattering of a plane acoustic or electromagnetic
wave by a one-dimensional, periodic rough surface. We restrict the discussion to the case when
the boundary is sound soft in the acoustic case, perfectly reflecting with TE polarization in the
EM case, so that the total field vanishes on the boundary. We propose a uniquely solvable
first kind integral equation formulation of the problem, which amounts to a requirement
that the normal derivative of the Green’s representation formula for the total field vanish
on a horizontal line below the scattering surface. We then discuss the numerical solution by
Galerkin’s method of this (ill-posed) integral equation. We point out that, with two particular
choices of the trial and test spaces, we recover the so-called SC (spectral-coordinate) and SS
(spectral-spectral) numerical schemes of DeSanto et al., Waves Random Media, 8, 315-414,
1998. We next propose a new Galerkin scheme, a modification of the SS method that we term
the SS* method, which is an instance of the well-known dual least squares Galerkin method.
We show that the SS* method is always well-defined and is optimally convergent as the size
of the approximation space increases. Moreover, we make a connection with the classical
least squares method, in which the coefficients in the Rayleigh expansion of the solution are
determined by enforcing the boundary condition in a least squares sense, pointing out that
the linear system to be solved in the SS* method is identical to that in the least squares
method. Using this connection we show that (reflecting the ill-posed nature of the integral
equation solved) the condition number of the linear system in the SS* and least squares
methods approaches infinity as the approximation space increases in size. We also provide
theoretical error bounds on the condition number and on the errors induced in the numerical
solution computed as a result of ill-conditioning. Numerical results confirm the convergence
of the SS* method and illustrate the ill-conditioning that arises.
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1 Introduction

We consider the scattering of a plane acoustic or electromagnetic wave by a perfectly
reflecting, periodic surface. Adopting Cartesian coordinates Oxyz we assume that the
surface is invariant in the y direction and periodic in the z direction, specified by the
equation z = f(x), for some given continuous function f. The mathematical problem
to be solved is two-dimensional. We assume throughout that the incident wave is time-
harmonic (e~ time dependence), so that the total wave field u’ is a solution of the
Helmholtz equation

Au' + kvt =0 inQ, (1.1)

where ) := {r = (x,2) € R? : 2 > f(x)} is that part of the Oxz plane above the scattering
surface. Throughout, we will assume that f is periodic with period L > 0 and that the
incident field u* is the plane wave

u'(r) = exp(ik[zsin § — z cosd]), (1.2)

where 6 is the angle of incidence, measured from the z-axis, with —7/2 < 0 < w/2. It is
the goal to determine the scattered field u := u! — u’ given the boundary condition

u=u+u=0 on 012, (1.3)

where 02 = {(z, f(z)) : = € R}, and given that an appropriate radiation condition on u
holds, expressing that u is outgoing from 0€2. This problem models scattering of electro-
magnetic plane waves by a perfectly conducting diffraction grating in the TE polarization
case. The same mathematics models acoustic scattering by a one-dimensional periodic
sound soft surface.

Many different methods have been proposed for solving this problem. Alternative
boundary integral equation methods to those proposed here are discussed in [1, 29, 35],
standard differential equation (coupled-mode) based methods in [4,31,33], a coordinate-
transformation-based differential equation method in [20,21], and a method of variation
of boundaries based on analytic continuation arguments in [5]. Many different specific
surface examples are available [12] as well as the first treatment of the problem using
spectral methods [13]. An extensive recent review of many of the different computational
methods available is made in [14]. A classical method for solving this problem, on which we
throw new light in Section 5, is the least squares method [28,30], in which the scattered
field is expressed as a linear combination of solutions of the Helmholtz equation (the
Rayleigh expansion (2.1) below) and the coefficients in this expansion are determined by
requiring that the boundary condition holds in a least squares sense. We note that, in the
context of determining eigenfunctions of the Laplacian in 2D domains, the least squares
method has recently been revived by Betcke and Trefethen [3]. The problem can also be
tackled via a variational formulation in a part of the domain, truncated by the Rayleigh
expansion which provides a non-local boundary condition, with the variational problem
solved numerically by standard finite element methods (see e.g. [2,17,18]).
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In Section 2 of the paper we formulate the scattering problem mathematically and
derive the equivalent first kind integral equation formulation which is the basis of three of
the numerical methods that we describe later in the paper.

In Section 3 we establish mapping properties of the integral operator that occurs in
this formulation and properties of its adjoint operator, these properties key to analysing
the stability and convergence of two of the numerical methods we will discuss. In this
section we also study sets of basis functions which may be used to develop expansions
for the solution of the integral equation. As a consequence of the mapping properties of
the integral operators it follows, in particular, that one possible set of basis functions,
the so-called topological basis functions, used in the numerical methods for diffraction
gratings discussed in [15], are linearly independent and are complete in the space of square
integrable functions.

The numerical solution, via Galerkin methods, of the first kind integral equation for-
mulation we propose is the subject of Section 4. We point out that, applying a Galerkin
scheme with a pulse basis (piecewise constant basis functions as the trial space) leads, af-
ter approximation of the integrals involved, to the version of the SC method implemented
in [13,15]. Applying a Galerkin method and expanding the solution in topological ba-
sis functions leads to the SS method of [15,16]. The effectiveness of these methods for
scattering by one-dimensional periodic surfaces has been investigated by careful numerical
experiments in [15,16], the experiments suggesting that both methods are very fast and
accurate within certain parameter domains but can become ill-conditioned for surfaces
with large slopes. We note further that no convergence proofs were given.

In Section 4 we also propose a new method, which we term the SS* method, based
on a modification of the topological basis functions. As we point out, with this particular
choice of basis functions the Galerkin method is an instance of the so-called dual least
squares method [24]. The self-regularization properties of this method are well-known
(see [24] and the references therein). Applying arguments from the theory of the dual
least squares method [24] we are able to establish that the SS* method is convergent.
Further we are able to establish precise estimates for the conditioning of the linear system
to be solved, and how this conditioning depends on the surface and on the dimension of
the approximation space, obtaining an upper bound on the loss of accuracy arising from
evaluation of matrix entries by numerical quadrature.

In Section 5 we make connections between the SS* method we propose and the classic
least squares method, in which the coefficients in the Rayleigh expansion (equation (2.1)
below) for the scattered field are determined directly by the requirement that the boundary
condition that the total field vanish is required to hold in a least squares sense. We describe
a straightforward implementation of the least squares method which leads to solving the
identical linear system to that solved in the SS* method. Given this connection, we are
able to apply the results of Section 4 to deduce new information about the least squares
method. In particular, we prove that the method is convergent in all cases (previous
analyses, [28,30], exclude certain combinations of the angle of incidence and the period).
We also provide the first proof that the condition number of the matrix becomes unbounded
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as N (the dimension of the approximation space) tends to infinity, and we provide an upper
bound for the condition number as a function of NV, the wavenumber, and the maximum
surface height.

In the final Section 6 we present some numerical experiments, for scattering by si-
nusoidal surfaces, using parameter values (surface elevation, period, angle of incidence)
selected from the examples for which results were computed previously in [15]. We com-
pare the SC, SS, SS* and least squares methods, using a different type of method (the
super-algebraically convergent Nystrom method of [29], based on solving a boundary inte-
gral equation of the second kind), to provide accurate results for comparison. The limited
numerical results illustrate why the methods we study in this paper are interesting for
numerical computation, namely that, at least in some cases, very accurate results are ob-
tained with the ratio of number of degrees of freedom to arc-length of boundary in the
range 1-2. This compares very well with conventional boundary element methods where a
ratio 5-10 is usually recommended in the engineering literature as the minimum require-
ment for acceptable accuracy. Our limited numerical results also suggest that the SS* and
least squares methods have similar accuracy, and are more robust and reliable than the
SC and the SS methods. This is in line with the theoretical results of Sections 4 and 5,
where we are able to provide rigorous convergence proofs and error estimates for the SS*
and least squares methods, while it is not clear theoretically that the SC and SS methods
need be convergent as the number of degrees of freedom increases; indeed the numerical
results suggest that these methods may not be convergent in all cases. We also use this
section to investigate the conditioning of the linear system solved in the SS* and least
squares methods. Our calculations confirm the ill-conditioning as N — oco. Indeed the
condition number ultimately grows exponentially with N as our upper bound on the con-
dition number predicts, though our upper bound overpredicts the rate of this exponential
growth for the examples we look at.

We close this introduction with a brief list of notations used in the paper. Throughout
A = 27 /k is the wavelength. The set of measurable functions that are square integrable
on (—L/2,L/2), usually denoted as L%(—L/2,L/2), will be abbreviated as X. The part
of 99 corresponding to a single period from —L/2 to L/2 will be denoted by T, i.e.
[:={r= (2, f(x)): —L/2 <x < L/2}. Similarly, R? denotes the part of the plane (R?)
with —L/2 <z < L/2, i.e. RZ := {r e R?: —L/2 < z < L/2}. Tt is also useful to have
a notation for the finite horizontal line of height h in R?, namely I'y, := {(x,h) : —L/2 <
x < L/2}.

2 The scattering problem and a first kind integral equation

Given that the incident field u is the plane wave (1.2), we seek a scattered field u and total
field u* = u+u’ which satisfy the Helmholtz equation (1.1) in  and the boundary condition
(1.3). To capture fully the physics of the problem and ensure uniqueness of solution it is
necessary to impose additional constraints, expressed in terms of the following definitions.
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Definition 2.1. A function v € C(f2) is said to be quasi-periodic (or Floquet periodic)
with period L and phase-shift p if

u(z + L, z) = exp(ipL) u(z, 2),
for r = (z,2) € Q.

Let f_ :=min f and f; := max f, so that

f-< flo) < fy.

Definition 2.2. A function u € C?(f2) is said to satisfy the Rayleigh expansion radiation
condition (RERC) if, for some complex constants u,, which we will call the Rayleigh
coefficients,

u(r) = Zun exp(ik[anz + Bnz]), for z > fy, (2.1)
nez

where a,, :=sinf + n)\/L (the Bragg condition) and

5 { V1i—a2, |a,| <1,

ivaz —1, |ay| > 1.

The incident field is quasi-periodic with period L and phase-shift 4 = ksinf, and
it is appropriate, given the periodicity of f, to require that the scattered field u is also
quasi-periodic with the same period and phase shift. It then follows, given that u satisfies
the Helmholtz equation in every half-plane above 0f2, that, for z > fi, u is a linear
combination of plane waves and inhomogeneous plane waves of the form exp(ik[a,z£03,2]).
Discarding those waves which propagate downwards or increase exponentially with z leads
to the requirement that u satisfy the RERC.

The complete formulation of the scattering problem is thus as follows. Note that we
assume in this problem specification, to simplify later mathematical analysis, that the
boundary curve 02 has continuously varying tangent and curvature, equivalently that f
lies in the set of functions f € C?(R). For an analysis, including a proof of uniqueness
and existence of solution, of the case when f is merely Lipschitz continuous see [18].

Problem 2.1. Given an L-periodic function f € C?(R) and an incident field u, defined
by (1.2), find u € C?(2) N C(Q), quasi-periodic with period L and phase-shift y = ksin 6,
such that u! := u + u’ satisfies the Helmholtz equation (1.1) and the boundary condition
(1.3), and u satisfies the RERC.

Remark 2.1. It is a well known result (e.g. [22,34]) that Problem 2.1 has exactly one
solution, and that the gradient of this solution is continuous up to the boundary 052, so
that v € C1(2), which allows the application below of Green’s theorem. It is perhaps less
well known that the assumption of quasi-periodicity is not required to ensure uniqueness.
It is shown in [9] that a weaker radiation condition than the RERC, the upward propagating
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radiation condition (UPRC) of [7], implies uniqueness of solution for scattering by general
rough surfaces, if it is assumed that u is bounded in every horizontal strip above 92. We
also point out that it is shown in [8] that the weaker UPRC combined with an assumption
of quasi-periodicity is equivalent to the RERC.

We proceed to derive a first kind integral equation formulation for Problem 2.1 via
applications of Green’s theorem. For this purpose, we introduce the quasi-periodic Green’s
function for the Helmholtz equation G, defined by

Gyr,10) i= 57 3 5= explik{an (@ = a0) + Bz = 2], (2:2)
nez n

for all r = (z, 2), ro = (20, 20) with r —rg not a multiple of the vector (L, 0). Of course, G,
is only well-defined in the case that 3, # 0 for all n € Z and, for the moment, we assume
that this is the case. We note that the quasi-periodic Green’s function can be written in
many equivalent forms, for example as the sum of Hankel functions

G,(r, o) = i >~ explikagnL)H (k|r — 1)),
neZ

where r,, := (29 + nL, zp). These representations and others more suited for numerical
calculation are derived and discussed in [15,27]. Note that it is clear from either of the
above representations that Gp(r,rg), as a function of r, is quasi-periodic with period L
and phase shift p = ksin.

Now let D C R% denote any domain in which the divergence theorem holds. Further,
let v denote the outward drawn normal to D. Then, for any solution u € C*(D) N C*(D)
of the Helmholtz equation, there holds

r, I @r _MUI. s(r _ U(I'), I'GD,
/8D {Gp( /7o) 81/( 0) Ov(ro) ( 0)}d (ro) _{ 0, reR2\D. (23)

Possible choices for the domain D are D := {r = (z,2) € R} : f(z) < z < Ha}, with
Hy > fy, and Dy = {r = (z,2) € R? : Hy < z < f(z)}, with H; < f_. If Green’s
formula (2.3) is applied in DIJQ,2 or Dy, to a field u that is quasi-periodic, then the integrals
over the vertical lines x = —L/2 and = L/2 cancel. In particular, suppose that Hy < f_
and Hy > fy. Then, with n denoting the downward drawn normal to I', applying (2.3) to
u? in Dy, we obtain that, for r = (z,2) € RZ,

- 28010) i) :{ T e 2 <)

ou’
" /FH1 {Gp(r,rg) a—%(ro) 0z 0, if z > f(x). 24)
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Similarly, applying (2.3) to u in D;;Q yields

/F {Gp(r, ro) %(ro) - %1::)0) u(ro)} ds(ro)

_ % o) aGp(n I'O) . B 0, if z < f(.%'),
/FH2 {Gp(r, ro) 620( 0) 0z u 0)} o = { u(r), if f(z) < z < Ha. (2:5)

Since u satisfies the RERC and using the definition of the Green’s function we see that,
for z < Hj, the second integral in (2.5) has the value

/FH2 {Gp(r, ro) S—Z)(ro) - %ﬁ u(ro)} dxo

— [ wmexplikfanan + ) { Gytrro) ik — “70 g

Lh, meZ aZO
—1 b2 . Ao 1\ ( B
:E/_ Z Z Upy, €XP <2k [anx + Bn(Hy — 2) + B Ha + (m — n)T]>(E — 1) dxo
L/2 MmEZLNEL
= 0.

A similar calculation yields that the second integral in (2.4) also vanishes, provided z > Hj.
Thus, adding (2.4) to (2.5) and applying the boundary condition (1.3) yields that

u(r), if 2> f(z),

oul
/FGp(rvro)%(ro)dS(ro) :{ i), it 2 < () (2.6)

the lower part of this equation often referred to as the extinction theorem [32].

We see from (2.6) that, to compute the scattered field we need only find the normal
derivative of the total field on I'. Equation (2.6) provides integral equations for determining
this normal derivative. In particular, we shall compute numerical solutions by solving a
first kind integral equation obtained by differentiating (2.6). For z < f_ and ro € T it
is clear from the definition that G,(r,rg) is continuously differentiable with respect to z.
Thus we can take the derivative on both sides of (2.6) with respect to z, exchanging the
order of differentiation and integration, to obtain the integral equation

o’ OG)(r,ro) Ou'

= _— F 2'
5, () /F 5, g, Fo)ds(ro),  relm, (2.7)
which holds for every H < f_.

We will rewrite (2.7) as an integral equation on the interval (—L/2,L/2). For —L/2 <
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x<LJ/2, —L/2 < x5 < L/2, set

plao) = 22200 VIT PP
0 ’ k 87’2 I‘oi(ﬂ?o,f(xo)) 0%
 20u'(r) . ,
P(z) = “E 0 e 20 exp(ikloox — foH]), (2.8)
0G,(r,ro)
K(z,z) = 2p22ptto) .
(2, z0) 0z r=(z,H),ro=(x0,f(z0))

Then (2.7) can be rewritten as the integral equation

L2
v@ =7 [ K@mdn, ~L2<e<L) (2.9

or, in operator form,

where the integral operator D is defined by

L2
Dep(x) = % ) glan) o, L2 <2< L2 (2.11)

Explicitly, the kernel K (z,x¢) is given by

K(z,20) = Y _ exp(iklan(z — z0) + Ba(f(z0) — H)]). (2.12)

neL

The benefit of differentiating (2.6) is that (2.12) is well-defined even in the case that
Bn = 0 for some n € Z. Our derivation of (2.9) assumed that 3, # 0 for all n € Z.
However, using the result that the solution to Problem 2.1 depends continuously on the
angle of incidence [22], it follows that (2.9) holds even when 3, = 0 for some n, by first
perturbing 6 slightly to make 3,, # 0, so that (2.9) holds, and then taking the limit as this
perturbation tends to zero.

In the results shown below we shall compute ¢ by solving (2.9). Note that (2.9) has
exactly one solution in X = L?(—L/2,L/2). To see this, note first that the derivation
above shows that (2.9) does have a solution, namely the normal derivative of the total
field that satisfies Problem 2.1. Further, we show in the next section that the operator D
is injective so that this solution is unique.

Once ¢ is obtained, and provided (3, # 0 for all n € Z, the scattered field is given by
(2.6), which can be written as

LJ2

u(r) =k Gp(r, (o, f(20)))e(z0)dzo. (2.13)
L2
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An alternative representation for the scattered field can be obtained by reflecting equation
(2.6) in the line z = h, for some h < f_, to obtain that

L)2

k s Gp(r, (x0,2h — f(x0)))e(xo)dro = — exp(ik[agz — Bo(2h — 2)]),

for 2h — z < f(z). In particular this equation holds for z > f(z). Thus, subtracting the
equation from (2.13), we find that

L/2
u(r) = —exp(iklaor — Bo(2h — 2)]) + k s Gpu(r, (20, f(20)))e(z0)dzo,  (2.14)
for z > f(x), where
Gpn(r,ro) := Gp(r,10) — G,p(r,10"), (2.15)

and ro’ := (zg, 2h — 29) denotes the reflection of rg = (¢, z9) in the line z = h. Note that
G, is the quasi-periodic Dirichlet Green’s function for the upper half-plane z > h, since
Gpn(r,ro) =0o0n z = h.

The advantage of (2.14) compared to (2.13) is that, while G, is undefined when 3, =0
for some n, the definition of G, j, can be extended to this case by perturbing 6 slightly so
that (3, # 0 and then taking the limit in (2.15) as this perturbation tends to zero. From
(2.2) and (2.15) we see that, explicitly, this leads to the equation

Gy (r.To) = %LL S explikan (@ — 0))en (2, 20), (2.16)
nez
where
{ ﬂi[exp(ikﬂn\z — 20]) — exp(ikBn(z + 20 — 2h))], if B, # 0,
cn(z, 20) == " .
ik(|z — 20| — (2 + 20 — 2h)), if 5, = 0.

Our derivation of (2.14) assumed, implicitly, that 3, # 0 for every n. But, in the same
way we argued that (2.9) holds when (3, = 0 for some n, it follows that (2.14) holds in
this case too.

From (2.2) and (2.13) we see that the coefficients in the Rayleigh expansion represen-
tation for u(r), equation (2.1), are given by

i L/2
‘T oLg /L/2 exp(—iklanzo + Bnf (w0)])p(wo)dzo, (2.17)

at least in the case that 3, # 0 for all n € Z. If §,, = 0 for some m € Z we see, from the
continuous dependence of both u and 3, on 6, that (2.17) still holds for n # m.
We can also find expressions for the coefficients w,, from (2.16) and (2.14). For z > zp,

cn(z, 20) = —2ik(z9 — h) exp(ik(,(z — h)) sinc (kB (z0 — h)),



T. Arens, S. N. Chandler-Wilde and J. A. DeSanto / Commun. Comput. Phys., 1 (2006), pp. 1010-1042 1019

where

sint
sinct := t t#0,
1, t=0.

Thus it follows from (2.16) and (2.14) that
up, = —exp(—2ikBoh)don

k. L

et [ ik (p(ay) — Bjsine (KB, (£(a0) = h))p(ao)dao,  (2.15)
—L/2

where 0, , is the Kronecker delta, with d,,, = 1 if m = n, = 0 otherwise. In particular,

in the case that 3, = 0, (2.18) gives that

L2
Uy = % / exp(—ikanxo)(f(x0) — h)p(zo)dxo. (2.19)
—L)2

Note that, in deriving (2.18), we have assumed that A < f_, but in fact, as the left and
right hand sides of (2.18) are both analytic as functions of & in the whole complex plane,
it follows by analytic continuation that (2.18) and its special case (2.19) in fact hold for
all (real or complex!) values of h. We note that the expression (2.18) for the Rayleigh
coefficients appears to be new.

3 Basis functions and properties of the integral operators

An understanding of the integral operator D relies to a great extent on properties of certain
sets of basis functions for the space X = L2?(—L/2,L/2), the set of square integrable
functions, a Hilbert space with the inner product

1 rL/2 _
o) =1 [ o@imds
~L/2
and norm ||@| := (¢, #)'/%. A standard set of basis functions for X is the Fourier basis.
Taking into account that we wish to represent quasi-periodic functions, it is natural to

shift the standard Fourier basis slightly, using the orthogonal basis functions ¢,,, defined
by

on(z) = exp(ik ay, ), —L/2<x<LJ/2, neL. (3.1)
The functions ¢, n € Z, form a complete orthonormal system in X, so that
<¢n7 ¢m> = 5mn7

where d,,, is the Kronecker delta. They appear quite naturally in connection with the
integral operator D: from (2.11) and (2.12) we obtain that

De(x) = n {0, tn) $n(), (3:2)

ne”L
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where

o = exp(ikfn(f- — H)), ¥n(x) := exp (ik [ x — Bu(f(x) — f-)]) -

We point out that |¢,(x)| < 1, with equality at the point z where f(z) = f_, and with
equality for all = in the case that |a,| < 1. Note also that |oy,| < 1, with equality for
la,| < 1, and that o,, ~ exp(—k(f—- — H)|ay,|) as n — £o0.

Let D* denote the L?-adjoint of the operator D, defined by the equation

(Do, ¢) = (. D*p),  forall ¢, ¢ € X. (3.3)
Explicitly,
1 L2
D¥p(x) = — K (zo,2) ¥(wo)dro, —L/2<x<LJ2,
LJ 1
for ¢ € X, from which it follows that
D =" (1, 6n) Pn. (3.4)
neZ

We note that, in the case when I' is flat, i.e. f_ = f(x) = f4, it holds that ¥, = ¢,.
It then follows from (3.2) and (3.4) that ¢, is an eigenfunction of both D and D*, with
eigenvalues o, and @, respectively, and that {|o,| : n € Z} are the singular values of D
and D*.

The numerical scheme we will propose for solving (2.9) will be a Galerkin scheme, based
on expanding the solution of the integral equation in a finite sum of the functions ¢, and
we will see in a moment that the set {1, : n € Z} is linearly independent and complete
in X. A closely related basis for X is the set of so-called topological basis functions [15],
{4 : n € Z}, defined by

in(x) := exp(ik [anx - 5n(f(x) - f—)])

We will also discuss, following [15], using these functions to expand the solution, leading
to the SS method of [15].

All three sets of basis functions are related to plane waves. Let v, (r) = exp(ik [a,x —
Bnz]), so that v, is either a downwards propagating plane wave or an evanescent wave
decaying exponentially as z decreases. Then ¢,, is a multiple of v, restricted to I'f7, while
@Z;n is a multiple of v,, restricted to I'. The functions ), are also related to restrictions of
plane waves on I'. Let w, be the plane wave travelling in the opposite direction to v,,
i.e. wy(r) = exp(ik [—anx + Bnz]). Then 1, is a multiple of the complex conjugate of wy,
restricted to I'.

We will now proceed by establishing some crucial properties of the sets of basis func-
tions, and in fact giving some justification to the term basis function. Our first result was
proved previously, for the case in which 3, # 0 for all n € Z, in [23], this paper making
precise and completing the earlier argument in [30]. See [6,36] for related comments on
the completeness of plane wave bases in the case of non-periodic surfaces.
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Lemma 3.1. The set of functions {¢y, : n € Z} is complete in X.

Proof. Let ¢ € X and assume that

1 L/2
(0, %n) = 17 /_L/2 o(x) Yp(z) dz =0, neZ.

Define ¢ € L*(T") by

ko(zo)

1+ f’(xo)2 ’

choose h < f_, and consider the function v, defined by

¢(ro) =

rg = (.%'0,2’0) S F,

v(r) == /FGpJL(r, ro) ¢(ro)ds(re), 2z > h,

where G, 1, is the quasi-periodic Dirichlet Green’s function for the half-plane z > h, given
by (2.16). For h < z < f_ it follows from (2.16) that, where d,,(z) is defined by

L[exp(—ik:ﬂnz) —exp(ikfB,(z — 2h))], if B, # 0,
dn(z) == Pn
2ik(h — 2), if B, =0,

it holds that

' L2
o(r) = i > exp(ikfane + Baf-])dn(2) / Un(@0) @ (x0)dzo = 0.
ne”L ~L/2

Since solutions of the Helmholtz equation are analytic [10], it follows that v(r) = 0 for
h < z < f(x). But v is a single layer potential with L? density and so is continuous in R?,
so that v = 0 on 99Q. Further, v € C?(2) and is quasiperiodic and satisfies the Helmholtz
equation in ) and the RERC. Thus, from the fact that Problem 2.1 has only one solution,
it follows that v = 0 in ). However, from jump relations for single-layer potentials with
L? densities [11], it follows that

s v
8lr0) = 2 (ro) ~ T (xo),

for almost all rg € I', where the superscripts + and — denote limiting values of the normal
derivative as the boundary is approached from below and above, respectively. Thus ¢ =0
in X. This completes the proof. U

Of course the significance of the completeness of {¢, : n € Z} is that it means that
the linear span of {¢, : n € Z} is dense in X, i.e. that every function in X can be
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approximated arbitrarily closely by finite linear combinations of the functions ,. In
particular, the solution, ¢, of the integral equation (2.9) can be approximated in this way.

Since the topological basis functions Uy are so closely related to the functions ),
precisely 1, is the restriction of a plane wave on I' while @Z;n is the restriction to I' of the
plane wave travelling in exactly the opposite direction, the completeness in X of the set
of topological basis functions, {&n :n € Z}, follows by symmetry from Lemma 3.1.

The previous lemma also has immediate consequences for the operator D defined in
the previous section.

Lemma 3.2. The operator D 1is injective.

Proof. Assume ¢ € X and Dy = 0. Then all the Fourier coefficients of D¢y vanish. But
the series on the right hand side of (3.2) is exactly the Fourier expansion of Dy. It follows
that (p,1,) = 0 for all n € Z. Thus, by Lemma 3.1, ¢ = 0 and the assertion is proved. O

Lemma 3.3. The operator D* is injective.
Proof. Suppose that ¢ € X and D*i) = 0 and consider the double layer potential

v(r) == 2/FH %’;mm&(ro),

forr = (z,2), z > H. Here ép denotes the quasi-periodic Green’s function with ¢ replaced
by —6, and so «, replaced by &;, := —sinf + n\/L and [, replaced with 3, := /1 — &2.
Then, from (2.2), it follows that, for z > H,

1 L/2 o ~
W %/m exp(ik[an(z — z0) + Fu(z = H)]) ¥ (x0) dro
= > exp(=iklane = Bulz = H))) (@, ¥), (3.5)
neZ

since &_, = —ay, and B_, = fB,. In particular, for r = (z, f(z)), —L/2 < x < L/2, we
have
o(x) = 3 exp(—iklana — Ga(f(2) — H)]) (G0, 1)
neZ
and, comparing with (3.4), we see that this expression is equal to D*(x). Since D*i =0
it follows that v = 0 on I'. However, v € C?(Q) and is quasiperiodic and a solution to the
Helmholtz equation in €2, and v satisfies the RERC. Thus, from the uniqueness result for
Problem 2.1, it follows that v = 0 in Q and, by analytic continuation, that v(r) = 0 for
z>H.
Thus and from (3.5), for z > H and m € Z,

L/2
0:% / V(O)pm(@)dr = > (bm dn) exp(ikBn(z — H))(Gn, 1)

—L/2 nez

= exp(ikBm(z — H))(dm, ),
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since {¢, : n € Z} is orthonormal, so that (¢, d,) = 0 for n # m. Thus (Y, ¢n,) =
(Pm, ) = 0 for m € Z. Since {¢,, : n € Z} is complete, it follows that ¢ = 0. O

It is a standard result in functional analysis that if D is a bounded linear operator on
a Hilbert space, then D is injective if and only if the range of D*, the adjoint of D, is
dense in X. Thus we have the following consequence of Lemmas 3.2 and 3.3.

Corollary 3.1. The operators D and D* have dense range.

Next note the following relationship between ¢,, and 1, which will be key to the
effectiveness of the numerical scheme we propose. From (3.4), we have

D*¢n =Y T (bn> bm) ¥m-

mEZL
But the functions ¢,, are orthonormal. Thus
D ¢y, =0 . (3.6)

This relationship together with the injectivity of the operator D* has the following
consequence for the functions 1.

Corollary 3.2. The set of functions {1, : n € Z} is linearly independent.
Proof. Suppose that N € N, that j1, jo, ..., v € Z and that

a1y, +ag, + ... +anj, =0
for some constants ay,...,ay. Then, by (3.6) and the linearity of D*,

D*(a1¢j, + a2¢j, + ... + anogjy) =0,

where G, := ap,/75,,. Since D* is injective from Lemma 3.3, it follows that

a1¢j, + aspj, + ... + anedjy = 0.
Since {¢,, : n € Z} is orthogonal and thus linearly independent, it follows that a,, = 0 for

m=1,...,N, so that a,, =0 for m=1,..., N. O

4 Galerkin methods for the first kind integral equation

The first kind integral equation (2.10), in common with all first kind integral equations with
continuous or weakly singular kernels, is ill-posed, that is the inverse operator D~!, from
the range of D onto X, is an unbounded operator. As a consequence, small changes in the
function ¢ in (2.10) and small changes to the operator D can lead to large changes in the
solution . Great care has to be taken when solving (2.10) numerically, in particular as D
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will be approximated in the discretisation process. It is essential to use a numerical scheme
which incorporates regularisation, so that, at the discrete level, D! is approximated by a
bounded operator: see [19,24,26] for a clear exposition of these issues. It is well known that
certain Galerkin methods for solving first kind integral equations are self-regularizing, i.e.
they have inbuilt regularization properties [24]. We will discuss certain Galerkin methods
for solving (2.10) in this section.

Given two finite subspaces Xy, Yy C X of dimension N, the Galerkin method for
(2.10) consists of finding a solution ¢n € Xy of the variational equation

(Don,¥) = (¥, ¢),  forall i € Yy. (4.1)
Equation (4.1) is in fact equivalent to a finite system of simultaneous equations: given bases
{x1,...,xn} of Xy and {y1,...,yn} of Yy, respectively, and setting pon = Zg 1 a%N) Xp,
(4.1) can be reformulated as the system
N
> (Dxp,ym) ) = (,ym),  m=1,...,N. (4.2)
n=1

Various versions of the Galerkin method can be obtained by specific choices of the
subspaces Xy and Yy and their bases. Noting the representation (3.2) for Dy, we see
that a particularly convenient choice for Yy is the space spanned by N distinct Fourier
modes, ¢;,,...,¢jy. With this choice of Yy it follows from (3.2) and (2.8), and since
{¢n, : n € Z} is orthonormal, that

<Dxn7 ym> =Ojm <Xn7 wjm> (4'3)
and
(Y, ym) = 2ifo exp(—ikFoH)do j,,, (4.4)

where 0, is the Kronecker delta. In this case the linear system (4.2) is equivalent to

N
Z W) g(N) — p(N) iy = 1,... N, (4.5)

with AQY) = (X, V5,0, b W)= 2B, exp(—tkBo f-)d0,5,, -

This choice of Yy is the ba51s of several formulations investigated in [15]. The SC
(spectral-coordinate) implementation in [15] can be derived by using for Xy a finite ele-
ment space of piecewise constant functions. Precisely, for n =1, ..., N let

( ) 1, Zp_1 <x < Iy,
Xp(x) =
" 0, otherwise,

where Z,, := —L/2+nL/N,n=0,1,...,N. Then

AR =7 [ expl-ibla,o - 5y, f@))ds exp(—ik, £ (40
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Approximating the integrals in (4.6) by the midpoint rule, and defining x,, := (Z,—1 +
Zn)/2=—L/2+ (n—1/2)L/N, we obtain from (4.2) the linear system
N
Zexp(—ik[ajmxn — B f(@))al™) = 2iNBydoj,, m=1,..,N. (4.7)
n=1
It is this linear system which is solved in the SC method implemented in [15].
A further method, the SS (spectral-spectral) method discussed in [15], is obtained by
choosing X to be the space spanned by the N topological basis functions 1/;]-1, e ,Q/;jN,
so that x,, = I;jn' In this case we obtain from (4.5) the linear system

N
> (g )0l = 2ipg exp(—ikBof- )60, m=1,...,N. (4.8)
n=1

This system is equivalent to equation (7.5) in [15], in fact is identical to this linear system
(to within multiplication by a constant) if the origin of the coordinate system is chosen so
that f_ = 0. It is clearly less straightforward and requires more computation to set up the
system matrix for equation (4.8) compared to (4.7), since calculation of the N? integrals
<’l;jn7wjm> is required, where, explicitly,

~ 1 L2
i) =7 | explmiCin — jm)o/L) exp(=ik(3;, + 85, ) (F(z) = -)dz.~ (49)

—L/2
In the numerical results in Section 6 we will approximate these integrals using the trape-
zoidal rule with M panels, denoting the resulting approximations by <1/~)jn,¢jm> M- We
note that, since the integrand in (4.9) is periodic with period L, this approximation is
very rapidly convergent as M — oo if f is smooth. Precisely, if f € C!(R), for some in-
teger | > 2, then, from the Euler-Maclaurin expansion [25], it follows that (1}, ,%;, ) =
(s Vo) + O(M ™) as M — o0.

We now propose a modification of the SS method, which we term the SS* method, based
on choosing Xy to be the space spanned by the IV functions 9;,,...,%;,. The significance
of this choice is that it follows from (3.6) that Xy = D*(Yxy). As a consequence the SS*
method is an instance of the so-called Dual Least Squares Method [24]. As we will prove
below, based on the arguments presented in [24], this method combines a similar accuracy
of approximation for the subspace Xy to that of the S.S method with a much more stable
algorithm.

The linear system to be solved in the SS* method is (4.5) with x,, = v,,. This linear
system can be written as

ANaN = bN, (4.10)

where ay = (a(lN),...,ag\J[V))T, by is the column vector with the single non-zero entry

210y exp(—ikfBpf-) in the mth row, and Ay is the N x N matrix with entry

1 L/2 .
A = W) = [ exp@mita = me /L) exp(—ik(F,, — i) (/@) — )
(4.11)
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in row m of column n.
Clearly Ay is Hermitian. Ay is also positive definite, so that Ay is invertible. To see
this it is convenient to introduce at this point the operator My : CN — Xy, defined by

N
Mpya:= Z AmWVjn s for a = (ay,...,an)? € CV. (4.12)
m=1

Let My : X — C" denote the adjoint of My, defined by
(Mpya, ¢) = (a, Mxo), foraeCV, ¢ € X, (4.13)

where (-, ) is the standard scalar product on CV, defined by

N
(a,b) = > ambm.
m=1

Explicitly,
M]tf?b: (<¢7wj1>7'"7<¢7ij>)T7 (4'14)
from which we see that
Aya= MyMya, for a € CV. (4.15)
Thus
a’ Aya = (a, M Mya) = (Mya, Mya) = |[Myal|* >0, (4.16)

with equality only if a = 0, as Mya = 0 only if a = 0 since the 1, are linearly independent
by Corollary 3.2.

That A is invertible, so that the Galerkin solution is well-defined for every N and
every selection of the mode numbers j, ..., jn, is a first advantage of the SS* method. In
operator terms, this means that there is a well-defined Galerkin method solution operator,
Ry : X — Xy, which maps ¢ € X onto the solution, ¢y, of equation (4.1). This operator
is bounded: we shall estimate its norm in Lemma 4.1 below. Further, we shall see shortly
that, provided the sequence of spaces X1, Xo, ... is chosen in a natural way, the family of
operators Ry is a regularisation strategy for the first kind equation (2.10), in the sense
of [24], meaning that each Ry is bounded and RyDvy — ¢ as N — oo for every ¢ € X.
Thus, as N — oo, the bounded operator Ry is an increasingly accurate approximation
to the unbounded inverse operator D~!. An attraction of this particular regularisation
strategy is that an explicit error estimate holds for the SS* method, contained in the
following lemma.

Lemma 4.1. There holds ||[RyD|| <1 and

ol <2 min lo—
lew =l <2 min o =&,
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where oy = RNY € X s the numerical solution computed using the SS* method. Fur-
ther,

|BNI| < v = sup{||9)]| - ¥ € Y, [[D*9[| = 1}. (4.17)

Proof. We follow the arguments in the proofs of [24, Theorems 3.7 and 3.11]. By (3.3)
and since 1) = Dy, the variational equation (4.1) can be written in the form

(on, D*)) = (o, D*))  for all P € Yy. (4.18)

As Xy = D*(Yn), there exists uy € Y such that oy = D*uy. Setting 1& = uy in (4.18)
we obtain

2
lenll” = (en, on) = (v, on) < el llen.

As on = Ry Dy, it follows that ||RyD| < 1.
Now if, in equation (4.1), 1 = D¢ for some ¢ € Xy then, by inspection, we see that
the unique solution of (4.1) is ¢ = ¢. Thus RyD¢ = ¢ for ¢ € X and thus

oNn—9=(RND—-1)p=(RND—1)(p—¢9) for all ¢ € Xy,

and hence
len —oll <2 e — o for all ¢ € Xn.

~ To see (4.17), note that if Y E Yy then | D*4)]| = 1, where ¢ = ¢/||D*)]|. Since
¥ € Yn it holds that ||[¢|| < 7 so that ||[¢|| < 7w ||D*9||. Thus and by (4.18) and (3.3),

lenll? = (o, D un) = (¢, un) < [[¥l] [lunl] < 7all9]| o]

Thus ||en|| < 7n||¢]| for every ¢ € X so that (4.17) holds.
O

Obviously, we have the following corollary to Lemma 3.1 that, together with the pre-
vious lemma, yields convergence of the SS* method.

Corollary 4.1. Provided the sequence of subspaces X1, Xo, ... is chosen so that, for every
n €7, o, € Xy for all sufficiently large N, then

min ||¢ — Q|| — 0, as N — oo,
reEXN

for every p € X.

In the numerical results in Section 6 we will choose Xn = {¢1,, Y1541, .-, Yy }, With
Jyv ;= In + N —1 and Iy chosen so that Iy — —oo and Jy — +o0 as N — oo. This
satisfies the conditions of Corollary 4.1.
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The error estimate in Lemma 4.1 shows that the solution generated by the SS* method
has an accuracy very close to that achieved by the best approximation from the sub-
space Xpn. Unfortunately, this accuracy is not always achieved in practice due to the
ill-conditioned nature of the equation being solved, reflected in large values for the norms,
|Rn|| and [|A ]|, of the inverse operator and inverse matrix, respectively, involved in the
SS* method, in the limit N — oo. This ill-conditioning leads to amplification of errors
introduced in solving the linear system (4.10), the main source of error being numerical
quadrature error inherent in the computation of the coefficients A%\Q of the matrix Ay. In
the numerical results in Section 6 we approximate these coefficients using the same quadra-
ture rule as for the SS method, namely the trapezoidal rule with M panels, denoting the
resulting approximation to AR = (Vi s 0in) by (U, 0j,. ). As for the SS method, this
approximation is very rapidly convergent if f is smooth. Precisely, if f € C!(R), for some
integer [ > 2, then, from the Euler-Maclaurin expansion it follows that

(s Vjon) M = (Vs Yj) + O(MT)
as M — oo.
Due to this numerical quadrature error (and the additional small effects of rounding
errors) we solve a perturbed version of equation (4.10), namely
A%ad = by, (4.19)
where ||AY, — Ay|| < 6, for some small § > 0. Standard matrix perturbation analysis [25]
yields that, provided d [|A || < 1, A% is invertible, with
Sl
I vell
To analyse the effect of this inexact calculation, we introduce the operator Qn : X —
CY, defined by Qn¢ := (B, djy ) v, (P, Djy )T . In terms of the operators My and Q,

the matrix Ay, and the diagonal matrix Dy := diag(oj,,...,0;,), Rn can be expressed
explicitly as

H(A‘?v)’lH < (4.20)

Ry = MyAY'D Qn.
We note that, for ¢ € X,

N
1QNSIP =D (6,050 < D (6, dm) P = 1I¢lI%,
m=1

meZ

since {¢,, : m € Z} is complete and orthonormal. Thus ||Qn¢|| < ||9]], for all ¢ € X,
with equality if ¢ € Yy, so that ||Qn|| = 1. We see also that

|Rn|| = sup  ||[MyAN' DY QNG|
oeX, ||8]|=1
= sup  |[MyAR'DY Qngl
PEYN, ||9]|=1

= sup  [|[MyAR'Dy'al| = [[MyAR'DR'.
acCN | ||al|=1
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Further,

Dyl = ml = 1.
Dyl = max_loj,|

Thus, and by Lemma 4.1,
IMyATH| < |IMy A DR IDx ] = [|RN]| < v,

where 7y is as defined in Lemma 4.1.
In terms of ay, the solution of the linear system (4.10), the SS* method solution is

N
oy = Myay =Y alty;,..
m=1

Let ¢ = Myad be the approximation to ¢y calculated if (4.19) is solved in place of
(4.10). Then, where the residual ey := by — A Na‘]sv measures by how much a‘?\, fails to
satisfy equation (4.10), it holds that

YN — 30(15\/ = MNAjvleN.
Taking norms in this equation we find that
) —
lew — £l < 1My AR llewl] < 7xllent | (4.21)

The residual ey can be bounded in terms of § and the norm of Aj\,l, since ey = (A‘]SV —
AN)(AY) by and ||by|| = 28,. Applying (4.20) it follows that

2060 ||AN'|

len| < [|A% — AnI[I(AX) [ I[bxl] < — =5
1-3|lAR

(4.22)

In the next two lemmas we obtain an upper bound for 7y and explore further the
relationship between Ry and Apy. Lemma 4.3 shows that, unfortunately, Ay is badly
conditioned as N — oo, unless the surface is flat in which case, as remarked earlier,
UYm = Om, m € Z, so that {1, : m € Z} is orthonormal, Ay is an identity matrix,
and cond Ay = 1, where cond Ay := ||Ay||||Ay'|| denotes the condition number of the
matrix Ay.

Lemma 4.2. For every € > 0 there exists C! > 0, depending only on f, k, and €, such
that

|RN|| < 7 < Clexp(Byklf+ — H + ), (4.23)

where By = maxi<m<n ;.. In the special case that fi = f_ (the surface is flat) then

IBN|| < 7v = exp(Byk[f- — H]). (4.24)
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Proof. From Lemma 4.1 we have that |[Ry|| < 7n. Recalling the definition of 7y in
Lemma 4.1, suppose that ¢ € Yy with ||[D*y|| = 1. Using the notation in the proof of
Lemma 3.3, consider the double layer potential

o(r) = 2/rH %;r“) Do) ds(ro).

As was shown in the proof of Lemma 3.3, we have v((x, f(z))) = D*t)(z) and hence

1 L/2 2 _ * 2
£, e s = 1D = (125)

As 1; € Yy, we have the representation 1; = Zan:1 Ym®jn, for some constants 71, ..., yn.
Thus, and from (3.5),

N
= Z exp(—iklaj,,x — Bj,, (2 — H)]).

On the other hand, v satisfies Problem 2.1, except with different boundary data on I'" and
with 0 replaced by —f. From the well-posedness of this problem, we have the estimate
that, for ¢ > 0 and h = f; + ¢,

lo(r)[2dz < C. / lo(r)[2ds(r), (4.26)
Ty r

where C. is a constant which depends only on f, k, and e. But
1 N
7 J, 1= 3 o exp(-2k(0 = )95;,) (427
and, defining C! := C.max /1 + (f'(x))?,
L2
Ce/r [o(r)[Pds(r) < Cé/ [o((z, f(2)))]*dz = LCL, (4.28)

~L)2

by (4.25). Now

N N
112 =" Iml® < Il exp(2k(h — H) (B — $6;,.)).
m=1 m=1

Thus, and using (4.26)-(4.28),

191 < Cc exp(k(f+ + ¢ — H)By)-
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Since this holds for all ¢ € Yy with |[|D*|| = 1 we have shown the bound (4.23).
In the case fi = f_, it holds that I' = I'j, with h = f, = f_. From equations (4.25)
and (4.27) we deduce that

N
15117 < > Iyl® exp@k(f- — H)(Bx = $6),.)) = exp(2k(f- — H)BY), (4.29)

m=1
and the inequality in (4.29) becomes an equality if 7, = 0 for m # m*, with m* €
{1,..., N} chosen so that I3; . > 34;,, form=1,...,N. O

Lemma 4.3.
an = it (Rl = My AR = A2 (4.30)

If the conditions of Corollary 4.1 are satisfied and f1 > f_, so that the surface is not flat,
then kny — oo and cond Ay — oo as N — oo.

Proof. We have shown above that ||[MyAR| < ||Ry|| for all H < f—. We have also
shown that ||Ry|| = [|[MNAN' DR < [|[MyAR[IDR]. Now

D = T = kE(f- — H)3B8,,,).
Dy || = max |oj,, [ = max exp(k(f- —H)30;,)

Thus infy<; [|Dy']] =1 so that [|[MyAY| = k.
To see the rest of (4.30), note that, for a € C, using (4.13) and (4.15),

||]\4]\7A]7Vl:61||2 = <MNA;V1a,MNA;V1a>
(Ay'a, Mx MyAL'a)
(Ay'a,a)

-1
[lall* [[AN]]

IN

Thus ||[MyAytal| < |[a]| [|AR|?, so that [|[MyAG || < [|AR|/2. Since Ay is Her-
mitian and positive definite, HA]_V1H is the smallest eigenvalue of Ay. Choosing a to
be the associated eigenvector, so that Ay'a = ||Ay!||a, it follows that ||[MyA al? =
(Ay'a,a) = [lal]* ||A}[|. Thus

1My AR = IAR]2.
From Lemma 4.1 we have that, for every ¢ € X,

|RN[[[|Del| = |[[RnDel| > [[o]| — 2 min [[¢ — @]
PEXN

If the conditions of Corollary 4.1 are satisfied it holds that 2mingex, [|¢ — || < 3||¢||
for all sufficiently large N. Thus, for every non-zero ¢ € X, there exists Ny such that

||l
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forall N > Ngand H < f_.

If also f+ > f_, then we can define y € X with ||x|| # 0 by x(x) =1, if f(z) > (f+ +
f-)/2, x(z) = 0, otherwise. For m = 1,2,... let x;m(z) := x(x)e"™®. Then ||xm|| = ||x||
and

Dxm = Z On <va'¢n> On
nez
so that
DX = ol 1 0tms ¥n) > <D 10ms ¢n) (4.32)
ne”L nes
since |o,| < 1. Note that

1 L2
(Ot = 7 [ 3@)exp(k(S ) = S de < explk{ S )30/,
so that the series (4.32) converges, uniformly in m. But also, by the Riemann-Lebesgue
lemma, (X, ¥n) — 0 as m — oo, for every n € Z. Thus

S (X )2 = 0

ne”L

as m — oco. But, combining (4.31) and (4.32), we have that, for every m € N, it holds for
all sufficiently large N that

K& > [[x]? <4Z!<xm,wn>!2> :

ne”L

Thus Ky — 0o as N — oo.

To finish the proof note that 1y € Xy for all sufficiently large N. But if ¢g € X then
Jm = 0 for some m € {1,..., N}, and then AN — (¥0,%0) = 1 and ||Anal| > 1, where
a is the column vector with a 1 in row m as the only non-zero entry, so that ||a|| = 1.
Thus ||An|| > 1 for all sufficiently large N, so that cond Ay = |[|An]|| K% > K% for all

sufficiently large N. Thus cond Ay — co as N — o0. U

To finish this section we summarise, in a final theorem, the main results we have
obtained in respect of the accuracy and convergence of the SS* method.

Theorem 4.1. For every € > 0 there exists CL > 0, depending only on k, f, and €, such
that

rn = || A Y? < Ol exp(k(f+ — f- + €)BY), (4.33)

where 3% = maxi<m<n SBj,.. If [|[An — AY|| < § with 5k3; < 1, then A% is invertible
so that the linear system (4.19) has a unique solution, a‘]SV. Further, the approximate SS*
method solution, @?V = MNa‘]sv, satisfies the error estimate

25ﬂ0 Ii‘?v

— . 4.34
1 — K3, (4:34)

o= ]| <2 min llo -l +
pEXN
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If the conditions of Corollary 4.1 are also satisfied, then mingex, || — @|| — 0 as N — oo
and, provided fy > f_, ky — 00 as N — 00.

Proof. We have shown above that x% = [|[AL'|| and that A9 is invertible provided
O|AN] < 1. Clearly [l¢ — o}l| < ll¢ — onll + [lon — @ll, and |l — ]| is bounded in
Lemma 4.1 while, from (4.21), ||on — ¢%|| < kn]len]|| and then, from (4.22) and Lemma
4.3, the bound (4.34) follows. The remainder of the results come from Corollary 4.1 and
Lemma 4.2. O

We note that the bounds (4.33) and (4.34) show that a small amount of error in
computing the matrix A y will not have a significant effect on accuracy provided By k(f4 —
f-) is not large, in particular if S5 = 0 (Xxy contains only propagating modes with
la,| < 1).

5 The Rayleigh expansion and least squares methods

The SS* method we have proposed in Section 4 has close connections with methods for
solving the diffraction grating problem based on the Rayleigh expansion (2.1). A question
which has generated considerable debate over the years is whether the Rayleigh hypothesis
holds. (The Rayleigh hypothesis is the supposition that the expansion (2.1) is valid not
just in the half-plane above the diffraction grating but throughout €2 and on its boundary
09).) If the Rayleigh hypothesis holds then the Rayleigh coefficients can be determined
directly from the requirement that u(r) = —u'(r) for r on 99.

So as to relate this method more easily to the method of Section 4, it is convenient
to consider the case when the angle of incidence is —6 rather than 6, so that u'(r) =
exp(ik[—zsin @ — z cos f]). Then, if the Rayleigh hypothesis holds,

u(r) =Y upwn(r),  forre, (5.1)

where, as defined earlier, wy,(r) = exp(ik [—anz + B,2]) and the Rayleigh coefficients u,
can be obtained from the requirement that u(r) = —u’(r) for r on 9.

When the Rayleigh expansion is used for computation, the sum (5.1) is truncated to a
finite sum and a linear system is formed to find the finite number of coefficients wu,,. This

linear system is obtained by requiring that u(r) = —u’(r) holds at a number of points
equal to the number of unknown coefficients, in which case the method is termed the
point collocation method, or by requiring that u(r) = —u’(r) hold in a least squares sense.

The following is an implementation of the least squares method that has close connections
to the method of Section 4.
Note first that (5.1) is equivalent to

u(r) = Z Cnp (1), for r € Q, (5.2)
neZ
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where wy,(r) := exp(ik [—anx + B,(2 — f-)]) and ¢, := u, exp(ik B, f—). The plane waves
W, are normalised so that the maximum value of |, (r)| on Q is 1 for each n; of course
Wy (r) = wy(r) if the axes are chosen so that f_ = 0. Choosing, as for the Galerkin scheme
of Section 4, N distinct integers ji, ..., jn, the least squares method we will consider is to
approximate u(r) by the finite linear combination of plane waves,

N
un(r) =Y M (x), (5.3)
n=1

(N)

and choose the coefficients ¢;, ’ so as to minimise

L/2 ,
Ey = / fun (2, £ (@) + (2, ()] de.

—L/2
5 - — (V) (N1
Now note that w,((z, f(x))) = ¥, (z). Let cy = (¢] ’,...,cy ’)" and define

x(z) == u'((z, f(z))) = exp(ik[—zsin§ — f(x)cosh]).

In terms of these notations and the operator My : CN — Xy, defined by (4.12), we have
that

Ey = [|[Mycy — x|,
Standard calculations (e.g. [24, Lemma 2.10]) yield that ¢y minimises Ey if and only if
cy satisfies the normal equations

MXIMNGN = MX;Y (54)

Here My : Xy — CV is the adjoint of My, defined by (4.13) and given explicitly by
(4.14). From (4.15) we have that (5.4) is the linear system

Ancy =dy, (5.5)

where
dy = M;/Y = (<Y7 wj1>7 S <Y7 ij>)T7
and the elements of Ay are given explicitly by (4.11).

It was shown in Section 4 that Ay is Hermitian and positive definite, so that Ay is
invertible. Thus the least squares method is well-defined: we solve (5.5) to obtain the
vector ¢y and then the scattered field is given approximately by (5.3).

For most grating profiles the Rayleigh hypothesis is not valid. This is a very crude
statement and we refer the reader to [14, 28] for details. However, whether or not the
Rayleigh hypothesis holds, it is known that the least squares method is convergent. Pre-
vious demonstrations of this fact (e.g. [28,30]) are incomplete, in particular excluding the
case when 3, = 0 for some n. We include here a proof, based on the results of Section 3,
which is valid in all cases. In this theorem, as in Section 4, X denotes the linear space

spanned by ©;,, ..., ¥ .
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Theorem 5.1. Suppose that the conditions of Corollary 4.1 are satisfied. Then, for every
r € Q, un(r) — u(r) as N — oo, and this convergence is uniform in r, for r € S 1=
{(x,2) : 2z > f(x) + €}, for every e > 0. Further, in the half-space z > f, above 0%,
u(r) is given by (5.2), with ¢, = imy_, éﬁLN), for every n € Z, where éﬁLN) denotes the
coefficient of wy,(r) in (5.3).

Proof. Let en(r) := u(r) — un(r). Then ey satisfies Problem 2.1, except with different
boundary data on I' and with 8 replaced by —6. From the well-posedness of the problem,
we have that, for every € > 0,

len(r)| < C’e/ len(ro)|?ds(rg), forre S,
r

where the constant C, depends only on ¢, k, and f. But

/ Jexc(ro)Pds(r) < max /TF (F/(@)2 Bx
r Tre

where

Ey:= min Ey = min |[{ —¥]|.

cyeCN VEXN
But, from Lemma 3.1, it follows that ming | —x|| — 0 as N — oo. Thus |uy(r) —
u(r)] = |len(r)| — 0 as N — oo, uniformly on S.. From this and that

L —f r) exp(ikay,z)ds(r
cn — Gy Le p(—ikB.(h — f ))/FheN( ) exp(ika,x)ds(r),

for every h > f,, it follows that E%N) — cp as N — oo. O

Although the least squares method is, by the above result, theoretically convergent,
computations indicate that it does not converge for all gratings due to problems of ill-
conditioning [28]. The results of Section 4 provide, for the first time, a quantification of
this ill-conditioning and allow us to estimate the effect of errors in solving (5.5) on the
accuracy of the computed solution cy.

As in Section 4, we introduce errors when we estimate the coefficients of A and dy
by numerical integration. Due to this numerical quadrature error (and additional small
rounding errors) we solve a perturbed version of equation (5.5), namely

ATy = dY. (5.6)

We assume that ||[Ax — AY|| < 61 and ||[dy — d%|| < &a, for some small 61,52 > 0. As
discussed in Section 4, A is invertible if &;||Ay||~! < 1. If this condition holds we have
further that

oy —cy = (A}) 'en (5.7)
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with

ey = A(js\[EN — d(;v
(AN — AN)AL MY +dy —dYy,

since €y = Ay dy = A MEX. Now ||x|| = 1 and AR M} is the adjoint of MyAR', so
that [|Ay' M%|| = ||[MyAy'||. But also, by Theorem 4.1,

rn = |[ARHIY2 = (| My AR

Thus
HeNH < KN + 9. (5.8)

These bounds lead to our final theorem, concerned with the conditiong of the linear system
(5.5) and the effects of errors in the entries of Ay and dy. As in Section 4, cond Ay
denotes the condition number of Ay, defined by cond Ay := ||An]||[|AR]]-

Theorem 5.2. It holds that
cond Ay < Nk%,,

where ki = |[[AGY2. If||Ay — AY|| < 01 and ||dy — d|| < da, with §1x% < 1, then
the linear system (5.6) has a unique solution, E‘Js\,, and

lleny — x| < 616N + 52). (5.9)

Ay
1— 51 IiN
For every € > 0 there exists C! > 0, depending only on k, f, and €, such that

kN < Ceexp(k(fy — f- +€)BN), (5.10)

where By 1= maxi<pm<nN S0j,,. If the conditions of Corollary 4.1 are satisfied and f > f_,
so that the surface is not flat, then Ky — 0o and cond Ay — o0 as N — oo.

Proof. From (4.11) we see that the entries of Ay satisfy \A%\Q | < 1. From this it follows
that [|An|| < N so that ||An|| [|JAy']] < Nk%. The bound (5.9) follows from (5.7),
(4.20), and (5.8). The remaining results are from Lemma 4.3 and Theorem 4.1. O

We note that the bounds (4.33) and (5.9) show that a small amount of error in com-
puting the matrix Ay and right hand side dy will not have a significant effect on the
accuracy of solving (5.5) provided 53 k(f4 — f-) is not large, in particular if 5%, =0 (Xn
contains only propagating modes with |a,| < 1).
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Table 1: Values of d/A, L/X and 0 in the three examples. Also given are the number of propagating modes in
the Rayleigh expansion.

Example | d/A L/ 0 | # prop. modes | Corresponding example in [15]
1 4.7968 63.9587 20° 128 Example 1A
2 4.7877 63.8366 75° 128 Example 1B
3 0.2632 1.0526  20° 2 Example 2A

6 Numerical results

In this final section, we will examine the performance of the Galerkin and least squares
methods we have discussed when they are applied to a particular model problem. We
consider the case when the scattering surface is given by the function

flz)= —g cos (2% x) ,

for some d > 0. We choose values of d and L and the angle of incidence 6 taken from [15] to
allow direct comparison with the results obtained there. For each example we compute the
solution to the scattering problem using four different methods: the SC, SS, SS* and least
squares (LS) methods. Additionally, a super-algebraically convergent method presented
in [29], based on a second kind integral equation formulation of the problem, is employed
to provide accurate reference solutions.

A necessary condition for accuracy in scattering by a diffraction grating is based on
energy conservation: the Rayleigh coefficients of the exact scattered field satisfy the rela-

50 = Z 671 ’un’2

loan|<1

tion

Hence, for each method, the particular method indicated by a superscript (XX), with XX
= SC, SS, SS*, or LS, we compute the quantity

B
Eener == loglo 1- Z 2 |u£'LXX)|2 . (61)
o<1 Bo

Additionally, the individual Rayleigh coefficients are checked for accuracy by comparing
against the reference solution. This is achieved by computing a second error functional,

Ecoet :=logyg | 2 Z % ugxx) - ugef)P ) (6.2)

lan |<1
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The weights in this definition are selected to make the values of Eeper and Egoer comparable.
In particular, using the discrete Holder inequality, we have that

1— Z &]ngX)P _ Z &Oun!z—!uf{x)!z)

lam|<1 Bo lam|<1 Bo
< D 0 s+ )
a1 0
1/2 1/2
& B
< [ > ﬂ—" |y, + w2 > ﬁ—" Uy, — uff 2
jan]<1 7Y jan|<1 70
1/2
< (2% 108ee) 2 [ 3T Dry o 000p2
anz1 P

Hence, we expect Fener < Feoer for any reasonably accurate numerical method.

Table 1 gives the values of d, L (relative to the wavelength) and 6 for the various
examples. In each case, the calculations were carried out for a number of spaces (X, Yn),
starting with the spaces corresponding to the propagating modes and then increasing N
by symmetrically adding evanescent modes. In the case of the SS, SS*, and LS methods,
the coefficients in the linear system matrix have to be computed by numerical quadrature.
As suggested in Section 4 we use an M-point trapezoidal rule which is rapidly convergent
as M increases, and select values for M which ensure that the integrals are computed to
machine accuracy.

The computed values for the functionals Feer and FEgoer for Examples 1 and 2 are
displayed in Fig. 1. For the near normal incidence of Example 1, all methods perform
equally well and compute the scattered field to high accuracy, even without any evanes-
cent modes represented in the discrete spaces. Given that the total arc-length of T" is
approximately 130\, we see that all methods are very efficient, achieving close to machine
accuracy with N = 128, i.e. with less than one degree of freedom per wavelength of the
boundary. For comparison, to achieve similar accuracy, the super-algebraically convergent
Nystrom method of [29] requires the solution of a linear system over 20 times larger. When
the number of unknowns is increased, the SC method shows some signs of instability. It
is worth noting that the functional Fe,e is rather smaller in this example than E.oef, SO
that Fener gives a somewhat misleading impression of the achieved accuracy.

In the case of the near grazing incidence of Example 2, the situation is somewhat
different: all methods require a substantial number of evanescent modes to be included
in the discrete spaces to compute the scattered field accurately. However, eventually all
methods do provide accurate results which is a new observation compared to [15] where
only a few evanescent modes were used. We note, moreover, that even with the largest
value of N used (N = 210) the number of degrees of freedom per wavelength is very
modest (/ 1.6) given the high accuracy achieved.
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Figure 1: Values of the error functionals for Examples 1 and 2 for N = 128, 138, 148, 168 and 208, respectively.
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Figure 2: Values of the error functionals for Example 3 for N = 6, 10, 18, 34 and 66, respectively.
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Table 2: Values of log;, [|An||, logy [|AR' ], and est, the approximate upper bound on log,, | AR |I-

Example 1 Example 2
N | logio[|An] | logig [AR'] | est N | logio|[An] | logig [AR'] | est
128 0.44 0.42 0 128 0.43 0.40 0
138 0.45 4.91 10.46 138 0.44 4.85 10.35
148 0.45 8.82 15.13 148 0.44 8.76 15.04
168 0.45 14.84 22.21 168 0.44 14.83 22.13
208 0.45 16.89 33.50 208 0.44 17.11 33.43
Example 3

N [ logio [AN]l | logio AN | est

6 0.08 1.30 3.30

10 0.09 2.71 6.17

18 0.09 5.57 11.70

34 0.09 11.32 22.66

66 0.09 17.51 44.52

The situation changes significantly in Example 3, as illustrated in Fig. 2. For this
case the SS and SC methods do not give accurate results for any N, while the SS* and
LS methods converge as N increases, at least up to N = 66. However, as predicted
theoretically, the condition numbers of the linear systems grow as NN increases, reaching
the value 6.7 x 10'7 for N = 66. This large value of the condition number appears to be
slowing the convergence rate, so that the results for N = 66 are not as accurate as would
be expected from extrapolating the convergence rate from lower values of N. Nevertheless,
the SS* and LS methods are pretty effective, achieving quite accurate results with N = 34,
i.e. with ~ 14 degrees of freedom per wavelength (I" has arc-length ~ 2.4)\).

The conditioning of the system matrices is studied in a little more detail in Table 2,
where we tabulate the norm of Ay and x% = ||Ay'||. The estimate (4.33) predicts that,
for every € > 0, k4 < Cexp(2k(d + €)3%), where the constant C' depends only on e, d,
L and k, and 3 denotes the maximum value of 33, over the modes n included in the
approximation space. To give some indication of the numerical value of this estimate we
have tabulated log;(exp(2k d %)) ~ 0.869 k d 5%, in the column labelled est.

The results show that ||A'|| and the condition number cond Ay = ||Ay|| Ay ] in-
crease rapidly as IV increases, once the approximation space starts to contain evanescent
modes. Moreover, the principle of exponential growth of HA;V1||, suggested by the bound
(4.33), appears to be supported by our numerical results, though the bound overestimates
the value of K by orders of magnitude, in fact appears to overestimate the rate of expo-
nential increase of ||A'|| by approximately a factor of two. We note that ||Ay|| remains
bounded as N increases.
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