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Recent experiments have demonstrated that nanoparticles which sparsely distributed over a solid
substrate can substantially change the flow conditions at the solid surface in the presence of slip.
Inspired by these observations, the flow past tiny particles seeded on a solid substrate is investigated
theoretically in the framework of an interface formation model. It has been shown, that even a single
seeded nanoparticle can reduce significantly the measurable tangential component of hydrodynamic
velocity at the substrate and affect the amount of the observed apparent slippage of the liquid. The
effect from the particle manifests in a form of a long relaxation tail defined by the characteristic time
of the interface formation process. A comparison with experiments has demonstrated a good agreement
between theoretically predicted and experimentally observed values of the relaxation tail length scale.

© 2009 Elsevier B.V. All rights reserved.
Capillary flows with forming interfaces occur universally in na-
ture and in technology [1]. One of the central issues in quantitative
description of this kind of flows is slippage of liquid at the solid
surface [1–4]. For example, the amount of slip directly defines the
dynamics of dewetting of thin liquid films and the contact angle in
the process of dynamic wetting [2,3]. However, while the concept
of slip has been widely accepted, quantitatively, there is still no
consensus on the amount of slip [5–8]. The main factor, which may
interfere with precise measurements and is often difficult to con-
trol in experiments, is the surface roughness. The effects of surface
roughness on the flow conditions at solid surfaces have been stud-
ied theoretically, and experimentally, by several methods, such as
macroscopic hydrodynamic and microscopic modelling, and meso-
scopic analysis [5–18]. In this Letter, we consider one particular
aspect of the phenomenon of slip on irregular surfaces, namely
the influence of sparsely distributed nanoscale obstacles on the
magnitude of slip, using a macroscopic approach. Our study is mo-
tivated, to a large extent, by the results of recent observations of
slip [17,18], where the parameters of the surface roughness, such
as the peak-to-valley difference and the distance between the as-
perities, were varied gradually on the nanoscale to quantify the
amount of slip as a function of these parameters. Of particular in-
terest are the results reported in [18], where the surface roughness
had been progressively introduced by seeding single nanoparti-
cles, of approximately uniform size, to specifically study the slip
behaviour in the transient regime between smooth and rough sur-
faces.

Consider experimental results in [18] in more detail. The flow
measurements of hexadecane at the initially molecularly smooth
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sapphire surfaces, covered with PDMS oligomer layer, have shown
finite slip length λ approaching λ � 250 ± 50 nm. Then the same
measurements have been taken on the surface modified with
seeded small particles of 25–30 nm size. Remarkably, strong effect
has been already observed with only 2% of the substrate area cov-
ered by the particles, i.e. when the average distance between the
particles is about 180 nm. The slip length has shown a perceptible
decline to λ � 150 ± 50 nm, whilst the average distance between
the particles was still much greater than the particle size. Further
increase of the area covered by the particles to just 5% was suffi-
cient to decrease the observed slip length to λ � 50 ± 50 nm and
thus, within the accuracy of measurements, to restore the no-slip
condition. This effect has no satisfactory theoretical explanation so
far, and one might assume that the particles were able to disturb
the flow at the boundary on a length scale large compared to their
own size. In order to identify the mechanisms of the phenomenon
and bearing in mind that, as shown in [19], the effects of slip and
the surface-tension gradients are coupled in the interfacial layer,
we consider the interfacial dynamics as it could be affected by
the presence of seeded particles. We will show that even a single
seeded particle will disturb the interfacial layer and create surface
tension gradients. This effect, generated by the seeded particles, is
expected to be similar to the well-known Marangoni phenomenon,
first discovered for the surface tension gradients induced by the
gradients of surface temperature [20].

The mathematical model that we use here is based on the in-
terface formation theory developed earlier [2], coupled with the
effect of surface slip. In the case of a liquid consisting of spheri-
cal molecules, this effect, studied microscopically, has been shown
to be sufficient to produce surface slip exceeding 30 molecular
diameters [21,22]. To simplify the problem, consider a steady two-
dimensional Stokes flow (in the vicinity of the substrate, one al-
.physleta.2009.04.005
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Fig. 1. Definition sketch for the problem.

most always has flows with negligible inertia) of an incompressible
Newtonian liquid of constant density ρ and viscosity μ over a
smooth solid surface with just one particle (with similar to the
substrate physical properties) seeded on the surface. We note,
however, that, geometrically, the three-dimensional analogue of
the two-dimensional particle introduced here would be a lattice of
threads lying on the surface normal to the direction of the flow. On
the one hand, this simplification will allow us to obtain readily ob-
served analytical results; on the other hand, this case is sufficiently
representative to study the main features of the phenomenon.

The flow velocity u and pressure p in the bulk satisfy the
Navier–Stokes (NS) equations,

∇ · u = 0, ∇p = μ∇2u. (1)

The flow is driven by a plane-parallel constant shear S0 in the far
field. In the (x, y) plane of a Cartesian coordinate system, the origin
of which is at the centre of the particle on the solid substrate,
(Fig. 1), one has:

∂ux

∂ y
= S0, u y = 0, y → ∞. (2)

Boundary condition on the solid surface are given by [2]:

vs · n = 0, (3)

μn · [∇u + (∇u)∗
] · (I − nn) + 1

2
∇σ = β(u − u−) · (I − nn), (4)

ρu · n = (
ρs − ρs

e

)
τ−1, (5)

∇ · (ρsvs) = −(
ρs − ρs

e

)
τ−1, (6)

vs · (I − nn) = 1

2
(u + u−) · (I − nn) + α∇σ , (7)

σ = γ
(
ρs

0 − ρs). (8)

Here σ = γ (ρs
0 − ρs) is the surface tension in the interfacial

layer which is modelled as a two-dimensional ‘surface phase’; ρs

is the surface density in this phase (mass per unit area) and vs is
the velocity with which it is transported along the interface; u− is
the velocity on the solid-facing side of the liquid–solid interfacial
layer (Fig. 1); α, β , γ , τ , ρs

e and ρs
0 are phenomenological mate-

rial constants; n is the normal vector pointing in the liquid, I is
the metric tensor; the tensor (I − nn) singles out the tangential
projection of a vector; an asterisk marking a second-rank tensor
indicates its transposition.

It should be emphasized here, that the above formulation can
only be employed for lyophilic or, possibly, for intermediate liquid–
solid combinations. In the opposite case of lyophobic combinations,
the flow at the boundary may be conditioned by the trapped bub-
bles and the nature of the boundary conditions will be different.
This is a special case and it is beyond the scope of the present
analysis.

Conditions (3)–(8) have been obtained using methods of irre-
versible thermodynamics so that here we will only briefly com-
ment on their meaning with more detail available in [2]. The
Please cite this article in press as: A.V. Lukyanov, Physics Letters A (2009), doi:10.1016/j
Fig. 2. Definition sketch for the problem to illustrate the surface slip condition (9).

model takes into account mass exchange between the bulk and the
surface phase (5) that takes place when the surface density ρs de-
viates from its equilibrium value ρs

e . The parameter τ is the surface
density and the surface tension relaxation time (the main parame-
ter describing the interface formation). Importantly, the tangential
components of the velocity in the surface phase vs , the bulk ve-
locity evaluated on the liquid-facing side of the interface u and
the velocity on the solid-facing side of the interface u− are, in a
general case, all different due to the torques acting on the sur-
face phase. The conditions relating these components are given
by (4) and (7). Constants α and β are characteristic parameters
of the response of the interface to surface-tension gradients and
the external torques. We will further use a simplifying assump-
tion, to reduce the number of parameters, that α = β−1, see details
in [2,23].

The problem formulation should be complemented by an equa-
tion for the velocity u− on the solid-facing side of the interfacial
layer. It is often assumed that the velocity u− is equal to that of
the solid, that is in our case u−

‖ = 0, so that there is no actual
slippage of the liquid on solid that would have been observed, for
example, in molecular dynamics simulations. Potentially, however,
it is possible that u−

‖ �= 0. For example, such surface slip has been
directly observed in molecular dynamics simulations [22].

To account for this effect, by analogy with the generalised
Navier condition (4), a relationship between u− and the substrate
velocity (= 0) can be written in the form

βsu−
‖ = F−, (9)

where the force F− = n · P− · (I − nn) (Fig. 2), P− is the stress
tensor on the solid-facing side of the liquid–solid interface given
by the momentum balance equation of the interfacial layer,

n · P− · (I − nn) = μn · [∇u + (∇u)∗
] · (I − nn) + ∇σ , (10)

and βs is a phenomenological parameter, similar to β . Note, that
condition u−

‖ = 0 is recovered from (9) at βs → ∞.
Condition (9) can be illustrated if we consider a sub-layer at

the solid substrate (Fig. 2), which has essentially smaller length
scale and different from the main interfacial layer properties, such
as viscosity. Then (9) is obtained in a similar way as (4), but ne-
glecting the surface tension effects in the sub-layer. Note, that a
condition similar to (9) has been considered from mesoscopic and
microscopic points of view, applying Green–Kubo relations, for a
liquid consisting of spherical molecules and for a periodic substrate
interacting with the fluid by means of Lennard-Jones potentials
in [21,22].

Physically, the origin of this effect at the sub-layer may be ei-
ther due to the true surface slip, directly observed in molecular
dynamics simulations, or due to the ordered structure (reorienta-
tion of molecules) induced by the presence of solid wall resulting
in the state with much lower viscosity [15,21,22,24–27]. The struc-
ture has been observed directly, by different techniques, in experi-
ments and has been studied by mesoscopic analysis [15,24–27]. We
will further refer to (9) as the surface slip condition at variance to
the apparent slip, see further discussion.

The difference between the tangential components of u (i.e. the
velocity on the liquid-facing side of the interface) and u− can be
referred to as ‘apparent slip’ that appears only in the macroscopic
hydrodynamic modelling of interfaces. The notion of apparent slip
.physleta.2009.04.005
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simply represents the fact that description of what is going on in
the interfacial layer is below the spatial resolution of the NS model
and hence, for the NS equations, the interfacial layer manifests it-
self only in terms of the boundary conditions on its liquid-facing
side, in other words, the NS equations are not able to “observe”
the solid surface directly. As a result, the macroscopic boundary
conditions for the NS equations are to be specified on the liquid-
facing side of the interface. The surface slip operates on smaller
length scales and is obviously not associated with the interfacial
surface tension effects.

In equilibrium (when ρs = ρs
e )

u · n = 0

and(
μ

β
+ μ

βs

)
∂u‖
∂n

= u‖.

Identifying the slip length measured in experiments with

λ = μ

β
+ μ

βs
,

we arrive at the form of the standard Navier boundary condition

λ
∂u‖
∂n

= u‖.

So, in equilibrium situations, the contributions from apparent and
surface slip collapse into one parameter, the measurable slip length
λ, so that it appears that surface slip is not directly observable.
From this point of view, the split of the interfacial layer into two
regions looks ‘artificial’. But, as we will see later, once the equilib-
rium situation is disturbed by the seeded particles, the contribu-
tion from surface slip can be clearly observed.

Now, to account for the presence of particle, we introduce an
additional condition at x = 0, y = 0, where the particle is located.
To obtain informative asymptotic results, we apply a simplified
condition, which is

vs(0) = V 0, (11)

where V 0 is a free parameter. This condition implies that the
seeded particle can only change the liquid flux along the interfa-
cial layer, but not the layer’s geometry. This formulation is justified,
if the seeded particle has the size of the order of the interfa-
cial layer h, which is, according to experimental estimates [23,27],
h ∼ 1–5 nm. One needs to clarify here that the size of the interfa-
cial layer h is not the actual parameter of the macroscopic model,
where the interface has zero thickness. This fact is reflected in the
nature of the boundary condition (11), which is specified at a point
on the boundary.

Note, that the maximal value the parameter V 0 can take is, of
course, proportional to the shear rate S0. That is in equilibrium
(|x| → ∞), we have V 0 = V̄ 0 S0λ, where

0 � V̄ 0 � 1

2

(
λa + 2λs

λa + λs

)
,

λs = μ/βs is surface slip length and λa = μ/β is apparent slip
length.

It is now convenient to change to non-dimensional variables
using L = λ, U0 = L S0, p0 = μU0

L and ρs
e as scales for velocity,

length, pressure and the surface density; λ = λa + λs is, as before,
the characteristic slip length. Then, the system of equations (1)–
(10) takes the form

∇ · u = 0, ∇p = ∇2u, (12)

ux =
(

∂ux

∂ y
+ ∂u y

∂x

)
− 1

2Ca

∂ρs

∂x

(
1 + 2δs

1 + δ

)
, (13)
Please cite this article in press as: A.V. Lukyanov, Physics Letters A (2009), doi:10.1016/j

s

εu y = Q
(
ρs − 1

)
, (14)

ε
∂ρs vs

∂x
= 1 − ρs, (15)

2vs = ux + δs

1 + δs

(
∂ux

∂ y
+ ∂u y

∂x

)
− 1

Ca

∂ρs

∂x

(
2 + δs

1 + δs

)
. (16)

To complete the problem formulation, we add conditions (2),
(11) and assume that far away from the particle the surface density
tends to its equilibrium value,

∂ux

∂ y
→ 1, u y → 0, x, y → ∞, (17)

vs = V̄ 0, x = 0, (18)

ρs → 1, |x| → ∞. (19)

The problem has five non-dimensional parameters ε = U0τ
λ

, Ca =
μU0
σ0

, Q = ρs
e

ρλ
, δs = β/βs and V̄ 0; parameter σ0 = γρs

e is the char-
acteristic surface tension, γ is inversely proportional to the fluid’s
compressibility and is, roughly, the square of the speed of sound;
ρs

e ∼ ρs
0 � ρh. Parameter ε is the ratio of the characteristic re-

laxation length U0τ to the characteristic slip length λ, Ca is the
capillary number, parameter Q � h/λ characterizes the mass flux
into/out of the liquid–solid interface, parameter δs is the ratio
of the surface slip length λs = μ/βs to the apparent slip length
λa = μ/β , δs = λs/λa and parameter V̄ 0 characterizes the strength
of the interaction between the seeded particle and the flux in the
interfacial layer (if V̄ 0 = 0 then the particle completely blocks the
flux in the interfacial layer).

There are three small parameters in the system; Ca, ε and
Q . Taking S0 ∼ 104 s−1, λ ∼ 100 nm, σ0 ∼ 10−1 N/m (ρs

e ∼
10−6 kg/m2, γ ∼ 105 m2/s2), μ ∼ 10−3 Pa s, τ ∼ 10−8 s as es-
timates of the characteristic shear rate, slip length, surface ten-
sion, viscosity and relaxation time, U0 ∼ 10−3 m/s and Ca ∼ 10−5,
ε ∼ 10−4, Q ∼ 3 × 10−2. Here, parameter τ is taken, according
to the estimates obtained from experiments on dynamic wetting
[23], to scale for simple fluids as τ = 10−8(

μ
1 mPa s ) s. Note, that

the Reynolds number, in this case, Re = ρU0λ/μ � 10−4 
 1 and
the use of the Stokes approximation is well justified.

The asymptotic solution to (12)–(19) in the limit ε → 0, Ca → 0
and Q → 0 has been obtained using matching asymptotic expan-
sion technique, assuming the following order of the small param-
eters ε/Ca ∼ O (1) and ε/Q ∼ O (ε). There are three asymptotic
regions at ε → 0; the inner region |x| ∼ ε , the intermediate region
|x| ∼ 1 and the outer region |x| � 1. Matching asymptotic expan-
sions in all three regions, one can obtain, in the leading order, at
the boundary y = 0,

ρs(x) = 1 ∓ εξ0Cδ exp
(−ξ0|x|

)
, (20)

vs(x) = vs
0 − Cδ exp

(−ξ0|x|
)
, (21)

ux(x,0) = 1 − 2 + 4δs

5 + 4δs
Cδ exp

(−ξ0|x|
)
, (22)

u y(x,0) = ∓Q ξ0Cδ exp
(−ξ0|x|

)
, (23)

where

ξ2
0 = Ca

ε

1 + δs
5
4 + δs

, vs
0 = 1

2

(
1 + δs

1 + δs

)
, Cδ = vs

0 − V̄ 0, (24)

and the upper sign is for x > 0. Note, that to obtain the sim-
plest and readily observable analytic expressions, we have ne-
glected contributions proportional to Q 
 1 in the coefficients of
the asymptotic solution (20)–(22) and used a simplifying assump-
tion that numerically parameter ξ2

0 
 1. In this case, the boundary
conditions describing surface distributions (13)–(16) become effec-
tively decoupled from the driving bulk shear flow (12), and one
.physleta.2009.04.005
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can show that in the leading order ∂ux
∂ y ≈ 1. It is interesting to note

that numerical solution of system (12)–(19) has shown that the ob-
tained asymptotic expressions (20)–(22) can well be used even at
ξ2

0 ∼ 1 to approximate the solution.
As is seen from distributions (20)–(23), the surface density is,

as it is expected for low compressible medium, only slightly per-
turbed by the seeded particle, ρs ∼ O (ε), but, this perturbation
is sufficient to create essential changes in the velocity field ux at
the boundary. The effect is maximal at δs → ∞ (βs → 0), when
large surface slip occurs at the solid substrate, and at V̄ 0 = 0, when
the seeded particle totally blocks the flux in the interfacial layer.
In this limit, the (measurable) hydrodynamic velocity at the loca-
tion of the particle tends to the value defined by the apparent slip
only,

ux(0,0) = 1 − 2 + 4δs

5 + 4δs
Cδ,

ux(0,0) → 5

4δs
+ O

(
1

δ2
s

)
, δs → ∞.

Away from the particle, the velocity recovers to its undisturbed
value ux(±∞,0) = 1 over the distance defined by l0 = ξ−1

0 � 1. In
the opposite case, δs → 0 (βs → ∞), i.e. when the slip is mostly
apparent, the maximal velocity reduction, at V̄ 0 = 0, is 20% of the
undisturbed value,

ux(0,0) → 4

5
, δs → 0.

The mechanism of this effect in both cases is the same. While
the seeded particle directly affects only the surface velocity, via the
condition vs(0) = V̄ 0, this disturbs the equilibrium state of the sur-
face density ρs = 1 and the process of interface formation takes off;
the fluid in the interface is slightly compressed, ρs > 1, while it is
driven by the outer flow towards the particle and is rarefied, while
it is driven away from the particle, ρs < 1. The resulting surface
density gradient, the particle induced Marangoni effect, in turn,
creates gradient of the surface tension thus disturbing the force
balance in the interfacial layer, Eq. (10). As a result, the tangential
stresses acting on both sides of the interfacial layer are adjusted
to preserve the balance of forces and at the same time changing
the (measurable) hydrodynamic velocity ux . As is seen from (10),
the effect is expected to be stronger at βs → 0, since in this case
P− → 0 and the induced surface tension gradient is only balanced
by the tangential stress on the liquid-facing side of the interface,
while in the opposite limit, the induced surface tension is redis-
tributed between the two sides of the interface.

It is important that in the model the maximal reduction of the
tangential velocity at the substrate, as is seen from (22), is lim-
ited by the monotonically increasing function of one parameter δs

which is the ratio λs/λa ,

max |ux| � (1 + 2δs)
2(5 + 4δs)

−1(1 + δs)
−1.

Thus, macroscopic measurements of this velocity variation can be
potentially used to identify the presence of surface slip. For exam-
ple, in [18], min(λ) � 50 nm according to the accuracy of mea-
surements (this estimate is quantitatively consistent with the slip
length of hexadecane, of the order of 30 nm, measured indepen-
dently in [28]), then 0.8 � max |ux| and 4.5 � δs , so that large
surface slip occurs.

Now consider the transition region l0. If we revert to the di-
mensional length scale l̂0 = λl0 then

l̂0 =
√

λ2 ε

Ca

( 5
4 + δs)

(1 + δs)
�

√
λτσ0

μ
. (25)

What is this characteristic distance? If we use experimental pa-
rameters from [18], i.e. λ � 250 nm, μ � 3 × 10−3 Pa s, σ0 �
Please cite this article in press as: A.V. Lukyanov, Physics Letters A (2009), doi:10.1016/j
(a)

(b)

Fig. 3. Distributions of the tangential component of the bulk velocity on the liq-
uid-facing side of the interfacial layer ux along the substrate at different values
of parameter δs and the distance between the particles x distributed uniformly;
(a) |x| = 5, (b) |x| = 50. The seeded particles are located at xi , i = 1, . . . ,5. For
all curves l0 = 10 and V̄ 0 = 0; (1) δs = 0.1, (2) δs = 1, (3) δs = 10; the distance x
along the substrate is scaled with the slip length λ and ux is scaled with the undis-
turbed value of the velocity, far away from the seeded particles, u∞ .

3 × 10−2 N/m and τ � 3 × 10−8 s, then l̂0 � 270 nm which is
close to l̂0 � 180 nm experimentally observed. Some discrepancy
in this case is actually expected if we note that, geometrically,
the two-dimensional analogue of the one-dimensional model pre-
sented here would be a lattice of grid lines instead of single seeded
particles, and thus the whole effect is to be stronger.

Remarkably, the characteristic (measurable) distance l̂0, (25),
depends on, apart from the usually known parameters σ0, μ and
the measurable slip length λ, the characteristic relaxation time τ
of the surface phase – the parameter which is central to the inter-
face formation process, but which has been, so far, only evaluated
indirectly from experiments on dynamic wetting [23]. Now, slip
measurements on patterned substrates provide an alternative and
unique method of direct measurements of this fundamental pa-
rameter.

The analysis can be easily generalised to the case of several
particles located at points xk , k = 1, . . . , N . The asymptotic dis-
tribution, similar to (20)–(22), of the flow field at the boundary
between each pair of the particles located, say, at x1 and x2, is
given by

ux(x,0) = 1 − (
A exp(−ξ0x) + B exp(ξ0x)

)2 + 4δs

5 + 4δs
,

A = B exp
(
ξ0(x1 + x2)

)
, B = vs

0 − V̄ 0

exp(ξ0x1) + exp(ξ0x2)
. (26)

This solution is illustrated in Fig. 3 at V̄ 0 = 0 for different values of
parameter δs and the distance between the particles. It is seen, that
.physleta.2009.04.005
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when the distance between the particles is less then the character-
istic length l0 then the tangential component of the bulk velocity
at the interface is reduced, by the seeded particles, to the value
defined by the apparent slip length λa . The surface slip length, λs ,
will only manifest itself if the distance between the particles x
would be much larger than l0, in particular, for the experiment
with hexadecane [18], x � l0 � 270 nm. This outcome is qualita-
tively consistent with the conclusions drawn in [8] and the trend
observed in molecular dynamics simulations [29].

In conclusion, our analysis predicts that even a single nanopar-
ticle seeded on the solid surface can result in significant effect on
the observable slip length and on the boundary conditions at the
solid substrates. This sensitivity of the slip effect to the surface
irregularities may be an explanation for the at times contradic-
tory reports on the slip length measurements. Importantly, the
predicted effect reflects the rate of interface formation and can
be used to determine the dynamical characteristic of the surface
phase – its relaxation time. The outcome of the theoretical analy-
sis, presented here, is crucial for interpretation of slip length mea-
surements and can be potentially used to identify the appearance
of surface slip and in the design of future experiments.
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