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Potential flows past a cylinder and a wing.

Introduction

Fluid Mechanics is an integral part of a more general applied mathematical discipline - Continuum
Mechanics, which deals with media motion modelled as continuum. In this course, we will first briefly
consider basic notions and principles of Continuum Mechanics, such as tensors and operations with them,
deformations, rate of deformations and stress tensors, conservation laws, which are common for both Fluid
Mechanics and Theory of Elasticity. Then we will concentrate on the fluid mechanical description and
consider in detail the main formulation of Fluid Mechanics - the Navier—Stokes equations.

The system of Navier—Stokes equations has been the basis for theoretical consideration of fluid motion
during two centuries and arguably is the most intricate system of partial differential equations so far. Not
surprisingly, the Navier - Stokes existence and uniqueness problem is one of the seven” The Millennium
Prize Problems”. Its first solution has been claimed recently by Prof. Otelbayev, but it appeared that
the proof had a flaw. In the course, we will analyze both model ”academic” inviscid potential flows and
more realistic examples featured in applications such as river flows and origin of the aircraft lift. We
will consider important applications of Fluid Mechanics to environmental flows, such as flows in porous
media, concluding with the shallow water model of tsunami waves.


http://www.claymath.org/millennium-problems
http://www.claymath.org/millennium-problems
http://www.nature.com/news/fiendish-million-dollar-proof-eludes-mathematicians-1.15659

Contents

(1

Tensors, Strain & Stress|

I1.1.2 Some Properties of Tensors| . . . . . . . .. ... . o o
1.3  Exercises - Il. . . . . . . o . e

[1.2.1  KEulerian and Lagrangian Coordinates] . . . . . . .. ... .. ... ... ......

[1.2.2  Velocity and Acceleration| . . . . . . . . ... .o Lo

11.2.3  Rate of Change of a vector: the Material Derivative . . . . . ... ... ... ...

2

ii

© o N NN

10
10
12
18
18
25
26
30



B Static Probl FFind Mechamcs 50

B.04 Exercises - TVI. . . . . . . . . e 56

8.0.5  Reference materiall . . . . . .. ... oo 58

I Tovisaid Flow 60
[£.0.6  Bernoulli Theoreml . . . . . . . . . . . . 60

4.0.7  Kelvin’s circulation theorem|. . . . . . . . . . .. L oo 65

4.0.8  Potential Flow: special class of inviscid flows| . . . . . .. .. ... ... ... ... 68

4.0.9  Stagnation-point flow] . . . . . . . ... L 69

FOT0 Exercises - VI . . o o v o o e e e e 70

[F Two-dimensional potential flows| 74
b1 Stream functionl. . . . . . . . .. 74
b2 Some basic two-dimensional potential flows| . . . . . ... oo oL 76
5.3 Combinations or superpositions of elementary flows: Rankine flow., . . . . . .. .. .. .. 80

[5.4  Combinations or superpositions of elementary flows: potential (steady) flow past a cylinder| 82

5.5 The force in potential flows: d’Alembert paradox| . . . . . .. ... ... ... ... ... 83

5.6 Irrotational flow with circulation - origin of lift, the Magnus effect or playing golf and tennis| 85

P.6.1  Qualitative analysis| . . . . . . ... L 85

0.6.2  Quantitative analysis|. . . . . . . .. Lo 86

5.6.3  Reference material. Differential operators in polar and cylindrical coordinate system.| 89

9.6.4  Reference material. Some notes on the Laplace equation|. . . . . . ... ... ... 90

5.6.5  Some particular periodic solutions of the Laplace equation in a polar coordinate |

system by separation of variables.| . . . . . .. ... ... o oL 90

B6.6 Exercises - VII. . . . . . . . . . e 91

6 Viscous Fluid| 93
6.1 Scaling analysis and the viscous boundary layer| . . . . . . .. ... ... ... ... 93
6.1.1  Non-dimensional Navier-Stokes equations, Reynolds number and Reynolds number |

[ Imits . . o o e e 95
6.1.2  How do we know that we have taken the right limit? . . . . . ... ... ... ... 96

6.1.3  Viscous boundary layer| . . . . .. ... . L o 97

6.1.4  Non-stationary problems of hydrodynamics: transient viscous boundary layer.|. . . 99

6.1.5  Some notes on the Stokes flow regime: the limit of small Reynolds numbers.|. . . . 102

6.1.6  The rectilinear flow ansatz| . . . . . . . .. ... oL 102

6.1.7  Fully developed viscous flows.| . . . . . . . . ... ... . o 104

6.1.8 FExercises - VIII . . . . . . . . . 108

iii



Alex Lukyanov A Mathematical Introduction to Fluid Mechanics and Its Environmental Applications

|7 Flows in porous materials: Darcy’s law, filtration and making espresso.| 111
[f.1 Introductionl] . . . . . . . . . . 111
[7.2 Darcy’slaw.. . . . . . o e 112

[7.2.1 Incompressibility condition in porous media and the governing equations.| . . . . . 113
[7.2.2  Geometrical model of porous media.| . . . . . .. .. ... Lo oL 114
[7.2.3  One-dimensional flows in porous media.| . . . . . . .. .. ... ... ........ 114
[[2.4 FExercises - VITI. . . . . . . . o0 s e e e e e e e e 119
|8 The shallow water approximation - water waves and non-stationary solutions| 120

(MA3FM) Autumn 2016





